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PREFACE 


For the last two decades or so the use of mathematical techniques 
has been gaining popularity in social and biological sciences and as 
well asin the field of commerce and management. In fact the 
exactness and precision of mathematical language and methods 
Чауе made it possible to explore large areas of research in these 
subjects which remained hidden so far from the keen eyes of the 
researchers. Today one could say that mathematics is probably the 
most convenient shoulder to lean on for not only pure sciences but 
subjects like Commerce and Economics also. 7: 


The present volume has been designed keeping іп view the needs 


‚ of the students of commerce, economics and pharmacy. Starting 


from set theory, logic and number system the book also covers а 
vast field embracing in its fold algebra (both classical and modern), 
geometry, trigonometry, matrices, vectors, calculus (both differen- 
tial and integral). A chapter on applications to economics has also 
been added. 


Different concepts have been explained with the help of саге» 


| fully selected examples and a large number of exercises їе, been 


added to make the students work on their own. Моб юй the 
problems have been picked up from different examinatio 

All efforts have been made to keep the book free from errórs and 
we hope that the book will prove helpful to all those interested in 
the field. We shall be only too glad to receive suggestions and 
comments for the betterment of the book. 
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CHAPTER 1 


Logic 


1.1. Logic 

Logic is analysis of language and its study involves the learning . 
of the principles and methods employed in distinguishing valid 
arguments from those that are not valid. We start our discussion 
by first examining what we mean by a statement. 


12. Statement 

In our evervday language we come across statements that may be 
interrogative, declarative or exclamatory. In Mathematics, however, 
a declarative sentence which is either true or false is called a 
statement, 

EXAMPLE 1. Each of the following is a statement : 

(i) Two is an even integer. 

(ii) A quadrilateral is a square. 
(iii) There із no real number x such that x*— -4. 
(iv) A triangle has four sides. 

EXAMPLE 2. None of the following is a statement : 

(i) May God bless you! 

(ii) Who are you? 

The statements in Example ! are all simple statements. A state- 
ment which is made up of two or more simple statements is called 
a compound statement. For example, “The sum of three angles of а 
triangle is equal to two right angles and the sum of the lengths of 
two sides of a triangle is greater than the length of the third side" is 
a compound statement. 

In the study of logic, letters such as p, q, r+.» are used to re- 
present statements. 


1.3. Connectives 
There are many ways of combining statements р, 9, О 
form а compound statement. The words which combine simple 
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Statements to form a compound statement are called connectives. 
There are five connectives which are used frequently. These are 
(a) “апа” denoted by Л, (b) “ог” denoted by V, (с) “not” denoted 
by ~~ (09 “implies” denoted by =,(e) “if and only if” denoted by +. 


Nore 1. The connective * A’ is also called a conjunction. 
2 The connective ' V" is also called a disconjunction. 
3. The connective ‘~’ is also called a negation. 

The connectives Л and V may be placed between any two state- 
ments p and q to form the compound statements (pAq) and (руд) 
respectively. The compound statement pAg is true if and only if 
both p and д are true. So, if p is false ог q is false or both pandg 
are false, then рЛа is false and conversely also. 

Again, the compound statement p V q is false if and only if both 
p and qare false. So, if p is true or q is true or both P and q are 
true, then руд is true and conversely too. 

Further. the statement ~p is true when р is false and ~p is false 
when p is true. 


1.4. Truth Values 
If a statement is true, we say its truth value is T and if it is false 
we say its truth value is F. ` 


1.5. Truth Tables 

A table that gives truth value of a compound statement is called 
a Truth Table. It consists of rows and columns In the initial 
columns, we write the possible truth values of the constituent 
statements and in the last column the truth value of the compound 
statement is written (which, of course, depends upon the vaiues 
written in the initial columns). If а compound statement is made 
up of two simple statements then number of rows will be 2° and if it 
is made up of three statements, then numbers of rows will be 2°(=8) 
and so on. 

EXAMPLE 3. Let p bea statement. Construct the truth table for 
~p. 

Solution. We know that ~p is true when p is false and ~p is 
false d р ìs true. We record these facis in the following truth 
Table 1.1- 


TABLE 1.1, 


Amer а ee SS ee 
P ~P 
ers 

F F 
| 
ee Ч 
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EXAMPLE 4. Let p and q be two statements. Construct the truth 
Table for the compound statement p ^q. 


Solution. We know that pAq is true if and only if p is true and 
q is true. The truth Table 1.2 of pA q will then be 


TABLE 1.2, 

| 

| p q | pig j 
.! 

| T 4 vig 

| jn" F F 

| Е T F 

ED 


EXAMPLE 5. Construct the truth table for the compound 
statement pv д. 

Solution. We know that p V q is false if and only if p is false and 
q is false. Thetruth Table 1.3. of руд will then be 


TABLE 1,3, 


"oM 
о чоч 


EXAMPLE 6. Construct the truth table for the compound state- 

ment 
~ [0р0] 

Solution. In the following truth Table 1.4, the first two co'umns 
record all cases for truth values of p and q. To obtain the entues in 
the third and fourth columns, we use Table 1.1. The entries in fifth 
column are obtained by using Table 1.2. Finally, the entries in fifth 
column and Table 1.1 give the entries in sixth column—the truth 
values of ~[(~p) ^(c4)]. 
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TABLE 1.4. 


p | a | 0| а | pana a 
| 


"ow 5s 


EXAMPLE 7. Construct the truth table for the compound siate- 
ment 


(p^q)^c-p 
Solution. In the following truth Table 1.5 the first two columns 
record all cases for truth values of p and q. The entries in third 
and fourth -olumns are obtained by using Table 1.2 and Table 1.1 
respectively. Finally, the entries in fifth column are obtained by 
using third and fourth columns and Table 1.2. 


TABLE 1.5, 
p 4 pAg ~p (Aa) A~p 
T T T F F 
T F F F F 
F T F T F 
F F F T F | 


EXAMPLES. Construct the truth table for the compound state- 
ment 10р) V(~9)] 

Solution. With the help of Table 1.1 and Table 1.3, we record 
the entries in the following truth Table 1.6 of [Ge p) М (—4)]. 


TABLE 1.6, 
p | q ~p ~q cov Ару ~g] 
T T F F F | T 
Т, Е Е Т T- E 
F T | T F T F 
F F | 1 T T F 
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EXAMPLE 9, Let p be the statement “The South-west monsoon 
is very good this year” and q, the statement "rivers are rising.” Give 
the verbal trans/ations for 


(a) pv ~q (b) ~(~PV ~9) 


Solution. (a) ~g means "rivers are not rising " So, pA~@ 
means" South-west monsoon is very good this year and rivers are 


not rising." 


(C.A. November, 1975) 


“neither South-west monsoon is Very good 
' So ~(~py c4) means. “li is not 
every good this year nor 


(b) еру ~q means 


this year nor rivers are rising.’ 
true that neither South-west monsoon ar 


rivers are rising” 
1.6. Equivalent Statements 


Two statements p and q are said to be equivalent if they have 
same truth values for all logical possibilities. In this case we write 
p=q. In other words. two statements are equivalent if they have 
same truth table. For example, the truth tables of руд (Table 1.3) 
and ~(~pA~@) (Table 1.4) are same, implying that 


руд (р^) 
EXAMPLE 10. Prove the following relations 
(а) ~(pVq) = ep^c4 
(b) ~(PAQ = ~PV.~9 
These are called De Morgan's Laws, 


Solution. The following truth Tables 1.7 and 1.8 prove the rela» 
tions (a) and (b). 


TABLE 1.7. 


р 
Т 
T 
j2 
F 


uo A0 В I ee See ee E шоо 
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TABLE 1.8, 


EXAMPLE 11. Prove th 
(a) ~(~p) = p 
(b —(р\У-а)= ~PAq 
(с) (ерл) = рУ oq 
(4) ~(~pV eq) = рла 
Solution. (a) There are iwo 
true or p is false. Now, when p is true, 


e following relations 


(У е) c p^ (nq) к= 7"P^q4 by (a). 
(c) Also, by DeMorgan's Law 
~(~PAQS~(~p)V esq ав рү ~q by (a). 
1d) Again, using DeMorgan's Law 
~(~pv ~D=~(~p)\~(~g) рл д by (a). 
EXAMPLE 12, 1f p stands for “He is honest" and Stands for 
“He is hard working" then give verbal translation Jor the following 
compound statements 


(а) —(pAq) (b) ~(PV q)— 


Solution. (a) P Aq means “Не is both honest an 
~(PAQ) will mean “It is not true that he is 
hard working.” 

(5) The verbal translation of 7 (P V q) as such is complicated. We 
know by DeMorgan's Law ^-(PV q) =~ p A ~g. So, verbal transla- 
tion of ~(pV q) in equivalent form is "He is neither honest nor 
hard working.” £ 


d hard working. 
both honest and 


1.7. We will now discuss the other two connectives 
D 


“an and 
‘Consider the statement 
“If you work hard you will be successful,” Suppose p stands for 
“You work hard” and q stands for “You will be successful.” In 
symbols, above statement can be written as pq. 
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Such statements are called Conditional Statements. Here д depends 
upon p but p need not depend upon 4. 

The compound statement p> 4 is true in every case except when 
p is true and q is false. 

EXAMPLE 13. Construct truth table for p = 4- 

Solution. The truth table of p>q will be 


TABLE 1.9. 

Р 4 рэ 9 
Dos Cnr 
T 3: Т: 

T F R 
F T T 
F F T 


ee 


EXAMPLE 14. Suppose p stands for “The triangle is isosceles” 
and q sands for “Two sides ofthe triangle are of equal length". 
Translate. the following compound statement into а, symbolic form 
and give its equivalent statement, both in words and symbols. 

“If the triangle is isosceles then two sides of the triangle are of 
equal length." 

Solution The above compound statement in symbolic, form is 
“рьа” 

We show that (p>q)=(~9)>(~P)- The following truth Table 
1.10 proves our assertion, 


p | 4 | pd | ~q eepe ота 
TEAN eae pie e 
T T T F F T 
T F F T F F 
F | T T F T T 
P | F T T ?. Qu 


So, the equivalent statement in words will-be “If two sides of the 
triangle are not of equal length then the triangle is not isosceles. 
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XAMPLE 15. Are the following Statements equivalent? 
“IS the traders do not reduce the prices then the government will 
take action against them.” 
“It is not true that the traders do not reduce the prices and 
government does not take action against them." 


Solution. Suppose p stands for "traders do not reduce the prices” 


The first statement in symbolic form is p > 4 and the second 
Statement is ~ (PA ~q). We Prove their equivalence by construct- 


> 
E 
= 
= 


Consider the following Statements 
“He will be Successful if and only if he works hard." 


Suppose p Stands for “He works hard" and q stands for “Не is 
successful,” 


Then, the above compound Statement in symbolic form will be 


TABLE 1.12, | 
Р 4 | P>q | qp ред | 
D cu--———— roce 
T $ T T т 
T Е Е т Е 
Е T T F F 
F T T 
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EXAMPLE 17. 4 firm of Chartered Accountants makes the 
following declaration: An articled clerk from the firm passing the 
final С.А. examination in the first attempt will be awarded a prize 
of Rs 100. Five clerks P,Q. К, S, U appeared in the examination an 

only P, О could pass. The firm awards prizes not only to them but 
to Rand 5 also. Is this action logically justified? U claims the prize 
comparing himself with R and S but the firm refuses. Is this refusal 
logically justified? How should the statement be worded so that only 
P and Q will be entitled for the prize. (C.A., November, 1974) 


Solution. Suppose р stands “for passing the examination in first 
attempt” and 4 stands for "getting а prize," then declaration of 
the firm is a conditional statement p- d: It is very clear from truth 
table of р=а (see Table 1.9) that relationship p=q 15 false only 
when p is true and q is false. In other words, if R and S get а prize, 
the action is logically justified by looking at 3rd row of the truth 
table. Again U does not get a prize implies statement is false for 
U. Since “U has not passed the examination” implies P. is false for 
U, so, 4th row suggests that action is logically justified. Also P 
and Q geta prize implies q is true for P and О. Since Р and Q 
have passed the examination implies р is true for P and Q. So, 
first row suggests that action, P, О get а prize is logically justified. 


Now consider the truth table of рә (see Table 1.12). Since 
В, 5. U fail in the examination implies p is false for R, S, U. If they 
get a prize. then q is true for them. Third row suggests, it is not 
correct. If R, 5, U do not get а prize, then q is false for them and 
4th row suggests it is correct. So. truth table of 249 shows that if 
a person fails, he cannot get a prize. Finally, if P, Q get a prize 
then р, 9 are true for both P and 0 and by ‘irst row. it is correct. 
If P, О do not get a prize. then q is false for P and Q and so by 
2nd row, it is not true. So, the truth table of p«&»q shows that only 
P and О can get a prize. 


Hence the statement should be “Those and only those persons 
who pass the examination in first attempt will get а prize О 
Rs 100." 


EXAMPLE 18. Are the following statements equivalent? Justify! 
«Tt is not true that Ashok will get a job if and only if he secures 
first division.” 


« Ashok will not get a job if and only if he secures first. division.” 
Solution. Suppose р stands for “Ashok gets à job" and 4 stands 
for ‘Ashok secures first division." The two statements in symbolic 


form will then be 
(ред), c Ped 


We prove their equivalence by constructing — the truth 
Table 1.13. 
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зоон yo 


1.8. Tautology and Contradiction 

A statement is said to be а tautology if it is true for all logical 
Possibilities, 

A Statement is said to be a contradiction if it is false for all 
logical possibilities. 

EXAMPLE 19. Prove that the statement PV ~p is а tautology 
while pA ~p isa contradiction. 

Solution, If p is false then ~P is true. So, py ~p is true and 
РЛ ~p is false. If p is true then сер is false. So PV-c-pis true and 
Р.Л гр is false. These are the only logical possibilities and iu each 


EXAMPLE 20. (PAQ)=>(pVq) за tautology. 

Solution. The following truth Table 1.14 shows that the com- 
pound statement (pA 4) (P V q) has truth value T for ail logical 
possibilities and SO, it is a tautology, 


TABLE 1.14, 
p 4 pAg РУ4 (ола) (руа) 
лагы паме ЦЭНД ЧЫ 
T T T T T 
T F F $. Ti 
F T F T T 
F F F F T 


EXAMPLE 21. (PAQA~(pV g) isa contradiction, 


Solution. The following truth Table 1.15 shows that the com- 
Pound statement (PAQDAW~ PV q) has truth value F Гог all élogicál 
Possibilities and so, it is a contradiction. 


11 


LOGIC 
TABLE 1. 15. 
p | 4 | phg | nya | “PVD (pAg)A~(PV 9) 
Tn T T T F F 
Т F Fe 10547 F F 
F T ЫДЫ ы Е Е 
| 
Е Е ON T F 


EXAMPLE 22. (p=q) A (q>r)>(p=r) isa tautology. 
This is called Transitive law. 


Solution. We construct the truth Table 1.16 of given compound 
statement to prove our assertion. 


TABLE 1.16, 
RET oe 
PIAA г |рэд| дэг | por (pq) (qr) шаал аэч)э (pr) 
T T T T F. er T T 
T AMOR Д PE | Е T 
ТО ect РЕ ЧҮЧ 18:52) : Е T 
Piper ЕТТ F T 
F T T T T T T T 
Е T Fi T F T F. T 
И P ee tee OE aad ЫБ, T T 
F ES Ё, T T T T T 


EXAMPLE 23. If t denotes tautology and p is any statement, 
then 

() PAt=P 

(1) pvt = 1 

Solution. (i) When р is true, pAt is also true (as t is always true) 
and when р is false. pAt is false. So, р and pAt аге equivalent 


statements. 
(ii) When p is true, pV tis also true and when pis false pVt is 
true. So, pVt is always true. Hence ру; and? are equivalent 


statements. 
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EXAMPLE 24. If c denotes a contradiction and p be any state- 
ment, ihen 

() pVc=p (ii) р\с=с 
. Solution. (i) If pis true then pVc is clearly true and if pis 
false, then pVc is false (as c is always false). So, рус and p are 
equivalent statements. 


(ii) If p is true then pAc is false and again p false implies Pie 
is false. So, pAc is a contradiction. Hence р/\сапд с are equiva- 
lent statements. k 


1.9. Algebra of Statements 

We list below some important laws of statements. 

(1) Commutative law. If p and q are two statements, „en 
РУа=а\Ур pq=4AP 

Proof. obvious. 

(2) Associative law. If р, 4, r are three statements, then 


(рУ q)V repV (qVr) 
(p Aq) Nr&p ^(q ^r) 
Proof. The following truth Table 1.17 proves their equivalence, 
TABLE 1.17, 
P| ajr pVdaV rpAd. Ar| (Pv Vr I pv (Vn) Лл) Л |. БАЛ») 
| PUN AT. 
TiO EET NESER ST: н 4 T T 19 
TPT RAT eee ees |e T T F F 
T Том Uy МАЙ aed eek IF T а T T F F 
TF ЕТТЕ АЦЕ T T F F 
EEF TTE ETATER F | 1 Л Е Е 
ЖОР ЛЕВ ОР Т | T | Е E. 
1 
ЕТ ТЕТЕ T F F: F 
F|FIF|F|F|FI|F F F; F F 


(3) Identity law. If ¢ denotes a tautology and c, a contradiction, 
then for any statement p 


pVt omi, PAt=p 
р\/с =p, рћс= с 
Proof. See Examples 23 and 24. 
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(4) Complement law. For any statement p, 
4 pV c pest, pe pec 
Proof. See Example 19. 
(5) Distributive law. If p, q, r are three statements, then 
0) pA(qVDEAONV(AD .— 
(ii) pV(qNDmGN ФЛОРУ?) 
Proof. We prove (0) and leave (ii) for the reader to prove the 
! equivalence 
The following truth Table 1.18 proves our assertion. 


TABLE 1.18. 
РШ Pap PAN | pAr | аут | рМаут | (PAd V (AD 
trm 1 "e —M шин 
T T Р Т | T T T T 
T T F T > Т | т T 
Thur т Е T T | T T 
ТЕЕ Е 5 Р 
EXT F F T F Е 
Р т F F F T F Р 
F F T F F T F 
ВИ Е Е Е Е 


(6) Tdempotent law. For any statement р 
pV p=p, РЛр=р 
Proof. Obvious. 
(7), DeMorgan’s laws. If p and q are two statements, then 
~(PAD=~PV cd 
~(pVOD=~PA~4 
Proof. See Example 10. 
(8) Contrapositive law. For any statements р and 4, 
(p> g=(~q>~P) 
Proof. See Example 14. 
(9) Law of double negation. For any statement p, ~(~p)=P 
Proof. See Example 11. 
(10) Transitive law. For any statements р, 9, Г, 
(р= Ф ^(qr) (p) is а tautology. 
Proof. See Example 22. 
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(11) Law of addition. If p, 4 are two statements, then P>(pVq) 
is a tautology 


Proof. The following truth Table 1.19 establishes our assertion. 


TABLE 1.19, 
n RA UE 
Р | 4 | РУ4 р» (Va) | 
Шавийн | Mieres ig 
T T T T 
T | F T T 
F | T T T 
F | F F T 


| | 


(12) Laws of simplification. If p and q are two statements, then 
(i) pAq=pisa tautology 
(ii) pA g=q is a tautology 

Proof We leave the proofs to the reader as exercises. 


Nore. Transitive law may also be stated as “‘If p=q and qr then p=r, for 
any statements р, а, r.” 
1. 10. Deductive Resoning 
The 12 laws listed in “Algebra of Statements” are very useful 
tools for proving the equivalence of different statements In this 
section, we shall prove the equivalence of statements by using these 
laws only. The method of proof so used is called deductive method 
or deductive reasoning. 
EXAMPLE 25. Prove the following tautology by  deductive 
method PA(p>q)>q. 
Solution. We shall assume the following as definition of р->9 
(p>y)=~(pA ~q) (See Example 15) 
Now PA(p=9)>4 -—[(pA(p--Q)A ~a] 
= КРЛ (р) Л ~] 
= КРЛ (--р\а)} ~] 
by De Morgan’s law and law of Double 
Negation 
= ~ Крл еер) М(рЛҸ)) Л ~a] 
by Distributive law 
= ~ су (рл) Л ~] 
by Complement law 


= ~ (рл) Л ~] 
by Identity law 
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= ~[pAGA~9) 
by Associative law 


nel 217 
by Complement law 


~c by Identity law 
t 

Therefore p A (p q)-q is a tautology. 

EXAMPLE 26. Prove by deductive reasoning that following is a 
tautology 


Mth 


(pVQ)A~P=4 
Solution, By definition (as stated in Example 25) 
(рудл-р=а= ИРУ р)^] 
= [pA ер) М(9 Л ~) Л 

by Distributive law 
[fe V (q ^ o DA d] 
by Complement law 
аА p) ^ c4] 
by Identity law 
= [pA cd 
by Commutative law 
c-r p^ (^7) 
by Associative law 
= ~ [рл] 

by Complement law 
= ~le] 

by Identity law 
=f 


Therefore (pV 4) A~p=q is a tautology. 


M 


111. Argument 

An argument is the assertion that a statement, called the conlu- 
sion, follows from other statements, called the Aypotheses. For 
example, consider the following three statements. 

(1) If he works hard, he will be successful. 

(2) He was not successful. 

(3) Therefore, he did not work hard. 
These three statements, taken together constitute an argument in 
which the first two statements are hypotheses aüd the last state- 
ment is the conclusion. 

If p stands for “Не works hard” and q stands for **He is success- 
ful," then above argument may be symbolized as: 

(p»q)^c4——P 
If an argument is a tautology, we say it is valid argument. 
If an argument is not a tautology, we say it is invalid argument. 
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The following exampies will illustrate our point: = 
EXAMPLE 27. Prove that the following argument is valid. 


“If he works hard, he will be successful. He was not successful. 
Therefore, he did not work hard.” 


Solution. Suppose p stands for “Не works hard" and q stands 
for “Не is successful." The above argument may be symbolized as 
(p4)^ а> ~p 
We draw the truth Table 1.20 for this argument and show that it is 
a tautology. This will prove that the given argument is valid. 


TABLE 1,20, 
p 4 ~p ^u pq (рә) Лг-д (рэд) Лэ-дэг-р 
T T F F T F T 
T F F T F F T 
F T T F T F T 
F | Е | T | T | T | T | T 


EXAMPLE 28. Prove that the following argument is not valid. 

“If it rains, crops will be good, It did not rain. Therefore, crops 
were not good.” 

Solution. Suppose p stands for “‘It rains” and д stands for “сгорѕ 
are good.'" 

The above argument may be symbolized as 

(р= 4) Л ~р= ~q 

We draw the truth Table 1.21 for this argument and show that it 
is fale, tautology. This will prove that the given argument is 
invalid. 


TABLE 121. 
р 4 | ~p. | ~q | p>q |(p=4)A~p (p24) а 
T T F F 7; Е T 
T F F oT F F T 
F T T F T Л Е 
F F T T T T T 
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EXAMPLE 29. Test the validity of following argument. “If my 
brother stands. first in the class, I give him a watch. Either he stood 
first or I was out of station I did not give my brother a watch this 
time. Therefore, I was out of station. (C.A., May, 1976) 

Solution. If p stands for “Му brother stands first" and q stands 
for “I give him a watch" and ~ stands for “J was out of station," 
then given argument may be written as 


(р>) Л(рут)Л (9) = 
is сап be proved (о be a tautology by drawing a truth table, 
Непь >, given argument is valid. 


1.12. Joint Denial 

We introduce a new connective ‘|’ called Joint Denial. If p and 4 
are two statements; then p | q will be read as ‘neither p nor q.” 
The compound statement p} q is true if and only if both p and 4 
are false. 

In the following examples, we will prove that the compound 
statement in which connective like A,V, ~ appear, can all be 
replaced by a single connective {. So, the resulting compound 
statement will have: only one connective, namely V. This proves 
very useful in the designing of a computer, as it is much more 
simple and economical to design a computer where only one opera- 
tion is to be performed. 


EXAMPLE 30. Construct tlie truth table for the compound state- 
ment p $ q. 


Solution. 


$ 


TABLE 1.22. 


EXAMPLE 31. Prove that the following stdtements are equi- 
valent. 
(i) ср (i) p V P- 
Solution. The following truth Table 1.23 wilbprove that ~p 824 
р | p are equivalent. ` 


тозом ч 
точ точ 
Beeb. 91 
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TABLE 1.23. 
Р my pip 
Т, Е Е 
Е T T 


EXAMPLE 32. Show that p | q and ~p A ~q are equivalent. 
Solution. The following truth Table 1,24 will prove our assertion. 


TABLE 1.24, 


EXAMPLE 33. Prove that the following statements are equivalent 
(i) pAg and (рур) t (ada) 
(ii) pVq and (руд) V(aV D 


Solution. We draw the truth Tables 1.25, 1.26 of (i) and (ii) 
to prove the equivalence of the given statements. 


TABLE 1.25, 

р q pha | рїр qia (p p (a4a) 
T T T F F T 

T F F F T Е 

Е T F T F F 

F РУДЕ T T F 
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TABLE 1.26. 
P q РА pia (pa) (pa) 
VERTUS) fa Nola ais. Ml E a 
T Т T F T 
T F T F T 
F T T F T 
F F F | T | Е 


EXAMPLE 34, Give an equivalent statement of рь-д т terms of 
the connective | only. 

Solution. We know (p g=~(PA~D 

By Example 31, 

(pA cq Nc) Y GNc 
and by Example 33, 
, (рл-а)=(р V p) + (~a ү ~a) 

Again, by Example 31, 9224 14 

Combining these, we have 

(p= Q=~(PA~D=(PA~D) V D^ 7—4) 

Zip p (ac) VOV p calo 
epi р) }1(4+4) }(4}Ф}{(Р1 Р). 
У аа) (Vol 

1.13. In the preceding sections, we have been constructing the 
truth table for a given compound statement. It is also interesting to 
consider the converse problem, given a truth table to find one or 
more compound statements having this truth table, We illustrate 
this by following examples. 

EXAMPLE 35. Construct one or more compound statements having 
following truth Table 1.27. 


ТАВГЕ 1.27. 
leon 4 г 
ien: T T | T 
т т F F 
T F T T 
T F F F 
lang E T T Эр | 
Е T F F ! 
Ẹ Р T T 
J isa eu ^ F T 
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Solution. In last column there are three T's, Consider the state- 
ment pAgAr. lt satisfies first row. Similarly pA —q^Ar satisfies 
third row and ~pA~gAr statisfies seventh row. Each of these 

st atements is true only in first, third and seventh row respectively. 
In all other cases, these statements are false. So, if we consider the 
compound statement 


(PAGAY) V(pA ~ AT) V (A а Лг) : 
then the truth table ot this compound statement will be as given 
in the problem. 


EXAMPLE 36. Construct one or тоге compound statements for 
the following truth Table 1.28. 


TABLE 1.28. 
p 4 
Т т т 
| T F F 
И Np F 
| Е | F T 


Solution. The first row is clearly satisfied by the statement PAG 
and last row by the statement ~ph ~q. Each of these statements 


is true only in first row and fourth row respectively. So, the com- 
pound statement 


(P^) V (p^ ~g) 
will have the same truth table as shown in the problem. 

Note that pég also Баз the same truth table as given in the 
problem. 

EXAMPI E 37. A student is confronted with a true- -false—exam, 
consisting of five questions. He knows that his instructor always has 
more true than false questions and he never has three questions in a 
row with the same answer. From the nature of first and last question 
he knows that these must have the opposite answers. The only question 
to whick he knows the answer is number two And this assures him of 
having all answers correct. What did he know about question two? 
What are the answers to the five questions? 

Solution. It is very clear that three questions have answers 
"True" and two have answers * False”. Let p be the statement “The 
answer to question 3 is true," and 4, the statement “The answer to 
question 4 is true." Now, Suppose the answer to question number 2 
is true. Then p is true (Because if p is false, then there will 
be two correct answers namely TTFTF and FTFTT. This is 
not possible asthe answerto question 2 assures him of having all 
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the answers correct). Similarly, if the answer 10 question 2 is false, 
then p is false. So, we have the following Table 1.29. 


TABLE 1.29. 


| 
р | Answer to question 2 


True 


False 


T and F indicate truth values of p. Again, if the answer to question 
2 is true, then truth value of q is either T or F. 

If truth value of q is T, then there will be two correct answers 
namely ТТЕТЕ and FTFTT. 


This is not possible. So. the truth value of the resulting statement 
is F. Again, if truth value ofqis F, then there will be only one 
correct answer namely FTTFT. So. the truth value of the resulting 
statement is T. Similarly if answer to question number 2 is false, 
the truth. value of resulting statement will be F (whatever the truth 
value of q may be). So, we have the fullowing truth Table 1.30. 


TABLE 1.30. 
p q | Answer to question? 
T T True 
T F^ True 
E T False 
F Е False 


| 


The statement pA cd has the truth table as above. So, the 


student finds that “The answer to question 3 is true and to 
question 4 is false." This shows answer to question 5 is true which 
in turn means answer to question 1 is false. Hence answer to 


question 2 is true. 


1.14. Applications to Switching Circuits T 

We will now discuss how the theory of compound statements can 
be applied in Electrical Engineering. As an example we shal 
develop a theory of simple switching networks. 

A switching network. is an arrangement of wires and switches 


nat WS Ш88АВЖ 
Batic £8 .0} 


a dcm ПО [2-5 
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which connects together two etrminals Ty and Т,. Each switch has 
two states, "open" and “closed.” A closed switch allows the current 
to pass while the open switch prevents the flow of current. In the 
following Fig. 1.1, terminals Тү and T3 are connected by a single 
wire containing a switch 51. If S, is closed, then the current 
will flow between T, and T» оће wise it does not flow, 


ae 
т, Т, 


5, 
Fig, 1.1. 


In the following Fig. 1.2, the network has two switches S, and S, 
in series. The current will flow when both Sy and Sp are closed. 


Fig. 1.2. 


In the Fig. 1.3 switches S, and 5, are placed in parallel, The current 
will flow if any one of S, and 5, is closed, 


S, 


5» 
Fig. 1.3. 


We now see bow the theory of logic can explain the networks 
shown in Figures 1.1 to 1.3. Let р be the statement "Si is closed" 
and q the statement “S, is closed." Then in Fig. 1.1, current will 
flow if and only if pistrue. In Fig. 1.2. the ‘current will flow if 
and only if both p and 4 are true and Fig. 1.3,: the current will 
flow if and only if at least one of the statements p or q is true. 
, The network in Fig. 1.1 is represented by p and in Fig. 1.2 by 
PAS and in Fig. 1.3 by pVq. 
"Switches nged not always act independently of each other. It is 
sible that two (or more) switches may be linked together so that 
may open or close simultaneously. We denote these switches 
by Ше‘зате letter in diagrams. If we Tepresent two switches by 
letters: S, and $у' then it means whenever S, is open, 51718 closed 
. and Conversely, whenever Sy’ is open, S, is closed. DOE ROCA 
PON б i 
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Consider the following network of switches: 


Fig. 1.4. 


If p denotes “Switch $1 is closed" and q denotes "Switch 5; is 
closed", then the network in Fig 1.4 may be expressed in symbolic 
form of Icgic as 

pV(~pA~a)V (PA) 

It is very clear from the figure that current will flow if and only 
if the compound statement PV (~PpA~@V (PA q) is true. 

These are also switching networks which are placed in series (as 
networks). For example, in Fig. 1.5 there are two networks placed in 
series. 


5, S3 


S2 5, СА 
Fig. 1.5. 
This may be expressed as 
(рМ) Alr VG 0] 


EXAMPLE 38. Give an alternate arrangement of the following 
network such that new network has two switches. (L is light). 


568AY.W5 LIBRARY; 16. 
Bote j 
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Solution. The given network may be expressed as 
(~PA~QV (рл ~) V (pq) | 
m4 Л cp) V д Лр) (рл) | 
ЕЕ(-4Л(-руруу(--рла) | 
=~qV (~p A4) 
=(~qV ~p)A(~4qV.q) 
=(~qV ~p) | 
So, two open switches in parallel, will be an alternate arrangement | 


of the given network. The following Fig. 1.7 shows the alternate 
arrangement, 


Fig 17, 


EXAMPLE 39, In the Jollowing network. there are 10 switches. 
Give an alternate arrangement with two switches оп! у: 


Fig. 1.8. 


‘Solution. If p, q, r,s, i denote "Switches 51 to 55 are closed" 
respectively, then the given network may be expressed as 
E КРАЯ) V (oer V ву tA AO) V CASA DI 
| =(P) V Cr V ~SV~D A(rASAT)] 
© SCADVI~CASADAC ASAD] 
` EPA) 


4 yars 
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Hence the given network is equivalent to the following: 


0-0 


S; S; 
Fig. 1.9. 


. Note: That in this problem there are two networks which have been placed 
in series, 


EXAMPLE 40. Construct a network for the following statement: 


(pAa^ =) VI~PA@V =] 
Solution. Since pAqA ~r is a network in series which is parallel 
with ~ pA (q V ~r) which in turn is — in series with a parallel net- 
work of q V ~r, Fig. 1.10 illustrates the given network. 


i 99 5: 
ey 
5 


Fig, 1.10. 


EXAMPLE 41. Give ап alternate arrangement of the following 
network such that the new arrangement has only five switches. 


Source Light 
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Solution. The given network may be expressed as 
(PAQAT)V (PAGAN ~r)V (PA~aANV(~pAgAr) 
SUPAIANV(PAGA ~NIVI(pAgAnV(pA 251112) 


УГ(РЛал”У(-рлалт) 
=(РЛЯ) Л ~IVA) Ala ~g) V [(q Ar) 
APV c-p)] 
S(PAQ)V (DAr) V (ал) 
z[pP ^ (a vr)] V (а Ar) 


In this equivalent statement, there are only five switches, This 
equivalent statement may be expressed by the diagram. 


5: 


5: S3 
Fig 1.12, 


EXAMPLE 42. Design a circuit Jor an electric version oj the 
game of matching pennies: At a given signal each of the two players 
either opens or closes a switch under his control. If they both do the 
same, A wins; if they do the opposite, then B wins. Design the cir- 
cuit so that light goes on if A wins. 


Also, write in symbolic form the circuit so obtained. 
Solution. Suppose p stands for “А opens the switch" and q for 
“B opens the switch." It is given that light goes on when both pand 


q are true or both p and q are false and also conversely. In other 
words, the circuit to be desivned may be put in the form 


ЛЯ) М (рл ед) 
So, the required circuit may be designed as: 


Fig. 1,13, 
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PROBLEMS 


1. In each of the following sentences, determine which isa statement (S), or 
not (N) 
(i) Every reciangle is a square. 
(ii) The sum of three angles of a triangle is 180° 
(iii) How are you? 
(iv) 2+1=3. 
(у) М2 іѕа rational number. 
2. Among the statements in Problem !, indicate the statements which are’ true 
(T) and false (F). 
3. In each of the following, translate the given compound statement into à 
symbolic form 
(i) It is not true that Lam not friendly to you- 
(ii) The sky is blue and grass is green. 
(iii) Ashok reads Indian Express or Statesman. 
(iv) 1f it rains then we will not go to school. 
(v) He will be successful if and only if he works hard. 


4. Is the statement p? 4 equivalent to the statement ~PV а! 
(С.А., November, 1974) 


5. Is the statement p49 equivalent to the statement cpv a) (wav p? 
6. If cis a contradiction, prove that 
(p^c-q) mcis equivalent to p-*4. 
7. Is the statement ph(poa)^ (рэ с-да), а contradiction? 
8. Prove that (p> aa pv г)=(а\г)] за tautology» 
9. Is the statement pA(pVr) equivalent to p? 
10. Prove that pV (рла) is equivalent to P. 
11. 18 the statement (рлэ-фдэ(алт-аЛ equivalent to р»?! 
12. Prove that ~(pqir)=~PV 9": 
13. Prove that --(pVaV rs pc NT. 
14. Is the statement pq equivalent to (pA гэд? 
15. Is the statement р? equivalent to (pV raqVr)? 
16. Prove that p€?d is equivalent to (рла)У (~pA~4). 
17. Are the following statements equivalent? 
“It is false that she is both beautiful and intelligent." 
“Tf she is beautiful, she can’t be intelligent." 


[Hint: Use Problem 6] 
18. Prove that р> 15 equivalent to р>р^а. 
19. Is the statement p? 4 equivalent to ‘pV go 9. 
20. Is the statement р>@ equivalent to ерү 
21. Prove that (pea) Vp ~a mp. 
22. Prove that (p> QN (p> r= p> (aV r). 
23. Prove that (par (aee (pha)? r 
24. If p stands for “Не is rich” and q stands for “He is hard working,” then 
give a verbal translation of the folllowing 
Apod, (9 №) PATI: 
25. Prove that Kpag? reU r)] by the deductive method. 
26. Prove that (рәт) у (д> з= (р Aq (т V 9 by deductive reasoning. 
27. Prove by deductive method that ipy ~pa is a tautology- 


28 


28. 
29. 


30, 


31. 


32 


33 
34. 
35. 


36. 


37. 
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Prove by deductive method that (p> 9)~pVq ва tautology. 
Prove that following argument is valid: 
"I 


А he is honest then he will be happy. He is not happy. Therefore he is not 
onest” 


Prove that the following argument is invalid: 


“If the sun is shining, he will play tennis. Sun was not shining. Therefore, 
he did not play tennis.” 

Is the following argument valid? 

“If he studies medicine, he will get a good job. If he gets а good job, he 


will get a good wife. He did not get a good wife, Therefore he did not study 
medicine,” 


A teacher made the following announcement in the class: 

“Those students who secure first division will get a prize.” 1 

10 students BOt first division. But the teacher gave away prizes to 15 
students. Is this action logically justified? How should the statement be 
worded so that only 10 students get prizes? 


Prove that a Contradiction is equivalent to (p4 psp і 
Prove that а tautology is equivalent to [p 4 (p4 р) V[p4 (p p) 
Prove the following relations $ 
PAG) #[(р+ p) (9+4)1 4 (р +p) 4 (а+4)] 
РУ = 9) + (р14) 1 1994) (pq). 


Construct one or more compound statements having foliowing truth ta ble. 
MOIU E cm E i 
p eet аи | 
VICE TUNE = Along 
E T T F 
T T i F | Е 
T F T F 
T 2 Е d 
F TO ern Rari 
F T Te T 
F F T F 
F F F F 


| 


Find a statement (consisting of three statements p, q, r) whose truth table 
has T s in the first, second, and last rows and F's in other rows. 


Hini, Let p be the statement “The first door leads to íreedom" and g the 


statement “You are ЙА] 
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ANSWERS 


1, s 005 (шум Gy) S (v) S. 
2. (i) F ФТ (iv) Т (v) F. 
3. (i) ~(~p) where р stands for “I am friendly to you". 
di) pha ЧИ) PV 
(iv) pg where р stands for “И rains" and 4 stands for “Ме will not go to 
school." 
(у) pea. 
4 Yes. 
5. Yes. 
7. Yes. 
9. Yes. 
11. Yes. 
14. Yes. 
15.. No. 
17. Yes. 
19. Yes. 
20. Yes. 
24. ‘If he is rich, then he is hard working." 
“te he is hard working then he is rich.” 
“He is neither rich nor hard working.” 


o. 

32. Yes. “А student will get a prize if and only if he secures first division.” 
36. рЛ 4 №: 

37. (pAgin)V Aq AD Vp Aca NT) 

38. ‘Does the first door lead to freedom if and only if you are truthful?” 


CHAPTER 2 


Sets 


2.1. Sets 


does occur in plane geometry, where we Prove theorems about 
points and Jines without precise definitions of these terms, We shail, 
therefore, content Ourselves by accepting the following. 


Possible to determine Whether that object belongs to the given 
collection or not.” 
EXAMPLE 1. (i) The set of all integers, 
(ii) The set of all students of Delhi University 
(iii) The ser of all letters of the alphabet, 


EXAMPLE 2. Le; M be the collection of all those men (and 
only those men) in a village who do not shave themselves. Given that 
(0) All men in the village must be clean shaven, (ii) The village barber 
shaves all those men who do not shave themselves. 


If b& M, then b shaves himself. Then by (ii) b does not shave 
himsel f, again a contradiction. 

Since we cannot answer “Yes”? or “No” to the question, “Is 
barber himself a member of M?" we conclude that M is not a set 


2.2. The members of a set are called elements. We shall use capi- 
tal letters to denote Sets and small letters to denote elements. If a is 
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an element of the set A, we write aE А (read as “а belongs to А”) 
and if a is not an element of the set А. we write a& 4 (read as “а 
does not belong to A’). There are different ways of describing a 
set. For example, the set consisting of elements 1, 2 3, 4, 5 could 
be written as (1, 2, 3, 4, 5} or (1. 2, ..., 5} or {x | x€ М, x<5} where 
N —set of natural numbers. [n fact we always use {} brackets to 
denote a set. A set which has finite number of elements is called a 
finite set. Otherwise, it is called an infinite set. For example, if A 
is the set of all integers, ther A is an infinite ‘set denoted by 
{..., —2, —1, 0, 1, 2, .. .) or (x | x is an integer). 


2.3. Singleton 


A set having only one element is called Singleton. If a is the ele- 
ment of the singleton A, then 4 is denoted by 4={a}. Note that 
{a} and a do not mean the same; {a} stands for the set consisting of 
a single element a while a is just the element of (a). 


2.4. Equality of Sets 


Two sets A and B are said to be equal if and only if every mem- 
ber of А is a member of B and every member of B is a member of 
А. We express this by writing A=B logically speaking, A=B means 
(x€ A)=(vEB) or the biconditional statement (хЄ A)>(xE B) is 
true for all x. 

Notes. 1. The order of appearance of the elements of a set is of no conse- 
quence. For example, the set (1, 2, 3} is same as (2, 3, 1} ог 13, 2, 1} etc. 


2. We always write each element of a set only once. For example, (2, 2, 3} 
is not a proper way of writing a set and it should be written as (2, 3), 


2.5. Subset 

Let A and B be two sets. If every element of 4 is an element of 
B then А is called a subset of B and we write ACB or BDA (read 
as “A is contained in B" ог “В contains 4"). : 


Logically speaking, AC В means (xE А)= (x€ B) is true for every x. 
Nores 1. If ACB and А28, we write ACB or BD А (read as: A is а proper 


subset of B or B is a proper superset of A). 
2. Every set is a subset and a superset of itself. 


3. If A is not a subset of В, we write Абв. 


2.6. Empty Set or Май Set 
A set which has no element is called the mull set or empty set. 
It is denoted by the symbol ¢. 


EXAMPLE 3. Each of the following is a null set: 

(a) The set of all real numbers whose square is —1. 

(b) The set of all those integers that are both even and odd. 
(c) The set of all rational numbers whose square is 2. 
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(d) The set of all those integers x that satisfy the equation 
2х=5. 

EXAMPLE 4. The empty set Ф is a subset of every set. 

Solution. Suppose $ is not a subset of the set 4. This means 
there exists a€ d such that CEA. This is impossible as $ has no 
element: So, $ is a Subset of every set. 

Aliter. Logically speaking, we want to prove that the conditional 
statem*nt (xc $)=(хЕ A) is true for every x, Since $ has no ele- 
ment, the statement “ХЄФ” is false. So, the conditional statement 
(x€ $) — (x€ A) is true, which Proves the result. 

EXAMPLE 5. List the following sets (here N denotes the set 
of natural numbers and Z, the «et of integers). 

0) (x | x€ N and x< 10} 

(8) (x | хе Z and x<6} 

(iii) {x | x€ Z and 2<х< 10} 

Solution. (i) We have to find the natural numbers Which are less 
than 10. They are 1, 2, 3, 4, 5, 6, 7, 8, 9. So (i) can be described 
as (1, 2, 3, 4, 5, 6, 7, 8, 9). 

(ii) We have to find integers which are less than 6. They are all 
negative integers and the integers 0, 1, 2, 3, 4, 5. So (ii) may be 
described as 

iis АКИ —1, 0, 1, 2, 3, 4, 5} 

(iii) We have to find integers lying between 2 and 10. They are 

3 4, 5, 6, 7, 8, 9. So (iii) may be described as (3, 4, 5, 6, 7, 8, 9). 
AMPLE 6. Give the verba] translation of the following sets 

(i) (2, 4, 6, 8} 

(ii) (2, 3, 5,7.9,.. 3 

(iii) (—1, 1} 

Solution. (i) It consists of all positive even integers less than 10. 
(ii) It consists of all positive odd integers. 

Git) It consists of those integers x which satisfy x2— | —0, 
амик 7, If a=-b; and (a,, 01)=(а,, by} then show that 
h. 

Solution. Let a,—bs. Then 41€ {а,Ь} means 416 (a., b}={a,}. So 
йр =а,. Also b,€{a,, Бү} means b,€ (as, be) — (a,). So, b,—a;. There- 
fore.a,—b which is wrong, thus а;=БЬ,. 

EXAMPLE 8. If ACB and BCC, then ACC. 

‘Solution. Let a€ А be any element of 4. Then as АСВ, ac в, 
Also ВСС=ає С. 
Thus every element of 4 belongs to C=ACC. 
Aliter. Logically speaking, we want to prove that 
[кє A)> G€ BIA EB) > (xe С) (Gre А) (xe c] 
is true for every x.This follows from Transitive Law, (in logic). 


SETS 33 


EXAMPLE 9. if ACB and BCA, then A=B. | 

Solution. Since AC B, every element.of A is an element of B. Also 
BCA, means every element of B is also an element of A. This proves 
A=B. 

Aliter. Logically speaking, we want to prove 

[СЄ 4) = (хЄ B)] A [x€ B) = (xE А)]=[(хЄ A)> (x€ B)] 
is true for every x. In other words, [(p-q) A (4= p)]-» (p«»q) is true. 
Since pq is true and q= p is true, (р= q) A (q— p) is also true. This 
also means pq is true. So, [(p—4) Л (42 p)] ^ (p«»4) is true. This 
proves the result. 

EXAMPLE 10. If AC B and BCC, then ACC.. 

Solution. If 4—C, then every element of B is also an element of 
A (as BC A). But АСВ means every element of A is also an element 
of B. Combining these facts, we get A=B which is a contradiction 
(as A is a proper subset of B). So, АЗС. Clearly every element of 
A is also an element of C. Therefore, A is a proper subset of C. 

Aliter. К A=C, then BC A. This means (x€ В) = (хЕ A) is true for 
all x. 

Also ACB means (x€ 4) (x€ B) is true for all x. Therefore, 
(хЄ A) өчхЄВ) is true for every x. So, A=B, which is not possible 
as A is proper subset of B. Thus АЗС. A is subset of C, follows 
from Example 6. 

EXAMPLE 11, Find all possible solutions for x and y in each of 
the following cases 

(i) {2x, y}={4. 6) 
(ii) (x, 27) -U, 2) 
(ii) (2x) —(0) 

Solution. (i) Let A={2x, у} and B={4, 6) 

Now 2x€ A means 2хЕ В. So, 2x=4 or 2x —6. If 2x=4 then x=2. 
Also УЄ А means y€ B. So, y—4 or у=6. y cannot be equal to 4. 
For then A wiil have only element 4 while B has 4 and 6. Therefore, 
one solution is x—2 and y=6. If 2x=6, then x=3..y cannot be 6. 
For then, A will have only the element 6. So y must be 4. Therefore, 
another solution is x —3 and y—4. 

(ii) Let A={x, 2y} and В=={1, 2} 

хЄ А means x€ B. 
So, x=1 or x=2 

If x=1, then 2y—2. So, one solution is x—1 and у=1. 

If x=2, then 2y=1. So, another solution is x—2 and y=}. 

(iii) Let A=:{2x}, B—(0) 

2x€ А means 2xc В 
So, 2x0 which means х=0. 
Therefore there is only one solution x=0. 
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EXAMPLE 12. Find at least one set A such that 
@ U, 2)c ACU. 2, 3, 4) 
(ii) (0, 1, 2) САС(2, 3, 0, 1, 4) 

Solution. Since (1, 2}C 4, it means A must have 1, 2 as its ele- 
ments and some extra member. Again, AC(l, 2, 3, 4) means that the 
extra member should be 3 or 4. So A={I, 2, 3} or A-—(L, 2, 4}. 

(ii) Proceeding as in (i), there are two possibilities, Either 
4-400, 1,2, 3} or A={0, 1, 2, 4). 


PROBLEMS 


1. Write the following sets by listing elements enclosed in brackets { }, 
(1) A is the set whose elements are first five letters of the alphabet. 
(44) B is the set of all odd integers. 
(1) X is the set of all two digit positive numbers which are divisible by 15. 
2. Write the following sets using a statement to designate each: 
(0 A={3, 6, 9, 12, 15, 18) 
(1) В={5, 1, и, v, W, X, у, 2) 
(ИР С=({1‚ 3, 5,7,....2п—1,...} 


H 1 1 1 1 
(iv) o-{ >. 3, eques] 
3. Determine which of the following sets are equal? 
A=(1, 2,4), B={2,4, 1}, C—14,1,2) 
D={x { x is a positive integer less than 5) 
Е={1,2, 3, 4} 
4. Indicate which of the following sets are finite? 
(i) A={x | x is a positive integer} 
(1) B={x | x is an even integer lying between 2 and 10} 
(IH) C={x | x is a letter of the alphabet} 
(Iv) D=the set of all students of Delhi University 
(9) E—ix | x is an integer less than 10) 
5, Let A be the set (1, 3, 5, 7, 9, 11, 13, 15, 17, 19). List the following sets 
(i) (x | x is an element of A and x+1 is even) 
(И) (x | x is an element of 4 and 2x is an element of 4} 
(tit) {x | x is an element of A and 2x —20) 
(Iv) (x | x is not an element of A and 0<х<21). 
6. Find at least one set A such that 
(D {2, 1, 33C AC(1, 2, 3, 4, 5) 
(1) (0, 1,22C AC(—1,0, 1,2, 3). 
7. Find all possible solutions for x and y in each of the following cases 
(1) {2, 3}={2х, X 
(И) (x, 3) 70,2) 
(11) (х, х2) (9, 3). 
|B. Show that if a14b1, ау аг and (ал, 61) —(ae, b2} then bi—ba. 
9. Show that (a) —(b, с) if and only if a=b=c. 
10. List all the subsets of (1, 3, 5). 
11, List all the subsets of a singleton and the empty set. 
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12. State the relation if any, between sets A and B in the following 
(0 4—(1,3,5,7,9,....) 
B—(3,9,15,21,...., 32n—1), .. ) 
(1) A={2, 4, 7, 12, 18, 24) 
В--(1, 3,7, 11, 16, 22, 29} 
(iii) A=(1, 2, 3) 
В=$ 
(iv) A={x | x is an even natural number less than 20). 
B={x | x is natural number less than 20 which is divisible Бу 2). 
(у) A={x | x is an even integer} 
B=({x | x is an integer divisible by 3). 
13. Disprove the following statement for any two sets A and B 
“If AC B, then BCA.” 
14. Prove that АС B and: BCC implies ACC. 


15. Prove that AC ф implies 4-4. 
ANSWERS 


1. (1) A={a, b, e, d, e} 
(ii) B={. .., —5, —3, —1,1,3, 5, 7, + e} 
(iii) X (15, 30, 45, 60, 75, 90) 
2. (i) A={x | x is a positive integer less than 19 and multiple of 3} 
(ii) B=({x | x is one of the last 8 letters of the alphabet) 
(iii) € —(x | x is a positive odd integer} 


(iv) D={x|x is a positive real number less than 1 and x=- where n 1s 


natural number}. 
3. A=B=C, D=E. 
4. B, C, D are finite sets. 


5. (i) A (ii) Ф (iii) (1,3,5, 7, 9) (iv) The set of all real number lying bet- 
ween 0 and 21, except all odd integers between 0 and 20. 


6. (0 A={1, 2,3,4}, (i) (0, 1, 2, 3) 
7. (1) x1, у=3 or х= 3, у=2. 


(ii) x=1, у=2 or х=2, у=1. 
(11) x=3. 
10. 4, {1}, (3), 35], (1, .3) C1, 5), 3, 5), (1, 3, 5}. 
11. (i) Singleton and ф (ii) $ 
12. 0) BCA (il) norelation (iii) BCA (iv) A=B (у) no relation 


2.7. Power Set 

The set of all subsets of a given set A is called the power set of 
A and is denoted by P (A). The name power set is motivited by 
the fact that “if A has п elements then its power set P (A) con- 
tains exactly 2^ elements.” 

EXAMPLE 13. Let А={1, 2). Find P(A). 

Solution. Now ¢ is a subset of A, A is also subset of A. (1) and (2) 
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are also subsets of A. These are all subsets of А. So P(A)=[¢, {1}, 
(2), A]. Note P(A) has 22(—4) elements. 


EXAMPLE 14. Let A—(1, 2, 3). Find P(A). 


Solution. Now sub sets consisting of one element only are {1}, {2}, 
{3}. Subsets consisting two elements only are, {1, 2}, {2, 3}, {1, 3}. 
Also ¢ and A are subsets of A. 

So P(A)=[¢, (1). (2), 13), (1, 2}, (2, 3}, (1, 3}, A] and the number 
of elements in P(A) is 23 (<8). 

EXAMPLE 15. Let B be a subset of A. Let P(A: B)—(X€ P(A) | 
BCX}. If B—(1, 2} and A—(1, 2, 3, 4, 5}, list all the members of 
P(A:B). 

Solution. Clearly BC (1, 2}, BC{1, 2,3), ВС(1,2, 3, 4}, BC (1, 2, 
3, 4, 5), ВСІ, 2, 4} ВСЦ, 2, 5), BC(1,2,3, 5}, ВСІ, 2, 4, 5). 
These give all the elements of P(A : B). 


2.8. Operations with Sets 


The reader is familiar with the operations of addition and multi- 
plication in Arithmetic. Given any two numbers, the operations of 
addition and mult plication associate another number called sum 
or product of two numbers respectively. In the chapter on logic, 
the connectives V, Л, ~, =>, <> were used to associate with any 
two given statements a new statement called a compound statement. 
In this section, we will defin= three Operations for associating to any 
two given sets, a third set. These three Operations namely, union, 
intersection and complementation will be, loosely speaking, analo- 
gous to the operations of addition, multiplication and subtraction 
of numbers respectively. 


2.9. Union 

The union of any two sets 4 and B is the set of all those elements 
x such that x belongs to at least óne of the two sets 4 and diit is 
denoted by AUB. Logically speaking, if the biconditional statement 
(x€ C)--(x€ A) V (x€ B) 18 true for al! x, then C—AUB. In other 
words (x€ AU B)ex(x€ A) V (x€ B). 

EXAMPLE 16. // A={J, 2, 3} and B—(3,4) + AUB= 
01.2, 3, 4). 4 

EXAMPLE 17. Prove tha. 
(ii) BCAUB. . 

Solution. (i) x€ 4 means X€ AUB by definition. So ACAUB 

(ii) x€ B means XE AU B by definition. So BCAUB 

Aliter. (i) We want to prove that the conditional 

(XE 4)— (x€ AUB) is true 

But this statement is false if only if (x€ A) is true and (x€ AUB) is 
false. Such a situation Carnot occur, for (ХЄ A) is true means (x€ A) 
Ve B) is true. ‘Therefore (x€ A)V (x€ B) is true and (x€ AUB) is 


t fir any sets А and В (i) AC AUS, 


statement 
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false. It means (x€ А) V (x € В) = (x € AUB) is false. This is impos- 
sible by definition of AUB. Similarly, we can prove (ii). 

EXAMPLE 18. If ACB, then AUB=B and conversely, if 
AUB=B, then AC B. 

Solution. Suppose ACB. Let хЕ AUB. Then хЄ A, or хЄВ or 
x€ both А and B. If x € A, then x€ B (as AC B). In any case xE€ AUB 
means x€ B. So, AUBCB. We have already proved 4C AU B. There- 
fore, AUB=B conversely, let AUB=B. Let xE А. Then xc AWB 
which means x€ B. So AC B. 

Aliter. Suppose AC B. We want to show that the biconditional 
statement (хе B)«»(x€ A) V (xE B) is true for every x. But this state- 
ment is false if and only if (x€ B) is false and (x€ A) is true. Such 
a situation cannot occur as AC B. 

This proves AUB=B. 


Conversely, if AU B=B, then we want to show that the conditional 
statement (x€ A)=>(x€ B) is true for every x. This is false if and only 
if (x€ A) is true and (x€ B) is false. Now (x€ A) is true means 
(x€ A) V (x€ B) is true. Therefore (хе A) V (xE B) (x€ B) is false. 
This is impossible as B— А\) B. This proves ACB. 

EXAMPLE 19. If ACC and BCC, then (AUB)CC 

Solution. We want to show that (x€ 4UB)--(x€ C) is true for 
every x. This is equivalent to saying that (x€ AUB) is true and 
(x€ C) is false cannot occur together. Suppose (x€ AUB) is true. 
Then (x€ A) V (x€ B) is true. This means (x€ A) is true or (x€ B) is 
true. If (x€ A) is true then (x€ C) is true as AC C. If (x€ B) is true 
then (x€ C) is true as BCC. In any case (хЄ С) is true. So, when 
(x€ AUB) is true, (хЄ C) should also be true, This proves our 
assertion. 

Aliter. Let хе AUB. This means xE А or xE B or xE both A and В. 

If xE A, then хЄС (as ACC). If хЄ B, then x& C (as BCC). 

In any case, x€ C. So, x€ AUB means xE С: 

This proves AUBCC. 


2.10. Intersection 


The intersection of two sets A and B is the set of all those ele- 
ments x such that x belongs to both 4 and B and is denoted by 
АПВ. If ANB=4, then 4 and В are said to be disjoint. 

Logically speaking, if the biconditional statement (хЄ C)<>(x€ 4) 
A (x€ B) is true for all x, then C—A(8 In other words, 

(xe AnB)e(xe A)n(xe В) 

EXAMPLE 20. (i) 1f A—(1, 2, 3, 4), B={1, 2} then 

AnB-(, 2) 
(ii) If A=U, 2,3), B—(4, 5), then 
ANB=$¢ 
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EXAMPLE 21, (i) AN BCA (ii) ANBCB for any sets A and B. 


Solution. Let xc ANB. Then, by definition x€ 4 and x€ B. So, 
ACYBC A and AC BC B. 


Aliter. (i) We want to show that 

(x€ АГ\В)=(хЄ A) is true for all х. 
We have to only consider the case when (x€ ANB) is true and 
(x€ A) is false. Now (x€ A) is false shall mean (ХЄ A)CYx€ B) is 


false and so (x€ AMB)=>(xE А)Г\(хЄ B) is also false which is im- 
possible by definition of ANB. This proves the result. 


(ii) We want to show that 
(x€ AN B)=(x€ B) is true for all 3) 

The only doubtful case is when (x€ 4(1B) 18 true and (x€ B) is 
false. Such a case is not Possible as above by definition of ANB. 
this proves (ii). 

EXAMPLE 22. If AC B and ACC, then 

AC(BNC). 


Solution. Let x€ 4. Then x€ В and ХЄС (аз ACB and ACC). 
So, xEBNC. 


This proves АС BNC. 
Aliter. We want to show that 
(x€ 4) (x€ BAC) is true for all d, 
{ a only doubtful case is when (x€ A) is true and (x€ BNC) is 
alse. 


Now (x€ A) is true means (x€ Bj is also true (as AC B). Also 
(x€ C) is true (as AC C). This means (x€ B)'Y(x€ С) is true and so 
(x€ BNC) is true. This proves the result. 

EXAMPLE 23. AUB=AQB if and only if A=B. 


Solution, Suppose AUB=ANB. Let xE А. Then x€ AU B and so 
ARA. Therefore, x€ B, This proves ACB. Similarly ВСА and 
80 A— B. 

Aliter. Suppose AUB=ANB 

Then (x€ A) = (x€ А) ПЕ A) V (хЄ B] 

Adsorption law 
= (xE A)A[(x€ AU B)] 
= (x€ A) A[x€ AN B)] 
= [(x€ A)A(x€ 4)]A (x€ B) 
= (x€ A) A (x€ B) 
= (хЄ ANB) 
= (xE AUB) 
(x€ B)V (xE A) 
= (x€ В) V [(x€ 4)U (xe А)] 
= (x€ B) V[x€ BUA] \ 
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= (x€ B)V[xE 4AB] 

= (x€ B)V[(x€4) A (x€ B)) 
= [(xE B) V (xE ANA ЕВ] 
= (x€ B) Adsorption law 


This proves A=B. 
Conversely, if A=B, then 
(хЄ AU B) (x€ A)U (x€ B) 
= (xE B)U(xEB) 
= (хЄ В) 
= (xE B)N (EB) 
(x€ A^ ne B) 
(хє ANB) 
Nore. Adsorption laws in logic mean the following: 


(0 pNWUN=P 
(8) PU(pON) =P 


2.11. Universal Set 
Throughout this book, whenever we talk of a set, we shall assume 
it to be a subset of a fixed set U. This fixed set U will be called The 


Universal Set. 


2.12. Complements 

If A and B are two sets then complement of B relative to A is the 
set of all those elements xE 4 such that x&B and is denoted by 
A— B. Logically speaking, if for a set C the biconditional statement 
(x€ C)e»(x€ AN x & B) is true for all x, then C—4— B. In other 
words, И (хе С)==(хЕ A) ^ (х& B) then C is called the complement 
of B relative to A: 
Nore 1. It is very clear from the above definition that А-В is a subset 


of A 
2. Whenever we say complement of B we mean, complement of B relative to 
the universal set U. In such case, we denote complement of B by B'. 


So, B'-U —B. 

oe ae 24. If A={l, 2, 3,4} and B—(3, 4, 5) then А-В 

EXAMPLE 25. Show that A--B=AMB’. 

Solution. Let xc A—B. This means x€ A and x& B. By definition 
of the universal set 4—BCU. So, xEU. Therefore хЄ О, x&B im- 
plies хЄ B’. This proves А-ВСАПВ’. Again if x& ANB’, then хЄ 4 
and x€ B’. Now x€ B' implies x& B. So xE A— B. This proves 
AN B'C—AB. 

Therefore 4—B—A(B'. 

Aliter. (x€A —B) = (ХЕ A) Ax &B) 

= (xE AAU) ARB) as ANU—A 
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= [(хЄ А) Л(хЄ 0)] СЕВ) 
= ЦхЕ 4) Л [(хЕ Ч) A (x& B)] 
= [(хЕА)Л(хЕВ’)] 

This proves 4—B—A(B'. 

EXAMPLE 26. AC B if and only if BCA’, 

Solution. Suppose ACB. Let xC B'. Then xE U and x&B. Now 
x&B implies xA (as AC B). Therefore хЕ О and XGA implies 
X€ A'. This proves B'C A’. Conversely. Let B'C д’ Let Bc A. Then 
XA’. Now x& A' implies x&B' (as B'C A’). This means x€ В, So, 
ACB. . 


Aliter. Now (x€ А)-(хЄВ) 
= c (x€ В) —(хЕ A) 
(by Contrapositive law in logic) 

= (x&B)- (x& A) 

= (x€ В’) (xe A’) 
Suppose AC В. Then (x€ 4) (x€ B) is true for all x. By above, 
(x€ B')-- (x € 4’) is true for all x. This means B'C А’. Conversely, 
suppose B’C А’. Then (x€ B')- (x€ A’) istrue for all x. By above 


(хЕ 4) (x€ B) is true for all x. This implies AC B. Hence the 
result follows. 


PROBLEMS 


1. If a set A has 101 elements, find the number of subsets of A having odd 
number of elements. 


[Hint. Use the fact that Cot Cot C, ., =С1+С3+ .. 1]: 
2. What are the elements of the Power set of the set [1, 12,3? 
3. Perform the indicated operations on 
A = (а, b, c, d, e, f) 
В = la, e, i, o, u} 
С = (m, п, o, p, qir, 5, t, и} 
(i) AUB (ii) ANB (iii) AUBUC (іу) ANBNC 
4. If A={1, 2, 3, 4,5, В={2, 4, 6, 8, 10} C={3, 6, 9, 12, 15} 
find (i) (AUB)NC 
(ii) AU(BNC) 
iii) (ANC)UB 


SL If A={1, 2, 3, 4}, B={3, 4, 5,6), C={4, 5, 6, 7} 


find (i) А-В (ii) (AUB)—C 
(iii) А—(ВГ\С) (iv) (ANB)—(BUC) 
6. ПИ = {1, 2, 3,4, 5, 6, 7, 8, 9, 10} 
A = (1, 4, 7, 10} 
В := {2, 5, 8} 


find (i) A' (ii) B' (iii) ANB’ (iv) ANB (v) ANB 
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7. Prove that (AMB)UC=AM(BUC) if and only if CCA. 
8. Prove that if ACB then P (A)CP (В) 
9. If A and B are two sets, prove that 4-48-4-(В NA) 
10. For any sets A and B, prove or disprove that 
P(A)MP(B) = P(ANB) 
P(A)U P(B) = P(AUB) 


ANSWERS 


1. 20, 
2. $, {1}, {2 3}, 1), {2, 3. 
3. (i) (a, b, с, d, e, fs i, 0, u} 
(ii) {a, e} 
(iii) (a, b, e, d, e, f, i, о, и, m, п, р, d, г, S, 0 
(iv) 4 
4. (i) (6) 
(ii) (1, 2, 3, 4, 5, 6) 
(iii) (2, 3, 4, 6, 8, 10) 
5. (i) 0,2) 
(ii) (1, 2, 3) 
(iii) (1, 2, 3). 
6. (i) {2, 3, 5, 6, 8,9) 
(ii) {1, 3, 4, 6, 7, 9, 10} 
(iii) (1, 4, 7, 10) 
(iy) 0,5, 8) 
(v) (3, 6, 9). 


2.13. Algebra of Sets 
We list below some of the important laws of sets. 
1. Laws of Idempotence. For any set A 
AUA=A and АПА=А 
Proof. Obvious. 
2. Commutative laws. For any sets A and B 
AUB=BUA, ANB=BNA 
Proof, Obvious. 
3. Associative laws. For any three sets A, B, C 
() AU(BUC) = (AUB)UC 
(ii) AM(ANC) = (ANB)NC. 
Proof. (i) We want to show that 
[xc AU(BUO)]<[xE (AUB)C C] is true for all x 
Now by definition, 
[xE AU(BUO)] = [xe A)U((xe B)UGe C) 
and  [x€(4U B)UC] = {xE 4)U(xe€ B)UG e С)] 
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So, by associative law in logic, the result (i) follows, 
Similarly, We can prove (ii) 
We leave it to the reader to give an alternative Proof of the aboye 
without using logic, 
4. Distributive laws. For any three sets A, B, C. 
0) 4n(BUc) = (ANB)U(ANC) (С.А., May, 1977) 
09) AU(BNC) = (AUB)N (AUC) (С.А., November, 1976) 


Proof. (i) Let *EANIBUC). This implies ХЄА and ХЄ В\)С. 
Now xEBUC implies X€ Bor xEC or X€ both B and C. If ХЄВ, 
then ХЄ АГ\В. If xe c, then x€ ACC. In any case *E(ANA)U 


Similarly, We can prove (ii) 
Aliter, XE[AN(BUC)] = Е 4) A(xE BUC) 
= IEMA (€ B) V &e cj 
= (КЄ УА (€ B] V[e АУС (xe c) 
by distributive law of logic 
= REMAN B)ULxE (АПС) 
= xe 4nBa)UGAncy 
So, A^(BUC) = (ANB)U(ANC) 


0) (408) = ANB 
Gi) (абв)! = Ав’ 


ХЕ А' and ХВ and X*€U implies XER. Therefore, x€A'nsp' 
and so (4UP)CA'nyg. Similarly G'OB)C(UBy. 


This proves (408), дув 
Alternative Proof of (i) using logic: 
Now X€(AUB/ = Е (4U B) 
T lea) V(x€ Bj] 
= ~(хЄ 4)A ~(xE B) 
(x& 4) (хЄ B) 
= (EA) Л (хЕ в’) 
= (x€ 4'rp') 
Therefore, (40B) = 4'г\в', 
We leave the Proof of (іг) Гог the readers. 


Ml 
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EXAMPLE 27. Let A,B,C be any three sets. Prove that 
AM(B—C)=(ANB)—(ANC). 
Solution. (AN B)—(ANC) = (ANB)M(ANC') 
$ = (ANB)NA'UC) 
by De Morgan’s law 
= [(ANB)NAIUL(ANB)NC] 
Distributive law 
= [(ANAINBIV[ANB)NC 
. A Associative law 
= [¢NBULAN(BNC’)) 
$UI4nanc? 
AM BNC’) 
AM(B-C). 
EXAMPLE 28. For any sets A and B, show that (A—B) (B-- A)" 
=(AUB)—(ANB). 1 
Solution. (AUB)—(ANB) = (AUB)N(ANB) 
= (AUB)N(A' UB’) 
De Morgan’s law 
у (АОВ)ПА]ОЦ(АОЗВ)Г\В'] 
Distributive law. 
= [(ANA)UBNA)I 
ULANBIUENF)) 
11017:167:0319116187-21922) 
(BNA4')U(ANB) 
(B—A)U(A~B) 
(A—B)U(B—A), Commutative law 
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2.14. Venn Diagrams 

To illustrate the various set operations. we introduce diagrams 
called Venn diagrams after John Venn (1834-1883). We shall repre- 
sent ihe Universal Set by the points in and on a rectangle and sub- 
sets А, B, C,... Бу points in and on the circles or ellipses drawn 
insid» the rectangle. In Fig. 2.1, the shaded portion represents АПВ. 


Fig. 2.1. 
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In Fig. 2.2, the shaded portion represents AUB. 


Fig. 2.2. 


In Fig. 2.3, the shaded portion represents 4’, 


Fig. 2,3. 


Fig. 2.4, 


In Fig. 2.5, three sets 4, B, C divide the universal set U into 8 
parts, 8th part not numbered in the diagram. 
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EXAMPLE 29. Prove that AU(BNC)=(AUB)N(AUC) using 
Venn diagrams. (C.A., November, 1976) 

Solution. Now ВОС is represented by areas 4 and 7, and A is 
represented by areas 1, 2, 6 and 7. So, AU(BNC) is represented by 
areas 1, 2, 4, 6 and 7. Again, areas 1, 2, 4, 5, 6, 7 represent AUB 
and areas 1, 2, 3, 4, 6, 7 represent AUC. So, areas 1, 2, 4, 6, 7 repre- 
sents (44) В) (3 (AUC). This proves our assertion (Fig. 2.5)). 

EXAMPLE 30. Using Venn diagrams show that A—(BUC)= 
(A—B)U(A—C) (C.A., May, 1976) 

Solution. In Fig. 2.5, areas 2, 3, 4, 5, 6, 7 represent BUC, There- 
fore area | represents A—(BUC). Now areas 1, 2 represent A—B and 
areas 1, 6 represent A—C. So, area | represents (4—B)(Y(4—C). 
This proves the result. 

EXAMPLE 31. Using Venn diagrams show that for any two sets A 
and B 

(ANB) =4'UB' 

Solution. !n Fig. 2.6 below, area | represents ANB while areas 
2, 3, 4 represent (AN В’). Again areas 3, 4 represent A’ and areas 
2, 4 represent B’. Therefore areas 2, 3, 4 represent A’UB’ 


Fig. 2.6. 


EXAM 32. Use Venn diagrams to show that for any sets A 
and B У 


AUB-—AU(B— A) 
Solution. In Fig. 2.6, areas 1, 2, 3 represent AUB. Also areas 1, 2 


represent А and area 3 represents B — А. So, areas 1, 2, 3 represent 
AU(B — A). This proves the result. 


2.15. Applications of Set Theory 

If A is a finite set, then we shall denote the number of elements in 
A by n(A). If A and В are two finite sets, then it is very clear from 
the Venn diagram of A—B that 

"(A—B)-n(A) —n(BN A) 

Suppose A and B are two finite sets such that AQ B=¢. Then 
clearly, the number of elements іп AUB is the sum of number of 
elements in A and В the number of elements in B 
Ges n(AUB)=n(4)+n(B) if ANB=¢ 
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To find the number of elements in , B, іп case AN B=, we proce- 
d as follows: We know that for any two sets 4 and B 


AUB=AU(B—A) (See Example 32) 
Неге 4\(B—A)=¢ 
Therefore, ní AUB) = n(A)+n(B—A) 
= n(A)+n(B)-—n(ANB) 
Nore that, from the definition of empty set it follows that п($)=0. 
So, we have proved the following: 
“If А and B are two finite sets, then 
n(AUB)=n(A)-+n(B)--n(A nB)” 
Similarly, if A, B, C are three finite sets, then 
n(AUBUC) = n(4UB)--n(C) —n((4UB)C] 
= n(A)-+n(B)—n(AMB)+n(C)—n[(AUB) AC] 
n(A)-+n(B)+n(C) —п(АГ\В) 
—nl[(ANC)U(BNC)} 
n(A)-+n(B) +n(C)—n(AN B)—[n(ANC) 
-++n(BNC)—n(ANCA BC) 
n(A)-+-n(B)-+-n(C)—n(AM B)—n(ANC) 
—n(BNC)+n(AN BNC) 
as ANCNBAC=ANBOC 
We now make use of these two results in the following problems. 
EXAMPLE 33. Ina recent survey of 400 students in a school, 
00 were listed as smokers and. 150 as chewers of gum; 75 were 


‘Med as both smokers and gum chewers. Find out how many students 
re neither smokers nor gum chewers. 


Solution. Let U be the set of students questioned. Let 4 be the 
et of smokers, and В the set of gum chewers. 
Then n(U)—400, n(4)—100, n(B)=150, n (AN B)=75 
We want to find out л(А'Г\В') 
Now 4’ B’ = (АПВ) 
= U— (AUB) 


Therefore, 
(АПВ) = n[U—(408)] 
= n(U)—n[(AUB)UN] 
= n(U)—n(AUB) 
n(U) —n(A)—n(B)-+n(ANB) 
= 400—100—150+75 
25 


І 


EXAMPLE 34, Out of 500 car-owners investigated, 400 owned 
Fiat cars and 200 owned Ambassador cars; 50 owned both Fiat and 
4ribassador cars. Is this data correct? 
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Solution. Let U be the set of car owners investigated. Let 4 
be the set of those persons who own Fiat cars, B the set of persons 
who own Ambassador cars; then ANB is the set of persons who 
own both Fiat and Ambassador cars. 

n(U)=500, n(A)=400, n(B)=200, п(АП.В) =50 

Therefore, n(AUB)=n(4)+n(B)—n(ANB) 

=400-+ 200—S0 
=550 : 

This exceeds the total number of car-owners investigated. 

So, the given data is not correct. 

EXAMPLE 35. In a certain government office there are 400 
employees; there are 150 men, 276 university graduates, 212 married 
persons. 94 male university graduates, 151 married university 
graduates, 119 married men, 72 married male university graduates. 
Find the number of single women who are not university graduates. 
Solntion. Let U = set of employees. 

A = set of men. 
B = set of married persons. 
C = set of university graduates. 
Then ANB = set of married men. 
ANC = set of male university graduates 
BOC = set of married university graduates 
ANBNC = set of married male university graduates 

Now n(U)=400, n(4) —150, n(B) —?12, n(C)—276,n(4O B) -119, 
n(ANC)=94, ВОС) = 151, n(AQNBOC)=712 

We want to find out н(4 18" (1С7) 

Now(A4’‘N BNC’) = (AUBUC) 
= U—(AUBUC) 
Therefore, 


nA'NBNC) = n(U)—n[(AUBUC) NU] 
= n(U)—n[AUBUC] 
= n(U)—{n( A) 4-n(B) +2(C)—2(ANB)—n(AN C) 
—n(BNC)+nANBNOC)] 
= 764—710 
== 54. р 

So, the number of single women who are not uniyersity graduates 
is 540. 

EXAMPLE 36. A market research group conducted a survey of 
1000 consumers and reported that 720 consumers liked product A and 
450 consumers liked product B. What is the least number that must 
have liked both products? 1 

Solution. Let U = set of consumers questioned 

S = set of consumers who liked product 4 
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T = set of consumers who liked product B 

Then SOT = set of consumers who liked both products 
Now n(U)=1000, n(S)=720, n(T)—450 
Therefore, n(SUT) = n(S)+n(T)—n(SNT) 

= 1170—n(SNT) 
So, n(SOT) = 1170—n(SUT) 
Now n(S(T) is least when n(SUT) is maximum. But $ TCU 
imp ies n(SUT)<n(U) 

This implies maximum value of n (SUT) is 1000. 

So, least value of n(S'1T)—170. 
Hence the least number of consumers who liked both products is 
170. 


EXAMPLE 37. Out of 1000 students who appeared for C.A. Inter- 
mediate Examination, 750 failed in Maths, 600 failed in Accounts 
and 600 failed in Costing, 450 failed in both Maths and Accounts, 
400 failed in both Maths and Costing, 150 failed in both Accounts 
and Costing. The students who failed in all the three subjects were 
75. Prove that the above data is not correct. 

Solution. Let U —set of students who appeared in the examination. 

A —set of students who failed in Maths. 
B —set of students who failed in Accounts. 
C —set of students who failed in Costing. 

Then ANB=set of students who failed in Maths and Accounts. 
ВПС set of students who failed in Accounts and Costing. 
A(C=set of students who failed in Maths and Costing. 

ANMBMC=set of students who failed in all three subjects. 

Now n(U)—1000, n(4)—750, n(B)—600 n(C)—600, n(A(1B)—450, 

n(B(1C) —150, n(A4(1C)—400, n(A BC) --75. 

Therefore n(AU BUC) —750-r-600--600—450—150—400-1-75 

=1025. 

This exceeds the total number of students who appeared in the 
examination. 

Hence, the given data is not correct. 

EXAMPLE 38. 7n a survey of 100 families, the number that read 
recent issues of a certain monthly magazine were found to be: 
September only 18, September but not August 23; September and 
July 8; September 26; July 48; July and August 8; none of the 
three months 24, With the help o f set theory find 

(a) How many read August issue? 

(B) How many read two Consecutive issues? 

(c) How many read the July issue, if and only if they did not 
read the August issue? 

(d) How many read the September and August issues but not the 
July issue? 
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Solution. Let А =set of those families that read the September 
issue. 
B =set of those families that read the August issue. 
C =set of those families that read the July issue. 
Then A—B =set of those families that read September 
issue but not August. 5 
ANC =set of those families that read both September 
and July issue. 
ANB =set of those families that read both September 
and August issue. 
А'Г\В' С\С' =set of those families that read none 
A—(BUC) =set of those families that read September 
issue only. 
Now n(A)=26, n(C)=48, n(A—B)=23, n(ANC)=8, n(BNC)=8, 
n(A' BNC’) = 24, n[4—(BU C)]-18 
Now n(A—B) — n(A)—n(AN B) 
So, 23 = 26—n(ANB) - 
Therefore п(АГ\В)=3. 
Again n [A—(BUC)]=n(4) -n AN (80 OI 
So, 18 26—n((4nB)U (4C) 
26 —n(ANB)—n(ANC)+n(ANBNC) 
26—3—8+n(ANBNC) 
Therefore, n(ANBNC)=3 
Also A'NB'OC' = (AUBUCY' 
= U—(AUBUC) 
where U = set of those families that are questioned and n(U) 
= 100. 
So, nA NB AC)=n(U)—n(AUBUC) 
24= 100 -n(AUBUC) 
Therefore n(AUBUC)=76. 
Now n ( AUBUC ) = n(A) + n(B)-+n(C)—( AN B)—W(ANC) 


paw 


—n(BNC)+n(ANBNC) 
implies 76 = 26--n(B)--48—3—8—8--3 
So, n(B) — 18 


This gives the number of families that read the August issue. 
Now (AN B)U(BNC)=set of those families that read two conse- 
cutive issues. 
So, ni(4nB)uGnol 
= n( AB) -+n(BNC)—MANBNC) 


=34+8—3=8. 
Again C—B=set of those families that read the July issue but 


not the August issue. 
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Then n(C—B)=n(C)—n(BNC) 

=48—8=40. 

Now (AM B)—C=set of those families that read the September 
and August issues but not July. 

So, n[(ANB) —C]=n(ANB)—n(AN BNC) 

=3--3=0 

Therefore, (AN B)—C=¢. 

Hence there is no family that read both the September and August 
issue but not the July issue. ў 

EXAMPLE 39. А factory inspector examined the defects in 
hardness, finish and dimensions of an item. A ifter examining 100 
items he gave the following report: 

All three defects 5, defects in hardness and finish 10, defects in 
dimension and finish 8, defects in dimension and hardness 20. Defects 
in TUN 30, in hardness 23, in dimension 50. The inspector was fined. 

hy 


Solution. Suppose H represents the set of items which have 
defect in hardness, F represents the set of items which have defect 
in finish and D represents the set of items which have defects in 
dimension. 

Then n(HOFQD)=5, n(HF)=10, n (DNF)=8 

(DOMI) = 20, п(Е) = 30, n (1) —23, n(D) = 50 

So, (HUFUD) = 30--23--50—20—10—8--5 = 70 

Now n(DUF) = n(D) + n(F)—n(DNF) 

= 50--30 — 8 = 72. 

DUFC DUFUH implies n(DUF)<€n(DUFUR) ie. 72<70. 

Hence, there is an error in the report and for this reason inspector 
was fined. 


EXAMPLE 40. In a survey of 100 families the numbers that 
read the most recent issues of various magazines were found to be 
as follows: 


Readers Digest 28 
Readers Digest and Science Today 8 
Science Today 30 
Readers Digest and Caravan 10 
Caravan 42 
Science Today and Caravan 5 
All the three Magazines 3 


Using set theory, find 
(a) How many read none of the three magazines? 
(5) How many read c. aravan as their only magazine? 


(c) How many read Scienci i pad ? 
а * Today if and only if they read 
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Solution. Let S — set of those families that read Science Today 


R =set of those families that read Readers Digest 
C =set of those families that read Caravan. 
(а) We want to find п(5' ППС’) 
Let U — set of the families questioned. 
Now S'NR’'NC’. —(SURUCY — 
= U—(SURUC) 
Therefore n(S'uR'QYC') = n (U)—n(SURUC) 
= 100—n(SURUC) 
Now n(SURUC) = 30--284-42—8—10—5 4-3 
= 80. 
So, n(S''YR''YC') = 100—80=20, 
(b) We want to find n|C —(RUS)] 
Now n[C— (RU S)] 
= n(C)—n[CN(RUS)] 
n(C)—n[(CNR)U(CNS)] 
n(C)—n(COR)—n(CNS)+n(CNRNS) 
42—10—5+3 
= 30; 
(c) We want to find n[(SMC)—R] 
Now-n[(SOC)—R] 
= n(SMC)—n(SACNR) 
= 5—3=2. 


| 
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EXAMPLE 41. [п a survey conducted of women it was found 


that 


(i) there are more single than married women in South Delhi, 


(ii) there are more married women who own cars than unmarried 


women without them, 


(iii) there are fewer single women who own cars and homes than 


married women without cars and without homes. 


Ts the number of single women who own cars and do not own homes 
greater than number of married women who do not own cars but 


own homes? 
Solution. Let A = set of married women, 
B = set of women who own cars, 
C =set of women who own homes. 
Then, the given conditions are 
(i) n(A')>n(A) 
(ii) n(ANB)>n(A'NB’) 
(iii) n(ANB'NC')>n(A'NBNC) 
We want to find n(4' ПВО С’) and n(AN BNC) 
Let U = set of all women questioned. 
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Now 4’ = A'NU = A')(BUB') = (A'NB)U(A'NB’) 
А = ANU=AN(BUB')=(ANB)U(ANB’) 
So, n(4') = n(A' CB) 3-n(A' В") 
n(A) = n ANB)+n(AN B’). 
By (i), we have 
ЩА ПВ) +п(А'ПВ')>лп(4 ПВ) 3-n( AC B") 
and by (ii) 
ПОА CB)-En(4' BP) n(40 B) -n( AB) n( AB) +n ANB’) 
Therefore, 
n(A' CB) n(ACYB)). 
Also А'Г\В = (A'NB)N(CUC’) 
= (A'NBNC)UA'NBNC’). 
and ANB = (4n B')n(CUC") 
= (ANB'NC)U(ANB'NC’) 
So, n(A'NB) = пСА ОВОС) п ГҮВГҮСЭ. 
n(AMB’) = n(ANB'NC)+n(ANB' NC’), 
This gives, using (iii) 
АВС) En BOY) n( ATE QC) nA BNC) 
ie, n(A'ABNC')>n(ANB'NC). 
So, the number of single women who own cars and do not own 


a home is greater than the number of married women who do not 
own cars but own homes. 


PROBLEMS 


1. Ina survey or 100 Students, the numbers studying 
found to be: Spanish 28; German 30; Freneh 42; Spanish and French 10; 
Spanish and German 8; German and French 5; all the three languages 3. 
(I) How many students were studying no language? 

(10) How many students had French as their only language? 
(11) How many students studied German if and only if they studied French? 

2. Ina latter survey of the 100 students {see Problem 1), the numbers studying 
the various languages were found to be: 

German only 18; German but not Spanish 23; German and French 8; 
German 26; French 48; French and Spanish 8; no language 24. 
(0 How many students took Spanish? 
(ii) How many: took German and Spanish but not French? 
(Ill) How many took French if and only if they did not take Spanish? 


3. И A and B are two 5615, prove that number of elements in АПВ’ is equal to 
(number of elements in 4—number of elements in АПВ). 4 


4. The report of one survey of 100 students (see Problem l) stated that the 
numbers studying. the various languages were; all three languages, 5; 
an and Spanish 10: French and Spanish 8; German and French 20; 


nish 30; German 23; French 50. The surveyor who turned in this re ort 
Was fired. Why? e 


various languages were 


| 
1 
| 
4 
| 
| 
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5. In a recent survey of 5000 people, it was found that 2800 read Indian Ex- 
press and 2300 read Statesman while 400 read both the papers. How many 
read neither Indian Express nor Statesman? 

6. Ina survey of 30 students, it was found that 19 take Mathematics, 17 take 

Music, 11 take History, 7 take Mathematics and History, 12 take Mathe- 

matics and Music, 5 take Music and History алд 2 take all three courses, 

Find (i) the number of students that take Mathematics but do not take 
History (ii) the number that take exactly two of the three courses. 

In a Chemistry class there are 20 students, and in a Psychology class there 
Як a ЫШ Find the number either in Psychology class or Chemistry 
class i 

(0) the two classes meet at the same hour. 
(ii) the two classes meet at different hours and 10 students are enrolled 
in both courses. 

On an Air India flight, there are 9 boys, 5 Indian children, 9 men, 7 
foreign boys, 14 Indian, 6 Indian males and 7 foreign females. What is the 
number of people in this plane? 

9. А college awarded 38 medals in Football, 15 in Basket ball and 20 in 
Cricket. If these medals went to a total of 58 men and only three of these 
men got medals in all the three sports, how many men received medals 
in exactly two of the three sports? 

Suppose that in a survey concerning the reading habits of students it is 
found that: 

60 per cent read magazine 4, 

50 per cent read magazine B, 

50 per cent read magazine C, 

30 per cent read magazines A and B, 

20 per cent read magazines B and C, 

30 per cent read magazines A and C, 

10 per cent read all three magazines, 
(i) What per cent read exactly two magazines? 

(ii) What per cent do not read any of the magazines? 

11. In a survey of 500 consumers, it was found that 425 liked product A and 
375 liked product B. What is the least number of consumers that must have 
liked both products assuming that there may be consumers of products 
different from A and B. 


7 


10. 


ANSWERS 


1, 0) 20 (ii) 30 (110) 38 
2. (0 18 (li) None (iii) 50 
5. 300 


1. (i) 50 (ii) 40 
9. 9 


10. (0 50 (iD) 10 
11. 300. 


2.16. Cartesian Product of Two Sets 
Let A and B be twa set. The set of all ordered pairs -(a, b) such 
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that a€ A, РЄ B is called the Cartesian product of 4 and В and is 
denoted by AX B. 
Note. 1, The Ordered pair ‘a, b) is not the same as the set (a, 5) 
2. Two ordered pairs (a,b) and (c, d) are equal if and only if a—c and 6--4, 


3. For the ordered pair (a, b), a is calied the first coordinate and 5 is the 
Second coordinate. 


EXAMPLE 42. Let A-—(1, 2, 3}, В-:14, 51. Then AxB={(1, 4), 
(1, 5), (2, 4), (2, 5), (3, 4), (3, 5) and BX A={(4, 1), (5, 1), (4, 2), 
(5, 2, (4, 3), (5, 3)} 

This shows that A X BABX A 


EXAMPLE 43, Let 4 be any set, Then A Хф and ФХА are 
empty sets. 
Solution. Suppese if possible 4 x ¢ be not empty. 
Then there is some хЄ Ах 
By definition X=(a, b) where ac A, БЕЗ. 
This is absurd as 9 is empty 
Hence A xd=¢. Similarly $x 4=¢, 
EXAMPLE 44. Let A, B. C be three sets. Then 
Ax (BUC)=(Ax B)U(AxC) 
Solution. Let xc 4x (BUC). 
Then х= (a, d) where a€ A, d€ BUC 
Now, if ac B, then ХЄАХВ 
and if 4€ C, then xc Ax C 
In any case xE (4 X B)U(Ax C) 
Therefore, Ах (BUC)C(Ax B)U(AxC) 
Similarly, (4x В) U(4XC)CAx (BUC) 
This proves the result, 
EXAMPLE 45. Let A, B, C Le three sets. Then 
AX (B— C)--(A x B)— (Ax C) 
Solution. Lei (а, d€ Ах (B—C) 
Then a€ 4, dC B and d&C 
So, (a, d)C Ax B and (a, d)U&AxC 
Therefore (a, d)€ (Ax B)—(Ax C) 
This proves Ах (B—C)C(A X В)—(Ах с). 
To prove the other side containment we Proceed as under 
Let X€ (Ax B)—(4xC) 
Then x is an element Of AX B but it does not belong to АхС. 
> This means that x —(c. b) where a€ A, bEB but ёс, 
otherwise *=(4, b)& AxC 
This implies that be B—c. 
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Therefore x€ Ax (B—C) 
Hence (Ax B) —(A XC)CA X(B—C). 


EXAMPLE 46. If the set A has m elements and the set В has п 
elements, how many elements does АХ В have? 

Solution. Let аЄ A. Then number of elements of 4x B with first 
coordinate as a is п. But а can be chosen in m ways. So, the 
number of distinct elements of AX B is mn. 

EXAMPLE 47. If A—(1, 4), B={4, 5), C=(5, 7} 

Find (i) (AX B)U(AXC) 
(ii) (4x B)N(AXC) (C.A. May, 1977) 

Solution. (i) By Example 44, (AX B)U(4X C) —4 x(BUC) 

Now BUC —(4, 5, 7). 

So Ax (BUC)-((1, 4), (4, 4), (1, 5), (4. 5), (1, 7), (4, D) 

-—(AxB)U(AxC) 


(i) Now AxB-((1,4, (4,4), (1,5), (4,5), Ax C—((L 5), 
: (1, 7), (4, 5), (4, 0) 


So (Ax B) A x C) -((, 5),(4, 5)}. 


2.17. Relation 

Let A and B be two sets. A relation R from A to B is a subset 
of the cartesian product Ах B. If (a, ВЕК, then it is also denoted 
by aRb and conversely aRb means (a, b) C К. The symbol aRb is read 
as “а is related to b”. If A=B, we shall say Ris a relation in A 
instead of “from A to A” 

Let A={1, 2}, B=(3), 
then R,={(1, 3), (2, 3), Ra-((1, 3), Rs={2, 3)}, are different 
relations from A to B, 


2.18. Mapping or Function 

Let A and B be two sets. A mapping or (function) f from AtoB 
is a relation trom Ato В such that to each a€ 4 there exists a 
unique РЄ В. In other words, f is à subset. of AXB such that. 
(a, by)Ef and (a, b,) € f b; = and for each a€ A, there is some 
bE B such that (а, b) £f. A mapping f from A to B is denoted 
by f: А-В. 

A is called Domain of f. 


B is called Co-domain of f. 
Image of f is the set of those elements ЗЄВ such that (a, b)E f 
for some a€ A. It is denoted by Im (f). 


“Note. 1. ИХ : Af and (a, b) є f, then we write b=f(a) and b is called 
the image of a urder f. Also, a is called preimage of 5 under f. 
2. Image of every element in 4 is unique. 
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EXAMPLE 48. Let A={1, 2, 3}, B—(4, 5). Define f={(1, 4), 
(2, 5), (3, 4)). Then f is a mapping from A to B. 

But g—((, 4), (2, 5), (3, 4), (1, 5)} is not a mapping from А to B 
as two elements 4 and 5 in В are assigned to the element 1€ А. 


Again h={(1, 4), (2, 5)} is not a mapping as Dom (h) -(1, 2)4-A. 


2.19. One-One Mapping 

A mapping f : 4—8 is said to be one-one if- /(01) —f(a, implies 
4,—4, where Е A, a,€ А. This is also sometimes called injective 
mapping. In other words, а mapping f: А->В is one-one if and 
only if whenever aa, (a,€ A, a,€ A) then Гаі) (ао) і.е, images 
of distinct elements in А are distinct. 


2.20. Onto Mapping 

A mapping f : AB is said to be onto if given bE В there exists 
@EA such that f(a)=b. It is also sometimes called surjective 
mapping. , 

EXAMPLE 49. Let A—(1, 2, 3}, B={4, 5}. Define SH, 4), 
(2, 4), (3, 5). Then f : А-В such that f is not one-one as f(1)—4 
and f(2)—4. But 1-52. fis onto as both 4 and 5 have pre-images in 
A namely 1 and 3. 


EXAMPLE 50. Let А = (1, 2, 3}, B—14, 5, 6, 7). Define f—((1, 
4). (2, 5), (3, 6)}. Then f : А-В such that f is one-one as distinct 
elements in A have distinct images in B. f is not onto as 7 has no pre- 
Image in A. 


EXAMPLE 51. Let А = (1, 2,3), B—(4, 5, 6). Define f= ((1, 6), 
(2, 4), (3, 5)). 

Then f : A->B such that f is both one-one and onto. 
‚ EXAMPLE 52. Let A = (1, 2, 3}, B={4, 5, 6}. Define f= ((1, 4), 
(2, 4), (3, 5) 

Then f ::A— B such that Jis neither one-one nor onto. 

EXAMPLE 53. If f: A->B such that f is onto, then Im (/)--8. 

Solution. By definition, Im FCB. Let БЕ B. Then there exist a€ А 
in that /(а)=Ь (as f is onto). This implies bE Im (f). So, BC 
m f. 

Hence Im(7)— 5. 


2.21. Binary Composition 


A binary composition on a set 5, is a rule which assigns to each 
pair of elements a, b of S a unique element c of S. 


2.22. Boolean Algebras 
A Boolean Algebra is a set B of elements х, Y, Z, . . . together 


3 


— 881$ 57 


~ with two binary operations + and . on B such that the following 
axioms hold: 
Bl, Commutative laws. For any x, y€ B 
х+у=у+х and х.у=у.х 
B2. Distributive laws. For any x, y, ZEB 
х.(у+2) = х.у+х.2 
and х+(у.2) = (x+y) . (х+2) 
ВЗ. Identity. There exist 0€ B and 1€B (called the zero ele- 
ment and the uni? element respectively) such that for all хЄ B. 
x+0=x and х.1=х 
B4. Complement. For each x€ B, there exists x/€ B (called the 
complement of x) such that 
xx =l and x.x' —0 
In the following examples, we first prove some results which can 
be easily deduced from the definition of Boolean Algebra. 
EXAMPLE 54. Both identity elements, 0 and 1 of B are unique. 
Solntion. Suppose there exist two zero elements 0; and 0,. Then 
0,--0,—0, and 054-0,—05. So, by commutative law 0,—0,. Hence 
zero element of B is unique. Similarly, we can prove uniqueness 
of unit element. 
EXAMPLE 55. Any complement x’ for x in B is unique. 
Solution. Suppose x1' and x,’ are two complements of x in B. 


Then 
x+x,=1, х+хә =l 


and xxi =0, Xx =O 
Therefore, 
xí = x’. 1 (using B3) 
= ху. (x+ x2) 
= (ху .х)+(хү х) (using 82) 
= (хх). ха) (using 81) 
= 0+ (x1 . Xz) : 
= (ху . м) +0 (using 81) 
= (хү . xa) (using B3) 
Similarly, 
Жа ==; d (using B3) 
= xg . (хх!) 
= (x, xx on) (using 82) 
= (x . xq) + (x1! xv) (using B1) 
= 0+(x1' . X) 
= (ху . xz) +0 (using B1) 


= ху xX? (using 83) ? 
This shows xj'—x, ie, complement of any element in B is 
unique. 
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EXAMPLE 56. Each of the identity elements in Bis the comple. | 
ment of the other. | 
Solution. We want to show that 0'—1 and 1'—0. 
Now 0'+0=0' and 0+0'=1 
using ВІ, it follows that 0'— 1. 
Also 11-41 and 1.1 20 
using ВІ, it follows that 1'—0. 
EXAMPLE 57. For any x in В, (x') 2x 
Solution. Now x+x'=1 and x.x'—0 implies x'+x=1 and 
x’. x=0 (using BJ) 
This means x is complement of x’. i.e. (x) =x 
EXAMPLE 58, Prove the idempotent Jaws (i) x--x—x 
(ii) x . xx for all x in B. 
Solution (i) Now x—x--0—x-F(x . х) 
=(x+x) . (x+x') 
=(x+x).1 =x+x 
we leave the proof of (ii) to the reader as an exercise. 
EXAMPLE 59. Show that (i)x--1—1 (ii) х. O=0 for any x in B. 
Solution (i) x--1—(x4-1). 1 
l.(x 4-1) using ВІ 
Qr x) . (x+1) 
X--(x'. 1) using B2 and Example 58 
хх 
1 
(x .0)+0 
0-+(х. 0) 
(х.х) (х. 0) 
x. (х +0) 
але 
0 


Similarly х. 0 


11111111111 


This proves (ii). 
EXAMPLE 60. Prove the absorption laws 
0) х+(х. у=х 


, Gi) x . (x-5) 9x 
for all x, y in B. : (C.A. November, 1976) 
Solution (i) x--(x . y) 
= (x. y)+x (using Bl) | 
= (x. y)+@. 1) (using B3) | 


х. (7+1) (using B2) 
x 
x 


11:11 
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(ii) x. (x+y) 
= (x+y). x (using B!) 
= (x+y) . (x40) (using B3) 
= x+(y.0) (using B2) 
= xt+0 
жох. 

EXAMPLE 61. /fx+z=y+zandx.z=y .z 

then x= y where x, у, ZEB 
Solution. x= х. (х+2) (using Absorption law) 


(using 82) 


= (using Bi) 
= оу .(x+z) (using B2) 
= y.(y+z) 

EE (using Absorption law) 


EXAMPLE 62. If y 


г = z.xandy.x =z. x 


then, y=z where x, y, ZEB. 

Solution. y= y.1 (using 23) 
= у. (хх) (using 84) 
=y.x+y.x' (using 82) 
-z.xtz.x 
=z. (x+x') (using B2) 
25.1 (using B4) 


EXAMPLE 63. Prove the associative laws for B 

(i) x+y+z)=(x+y)+z 

(ii) x . (y . z)=(x . y). Z 
for all x, y, z in B. (C.A., November, 1976) 
хабов. Let X =x +(y+z) 

Y=(x+y)+z 

Then Х.х = [х+(у+2)].х 
x. [xtiyt+z)] 
X (by Absorption laws) 
[@+y)+z] . x 
(х+у).х+2.х 
x.(x+y)+z.x 
xtz.x 
x+x.z 
х.ї+х:2 


and Y.x 


11111 
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= х. (1+2) 

= х.] 

= х 
So X Seay. x 
Also X . x' = [x+(y+z)] . x’ 


=x. x'+(y+z).x' 

= O+(y+z). x’ 

(y+z) . x’ 
[(x+y)+z] . x' 
(x+y). x +z. x 

= [х.х фух]. 
= [0+y . x']+z . х 


and У.х 


Ши! 


Il 

ч 

ч 

+ 
au] 
х; 


Ву the Previous Example (i) follows. We leave (ii) to the reader 
88 an exercise, 
EXAMPLE 64. Prove De. Morgan's Law for B 
@) (х+уу=х'.у 
(ii) (х. уу=х'+у 
Solution. (i) We want to show that x’. у’ is the complement | 
of (x+y) | 


Consider (x+y) +(x’. у’) 
= ау) +]. [+] (using B2) 
= EG y)] . e+ +y’) 
= [e Fx) y] . [x +1] 
= [(x+x')+)] 21 


= (x+x')+y 
= I+y=y+l=1 
Also (x+y) . (x" . y') 


(x. y') . (x+y) | 
[(х'.у).х]+[(х'.у').у] 
[x -G* . у). (у. У 
[Gt . х). у]. (у. У] 
I0. y']2-[x' . 0] 
= 0-0 
= 0. 
This shows x’ . у’ is a complement of (x+y). But every element 
in В has a unique element. -So (i) follows. 
(ii) We leave it as an exercise for the reader! 


11111 


2.23. It car be easily shown that the Algebra of statements under 
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the binary relations ‘A’ and ‘VY’ is a Boolean Algebra, Also, the 


algebra of sets under the binary operations ‘N’ 
Boolean Algebra. 


and ‘U’ isa 


We give below a table showing the similarity 


in logic, theory of sets and Boolean Algebra. 


Statements 
Operator OR 
Operator AND 
Operator NOT 


x 
Tautology T Universal set| 1 
Fallacy F 0 
Implication рэд mapping x+y 
or 
c Л ~4)] 2 
Equivalence ред Опе-Опе ж» PPE y 
(реда) mapping ї 


EXAMPLE 65. Using Boolean Algebra, prove that 
D A(p- q)-4 is a tautology. 


Solution. 


Using symbols ‘+’ and ‘.’ of Boolean Algebra, the 


given statement can be written as 
[x . (x+y -y 


Ш 
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[x . x'-x . Y] -» 

[0x . X) y 

(x. y)'+y 
@'+y')+y 

x'+(y'-Fy) 

x +1=1 

. Using Boolean Algebra, show that 
7qA(p-q)- ~p is a tautology. 


(which is a tautology) 


Solution. Now the given statement can be written as 
ри. +) +" 

= [y x+y у] tx! 
= [y’. x’ +0]'+ x’ 


! 


= 1 


= [y+x]+2' 
у+(х+х') 
МАТЫ 


(which is а tautology) 


EXAMPLE 67..Using Boolean Algebra determine the validity of 


the following argument 


“The triangles isosceles if and only if two of its sides are equal. 
No two sides of the triangle are equal. Therefore, triangle is not 


isosceles.” 


Solution. Suppose p stands for “The triangle is isosceles” and ¢ 
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for “Two sides of the triangle are equal." The above argument 
can be written as (pq) A —q——p 
In symbols of Boolean Algebra, this may Беллу еп as 
[х.у+х'. у). y' +x" 
-D'.(x.-yvx . уух, 
= [y (x - 3)» .(x' у) х" 
-[0'.»). x» ух 
= [0+у'.(х'.у)]'+х' 
=’. ©. Ух 
= yt(x-+y) +x’ 
= у+(х+х) 
== de no 
= 1 (which is а tautolog y) 
Therefore, the given argument is valid argument. 


CHAPTER 3 


Groups, Rings and. Fields 


3.1 Groups 

We recall that by a binary composition on a 56:55, we-mean 
an operation that joins two elements of S to give a unique element 
of 5. Ап еаѕу example would be that of the usual addition оп the 
set N of natural numbers. For, we know that if a, РЄ № then 
a--b is a unique natural number suggesting thereby that addition 
+ is a binary composition on the set N of natural numbers. There 
can, of course, be any number of binary compositions on a set. 
We now define a system to: be given the name of a group. 

Suppose G is a non-empty set and * (star) is a binary composition 
on G. Then G is said to form a group with respect to « if ^ 


(i) Associativity. a + (b + с)= (а * b) « c, ¥ a, b, ЄС. 
(ii) Existence of Identity. 3 eEG, such that 
a«e—e«a =а № 460. 
(iii) Existence of Inverse. For every a€6G,34€G 
(depending upon a), such that 
asd =а+а=е. 

REMARKS (a). Since + is a binary composition on G, it is under- 
stood that м а, РЕС, a + bis a unique member of 0. This 
property is called the closure property- 

(b) If in addition to the above axioms in the definition of a group 

ath=b+a,¥ а, be G. 
We say that G forms an abelian group (ora commutative group). 


Any group, not satisfying this property is. called a nor-abelian or 


a non-commutative group. 
(c) One can use any symbol for a binary composition but the 


most commonly used are 
$,0, ©, , +, etc 
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(d) Generally, the binary composition for a group is denoted by 
(.) dot as it makes it more convenient to write all the axioms (and 
they look so natural too). So G forms a group w.r.t. the binary 
composition . if 

(i) a(b.c)—(a.b).c ¥ a,b, сЕС 

(1) 3e€ G, s.t., ae = e.a —a v a€G 

(iii) v аЕ б, 3 а'Є Сб (depending upon a) s.t., 
и.а'=а'.а=е. 

In fact, we'll drop (.) dot, too and will write ab in place 
ofa.b 

(e) Whenever we say that G isa group, it will mean that there 
is some binary composition on Gand it forms a group w.r.t, that 
composition [w.r.t. — with respect to]. 

Definitions. A group having finite number of elements is called a 
finite group. If it contains infinite number of elements, it is called 
infinite group. 

Order of a group. The number of elements in a group is called 
the order of the group. 

Let us now consider a few easy and simple examples. 

EXAMPLE 1. The set Z of integers forms an abelian group w.r.1t., 
the usual addition of integers. (C.A., May, 1976) 

Solution. Let us check all the properties in the definition of a 
group. 

* (1) Closure. If a,b € Z be any two integers then we know that 
a+b is a unique integer = + Ва binary composition on Z. 
(ii) Associativity. Let a, b, c © Z be any three elements, then 
4-(b3-c) = (a -b) -c 
is known to из. 
(iii) Existence of Identity. We know that 3 0€ Z 
E a+0 = 04a =a Y aE Z 
= 0 is identity element in Z 
(iv) Existence of inverse. If a € Zis any member, then 3—a€Z, 
such that a+(—a)=(—a)+a=0 
= —a is inverse of a 

Hence each element of Z has an inverse 

(v) Commutativity, a+b = b+a ¥ а, bcZ 
is also known to us. 

Hence < 2,4-2 forms an abelian group. 

EXAMPLE 2. The set Q of rational numbers forms an abelian 
Soup w.r.t., the addition of rational numbers. 


Solution. One can easily verify all the axioms as above and thus 
<Q, + > forms an abelian group 
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EXAMPLE 3. < В, + >>, where R is the set of real numbers and 
+ is the usual addition forms an abelian group. 
Solution. Similar to Examples 1 and 2. 


EXAMPLE 4. If Q' is the set of all non-zero ratio 
and ( .) denotes the usual multiplication then <Q’, . 


abelian group. 
Solution. It is again easy to verify all the properties. Note ! will 
act as identity element aad 1/a as inverse of any a€ Q' (0550 given). 
EXAMPLE 5. Let G be the set (1, —1}. Show that it forms an 
abelian group w.r.t usual multiplication. 
Solution. We note 
1.12 lee 
1.(—1) = ЕС 
(-1). (-) = 1€G 
=> mu'tiplication is a binary composi 
property holds. 
Азат a. (Б.с) = (a.b).c v a, b, c€ G 
is clear by giving any value 1 or —1 to a, b, c. 
Commutativity is also obvious. 
Existence of Identity. We observe. 
4.1-—1.a-a має С 
аѕ 1,.1-1.1-51 
Е.С sol 
=- l is identity. 


Existence ot Inverse. Since 
fs (ea eee 11! (identity) 


nal numbers ` 
forms an 


tion on С 1.е., closure 


1 is inverse of | 
Again as (—1).(—1) = (=I) (=) 
—1 is inverse of —1. 
Thus each element has an inverse. 
Hence < G, . > is an abelian group. 
ned on G.by a ҳа =a 


EXAMPLE 6. If G={a} and « is defi 
X аЕ С. then show that <G, + > forms an abelian group. | 

Solution. Left to the reader as an exercise. Note that @ is identity 
and is its own inverse. 

Let us now consider some examples of such systems that do 19t 
form a group (although they are very nearly groups). 


EXAMPLE 7. Does the system Tuy fag > forma grou, 
Z = set of integers and . is usual multiplication. 
Solution. |t is easy to see that. is a binary composition on 7. 


So closure holds. 


= | (identity), 


p ? Where 
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Again a.(b.c) —(a.b).c м a, b, cEZ 
a.b—b.a 

So associativity and commutativity also hold, 

Also since a.1—1.a—a v acz 
l is identity element. 

Finally we note tbat every element of Z does not have an 
inverse. For instance, $ any integer a such that 

2.а=а.2 = 1 ie,2 Ваз по inverse. 

> < 2, . 2 із not a group. 

EXAMPLE 8. If Q=ser of rational nos., and (.) is the usual 
multiplication then show that < Q, . > does not form a group. 


Solution. If we see Example 4 we note all the Properties in the 
definition of a group are satisfied here, except the last one as 0 
has no inverse. 


Before we take up more examples, let us prove the following 
properties (that follow in a group from its definition). 


3.2. Some Properties 
If — G, .> isa group, then 
(1) Identity element in G is unique [C.A. November, 1974) 
(2) Inverse of each aC С is unique. (C.A., May, 1975) 
(3) (43) = a, має G, where a~ stands for inverse of а. 
(4) 8485-5444 v a, БЕС 
(5) Cancellation laws: 
a@b=ac>b=¢ ¥ a, БЕС. 
ba-—ca-bc-c. 


i Proof. 0) Suppose e and e' are two identity elements in G. Then, 
since e is identity and еЄС 


ee=ee =e 
Again since e' is identity and e Е G, 
ee =e'e=e', 
The two taken together = e = e 
Hence identity element is unique. 


(2) Let a€ G be some el 9 i 
elements of a in G. | ТЕ J be two inverse 


(definition) 


Then ах —xa-e (definition) 
ау = уа=е 
Now x =xe 
= x (a y) 
= (ха) у 


mercy 
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Hence inverse of a is unique 
We shall always denote the inverse of a by at. 
(3) Since аг! is inverse of a 
ааі=аіа=е 
But this also implies that а is inverse of a~! 
> a= (a-1)-1. 
(4) We have to show that inverse of a b is 5-1 a}. 
Ley we have to show that , 
(a b) (b1 at) = (b1a?) (a b) =e 
Now 
(a b) (b1 a1) = [(a b) b1] a [Associativity] 
= [а (ЬЬ) | a4 [Associativity] 
= (ae) at 
= аа! = е. 
and (5-1 a1) (ab) = [(b 1a) а]ь 
= [53 (a^ a)]b 
= [be] b =b1b = e. 
which proves the result. 


(5) Suppose ab=ac for some a, b, cEG 
wé have b=eb 
= (a^! a).b 


=a! (a b) = a3 (ac) 
—(alac-—-ec-c. 
Thus ab=ac>b=c 
This is called Jeft cancellation law. 
We leave it to the reader to prove the right cancellation law те., 
ba=ca>b=c 
We now consider a few more examples. 


EXAMPLE 9. Show that the set Q* of ve rational p 
forms an abeltan group w.r.t. the composition « defined on it by 


Solution. Closure : Let a, bE Q* bc any two members, 


b 
then а =" Є 0* 


as 8? will also be а +ve rational number (and it is unique), thus 


closure holds. 
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Associativity. For any a, b, ceQ* 


8). н ar 


(a » b) • c= (2 


abc. 
4 


a » íb » c)=a (=, 


=> (a + b) • c=a * (b* с) oh ae 
m ab ba 

Commutativity. a + = 2-9 «а ха,ЄО". 
Existence of Identity. Let a € Q* be any element 
Then a * 2-2. a -8-2 ‚а 

=> 215 identity. 
Existence of Inverse. Let ає Qt be any element 
Now a' will be inverse or a if and only if 

as a'—a' + a—2 (identity) 


аа аа 
Он 222 
- аа’ = аа=4 
j 4. 
> ә: Ж үг» 
а 


$їпсе 4 € Q* whenever a € Q*. we note that each ac 0+ has 


4 4 
inverse, namely, — 
Hence <Q*, * > forms an abeli€n group. 
EXAMPLE 10. 7f Z is the set of integers and * is a composition 
defined by 
a + b=a+b+4+1 
оп Z, where +- is the usual addition, then show that —Z, * > is an 
abelian groun. [C.A., November, 1976] 
Solution. Closure: Let а, БЕ Z be any two members, then 
a + b=a+b-+-1 also belongs to Z. 
So closure holds. 
Associativity, For eny a, b, cE Z, 
(a + b) •с = (a+b+1) * c = (a+b+1)+c+1 
= a+b+c+2 
a + (b +c) =а + (b+c+1)=a+(b+c+1)+1 
= а+Ь+с+2 
(a * b) + c=a + (b + с) ма, b, cE Z 
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Existence of identity. e€ Z will be the identity 
ifa«e-e*a-a va€Z 
Let aE Z be any element, then 

а *е=а+е+1 
Now atet+l=a = е+1=0 
= е=—1 
Thus —1 can act as identity. In fact 
a*—l1 =а+(—1)т1=а vac 7, 
—1*а = —1+а+1=а. 
= —1 is the identity. 
Existence of inverse. For any ЕТ, a’ will be inverse of a, if 
а»а'=а' *а=—1 (the identity) 
i.e. ifata'tl=a’'+at+l=—1 
or if а=—2—а 
_ Since foranya € Z, —2—a Є 7, we find that each. a Є Z has 
inverse, namely, —2—@. 
Commutativity. a +b = а bt 


= $+ 
wh eer ма, БЄТ. 
Hence <Z, « > is an abelian group. 
EXAMPLE 11. Let Q bz the set of rational numbers. Define 
G={(a, b) | a, b € Q, 250) 
Also define a composition « on G by 
(a, b) + (с, d) —(ac, ad +b) 
Show that «20, + > forms a non-abelian group. 
Solution. Closure: Let (a, D), (с, d) € G be any two elements. , 
Then а = 0, с =0. 
Now (а, Б) * (c, d)— (ас, ad4-b) ЕС 
as a,c +0 = ac + 0. 
and also ac and ad 4-b belong to О whenever a, b, С, dcQ 
Hence closure holds. 
Associativity. Let (a, В), (с, d), (e, f ) be any three members of G. 


Then 
[(a, b) * (с, 4)] * (e, f) = (ас, ad 4-b) = (e, f) a, с, exo 
= (ace, acf +ad +b) 
(a, b) • [(c, 4) * (e Р) = (a, b) * (се, cf+d) - 
= (асе; a(cf -4) -b) 
= (ace, acf +ad +b) 


=> Associativity holds. 
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Existence of identity. We observe 

(a, b) • (1, 0)—(a, a . 0+b)= (a, b) — (1, 0) « (a, b) 

v(a,b)eG 

= (1, 0) Є Gis the identity. 

Existence of inverse. 1f (a, b) € G be any element then (c, d) € G 
will be inverse of (a, b) if 
(a, b) * (с, d) = (с, d) * (a, b) -(1, 0) 

Now (a, b) * (c, d) — (1, 0) 


25 (ac, а4--5)--(1, 0) 
< ас=1 and ad+b=0 
1 b 
- emm and d— 9209 (а + 0) 


Мот. Since a»*0, we сап talk of 1. clearly then (+. E 4) is the 
: a a a 
inverse of (a, 5). 


Hence <G,* — isa group. 

To show that it is not abelian, consider the elements (2, 3), 
0,4) € с. 

Now (2, 3) • (1, 4) = (2x1, 84-3) —(2, 11) 
and (1, 4) (2, 3) = (1x2, 34-4) —(2, 7) 

Since (2, 11)-8(2, 7), 
we note that < С, • > is not abelian, 

EXAMPLE 12. Give an example of a system <G,+*> which 
satisfies all the axioms in the definiticn of a group, except the 
associative axiom 


Solution. Let G={0, 1, 2} 
Define a composition » on G, by 
as b= |a—b| 
Closure. lf a, b € С are any two elements (i.e., any of the ele- 
ments 0, 1, 2) 
Then a + b= | a—b | € G is clear. 
Thus closure holds and so « is a binary composition defined on G. 
Existence of Identity. For any a € G, 
а + 0=|a—0| —a—|0—a| —0* a 
=> Ois the identity elements. 
Existence of inverse. Since for anya € G, 
a s a= | a—a | —0. (identity) 
it follows that a is inverse of a for any a € G. 
We show now that associativity does not hold in this system. 
We note that 
14(142)-14( | 1-21)-4141-11--11--0. 
(121) #2 = 11-11 2 =0 »2= | 0—2 | =2. 
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> 1. (1s 2) (1 1) 02 
=> associativity does not hold. 
EXAMPLE 13. Show that the set G—(1, —1, i, --i} } forms ап 
abelian group w.r.t. tne usual multiplication where i= v —1. 
(C.A., May, 1975) 
Solution. We draw the composition table 


| 

1 1 E i | ч 
25) -1 1 = | i 
i i -i ep nupt 
zx т i 1 51) 


| 


Suppose we want to find i. —i then we locate i in the first column 
and —i in the first row. The product (i) . ( ^i) is given in the fourth 
row and fifth column [fourth row is in which i lies and fifth column 
is in which —i lies]. 

Closure holds clearly by having a look at the above table. 

Associativity and commutativity are also easy to verify. (In. fact 
the above table suggests that these properties hold). 

Existence of identity. We observe 


1.1=1.1=1 
-1.41-1.(-) = (—1). 
1.1 =1.1 =i 


~ -i.1 =1.(-) = і 
=> J is the identity Д 
Existence of inverse. Since |. 1—1 . 1=1 (identity) 
І is inverse of 1. 

Again (—1) . (—1)2(—1) . (—1)—1 (the ; identity) 

- —1 is inverse of —1 

Also i . (—i)=(—i) .i— —i?—1 

= —iis inverse of i 
and i is inverse of —i 

Thus all the elements have inverse in G 

= < G,. >is an abelian group. 

EXAMPLE 14. Let G be the set (e, a, b} and let a composition » 
be defined on G by the following composition table 
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e | a b 
е pgs Lue b 
мана 
b b йн a | AU 


Does this system < С, * > forma group? 

Soluticn. Closure is trivial by having a look at the composition 

table. 

Also since азе=е*+а=а 
b«e—esb—b 
e«e—ese—e 

e is the identity 
Again a«a = е =a +a = a is inverse of a 
b» b = e = b + b = bis inverse of b 
e+e =e = е » е = e is inverse of e. 
Let us check associativity 


Now (a » b) +a = a» а=е 
But a«(b«a) =a + Ь=а 
and ate 


=> Associativity does not hold. 

Hence <G, * > does not form a group. 

EXAMPLE 15. Let G—(0, 1, 2, 3, 4). Define a binary composi- 
tion ® on G by 

аФЬ--с 

where c is the least non —ve remainder got by dividing a+b by 5. 
Show that «ОО, ӨТ» forms an abelian group. 

Solution. The composition table would be 
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closure property holds by definition, since a®b can take values 
0, 1, 2, 3, 4 only and they belong to С [also, of course, a®b will 
obviously be unique]. 

Commutativity is again trivial as the remainder got by dividing 
a+b by 5 is same as that got by dividing b--a by 5. 

Associativity. Let a, b, c € G be any three members. We show 
(ae b) @c=aG(bGc) 

Let a@b=d 
апа (4Ф5)Фс--4Фс--г f 

Now a@b=d = d is the least псп :egative remainder got by 
dividing a®b by 5 

ie., a--b—5k,4-d 

For example, if а=3, 5--4, then a+-b=7 

and here d —2, K1—1, 50 7=5.1 +2. 

Again d@c=r = r is the least non negative remainder got by 
dividing d+c by 5. 

i.e., d+c=5ke+r for some kg 
and, of course, 0 < r <5 

Thus (a+b)+c = d+5k,+e 

= 5k, +r+5k 
= r+5(ky+k,)=5k+r 

and 0<г<5 

Hence r is the least remainder got by dividing (a+ В)-с by D 

Again if a®(b@c)=s 
then as above, s will be the remainder (least, non —ve) got by divid- 
ing a+(b+c) by 5. 

But since (a+b) +c=a+(b+c) 
the two remainders r and s will be equal thereby proving our 
result. 

Identity. The composition table suggests that a@0=0@a=a 

ya EG 
= 0 is the identity 
Inverse. We note that 0ФО--0Ф0--0 
= 0 is inverse of 0 

Suppose 0-на € С be any element then 5—a € © 

Also (5—a) @a=0=a@(5S—a) (definition) 

=> $—a is inverse of a (a:+0) 

Hence each element has an inverse 

= <(G,@> is an abelian group. 

Note. The above composition is called addition modulo 5 and is sometimes 

denoted by Gs. Thus 3605 2—0. 


One can define this éomposition in general on the set (0; 15:2: иш; 
(n—1)} where it will be called addition modulo п. 
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EXAMPLE. 16. Let G (1, 2,3, 4, 5, 6) and define a binary 
composition © on G by a@b=c, where с is the least mon negative 
remainder obtained on dividing the product ab by 7. Show that 
<G, ©> forms an abelian group. 

Solution. The composition table will be 


© 1 2 3 | 4 5 | 6 
1 1 2 3 4 5 6 
2 2 4 6 1 3 5 
3 3 6 2 5 1 | + 
4 4 1 5 2 6 3 
Sh repre. censui degit ePi 
5 5 3 1 6 4 2 
6 6 5 4 3 | 2 | 1 


That the closure Property holds is clear from the table. Also com- 
mutativity and associativity are trivially seen to be true. 

Again 1 acts as the identity element 

Also 1@1 = 1®@1 = 1 


204 = 4@2 = 1 
395t- 5@3 = 1 
696 = 696 = 1. 


= lis inverse of | 
6 is inverse of 6 

2 and 4 are inverse of each other and so are 3 and 5. 

Hence <G, ©> is ап abelian group. 

The above binary composition is called multiplication modulo 7 
and is sometimes denoted by ©? or Ху. 

The following example gives us the general result Б 

EXAMPLE. 17 (а). Ler S={ x € Z | 1<x€n, where (x, n)=J} 
and Z= Set of integers and by (x, n) we mean the Highest 
Common Factor (HCF) of x and n. Define a composition * оп S as: 

For all a, b € S,a «bis the least positive integer obtained as 


remainder when abis divided by n. Show that <S, • > forms an 
abelian group. 
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Solution. Closure: Let a + b=c for any a, b € S. 

Then c cannot be zero otherwise m divides ab, which is not 
possible as (a, n) —! and (b, n) —1. 

So l<c<n. 

Further if (c, 2)Al then 3 some prime number p such that it 
divides both c and п, which means р divides ab as 40-02 = 
ab=c+kp for some integer k ; p being a prime, either p divides a 
or p divides b. 

Thus either p divides HCF of a апап or HCF of b and n which 
is impossible as both (a m)=1 and (b, n)=1. 

Thus (c, n)=1 

> сЄ 8 

=> closure holds. 

Associativity. If a • b—r, and (a • b) * c—r; 

we get гү * с=гә 

їе, ric—ro-- k.n for some integer ke 

Now ab=r,+ kın for some integer ky and 


riC —r3- kon 
= (ab—k,n)c=r,+k.n 
> (ab)c —r, + (ka+kıc)n 


which implies that го is the least non negative remainder got on 


‘dividing (ab)c bv n. Similarly if a * (b + c) rs, ther. rg is the least 


non negative integer obtained as remainder when a(bc) is divided 
by п But (ab)c—a(bc) 


> 72 = т 
> (а + Б) •с = а• (Б • с) 
Existence of Identity. Clearly | Є S and 

1 s a=a • 1=а має 5 
> I is identity of 5. 


Existence of inverse. Let a € S, then (а, n)=1 
So there exist integers x and y such that 
ax+ny=1 

If 1 x«n and (x, n)=1, x € S. 

If not, then by division algorithm in integers 3 integers q and r 
such that 

x-qnir, 0<r<n 

Now ax t-ny—t 

=-agn+ar+ny=1 

=аг=1--(—а9—у)п 

So а + г=1. Similarly г + a=1 

Again if (г, п)=1, let p bea prime number dividing r and м. 
Then p will divide x. 
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Sop divides 1 as ax-+ny=1 
which is absurd. 

Therefore, (r, n) —1, hence r € 5 

Thus <S, + > isa group. 

It is easy to verify that S is abelian. 

EXAMPLE 17 (b). Does the set A—(0,1, 2,...,n—1} with the 
operation of multiplication (modulo n) form a group for all positive 
integeral values of n? (C.A., November, 1974) 

Solution. The answer is no! 

We leave it to the reader to reason why? Note 0 has no inverse! 

EXAMPLE 18. Show that the set С = (1, w, w?) froms an 
abelian group under usual multiplication, where 1, w, в? are cube 
roots of unity. 

Solution. The composition table will be 


| 1 w w 
1 | 1 w ost 
w | w w? 1 4 
w? | w* 1 w 


closure is easy to see from the above table. 
1 will act as the identity element 
as Ibo) = 1.1 
1. —w-—w.l1 
L.w? = wt = wt. 
1 is clearly inverse of 1. 
Also as w . ид = w? , w = w’ = 1 (identity). 
We note that w is inverse of w? 
and w2 is inverse of w. 
Associalivity can be verified by the help of the composition table, 
commutativity being obvious. 
Hence the result. 
EXAMPLE 19. Show that the set of all 2х2 matrices over 
integers forms an abelian group w.r.i, matrix addition. 


Solution. Let M — | d ) | a, b; c, d € z} 


Then clearly M is a non empty set. 
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Also since for any two matrices А, B Є М, A+B is again a2x2 
matrix belonging to M. 
We note that closure holds. 


Again the fact that matrix addition is both commutative and 
associative proves the other two axioms in the definition of a 
group. 


The matrix ( 4 ) will act as the identity and for any matrix 


b А Aiea $ E 
( : 4 ) the matrix ( s M ) will act as inverse. 


Hence the set M forms an abelian group, 


[Reader is referred to the Cbapter on Matrices for the proofs of 
the above results]. 


EXAMPLE 20. Prove that the matrices ( : ү ) and ( 0 ji ) 

Jorm a group under matrix multiplication. 

. (C.A., May, 1977) 
Solution, Let G be the set containing the matrices 


r= (0 DELE = ЇЕ o) Then we note that 
1 0/0 

м = (в УД 
ene 

1) \o 
01\/1 

а = (1 dd 
ШЕ УЛ NOLO 
44 = (1 iU 


So closure holds. 

I acts as the identity element. 

Also А and Г act as their own inverse. 

Associativity can also be checked easily. 

Hence the set С forms a group under matrix multiplication. [It 
will b: an abelian group.] 

КвмаАкк. Compare this with Example 5. 


Ха еше 382. 
1 
са amer mae 
Saar Ма чы В 
55-9 
a 


om Ke Onoon 


“ан, 
1 


3.3 Definition 
If < G,.> isa group and a € С, then we denotea.a by a? 
which is again a member of С. Similarly by a?, we mean a? , а. This 
notation can be extended further also. One can show that 
а" а" = а" 
(а")п = ат" 
am = (aji etc, 
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EXAMPLE 21. ГУ G is a group, such that (аЬ?%=а% b? у 
a, b € G, show that G is abelian. 


Solution. Let a, b € G be any two members 


Then (ab? =a b? (given) 

= (ab) (ab) = (aa) (bb) (Definition) 

> (aba) Ь = (aab) b (Associalivity) 

> aba = aab (Cancellation laws) 
= ba = ab 

= G is abelian 


EXAMPLE 22. If every element of a group С is its own inverse 
then G is abelian. 


Solution. Let a, b € G be any two elements 


> ab E G (closure) 
> ab = (ab)-* (given) 
> ab = bai 


But as a, БЕ Gat=abi=b 
Thus ab = ba ¥ a, b E€ G 
> G is abelian. 


EXAMPLE 23. A group G having three elements is always abelian. 
(C.A., November, 1974) 
Selution. Let С have three elements e, a, bsuch that e зс а = Ё 
[e being the idenuty]. 
Now 2, БЕС-аБЕ С (closure) 
Thus either ab=e or ab=a or ab—b 
Suppose ab=a 
> ab = ae 
> b=e (Cancellation law) 
But this is not true. So aba 
Suppose ab = b 
> ab = eb 
> a=e 
which is not true. So ab + b 
Hence ab=e = b is inverse of a 
ie, b = at 


Thus ab = aq? = e =a 1a = ba 


Also clearly ea—ae, eb— be, ee—ee and so each element commutes 
with all others ! 


> G is abelian. 
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EXAMPLE 24. Show that for given a, b та group G the 
equations ах — b 
ya—b 
have unique solutions for x and y in G. 
Solution. We show that the equation ax—5 has a unique 


solution in С; i.e, За unique value of x in G Which satisfes this 
equation 


Now ax=b аз (ax) = ab 


= (а-1а)х = aib 
> ex = ab where e is identity element of G 
> x = ab. 


Now ab € база b € G, and this is the value of x that satisfies 
the equation ax—b. 


Suppose now x=x, and x—x, are two solutions of the equation 
ax —b. 


Then axi = b 
ax, — b 
> ах, = аха 
> 4 =л, by cancellation laws 


> solution is unique. 


Similarly it can be shown that y —ba-1 js the Unique solution of 
the equation ya=b, 


EXERCISES 


Т. 1107 = set of +ve rational numbers and, bea composition defined on 
Q* by 


Show that < Q*, „ > forms an abelian group. 
2. Let С = set of all real numbers except —1. Define „ оп С Бу а, 5 =a+b 
+ab M ab Е С. Show that < G. « > is an abelian group. 
3. Prove that the set Q of all rational numbers other than 1 with the operation 
e defined by a, b = а + b — a b constitutes an abelian group. 
4. If G is a group in which a* — €, M a € С, show that G is abelian [ e being 
the identity of G]. 
(Hint. See Example 22.] 
5. Show that a group with 
(i) one element 
(ii) two elements 
is abelian. 3 
- Does commutativity hold in Examples 13 and 14? 
- Let G = (e, a] bea set on which a composition , is defined by x «y =e 
М х,ує б p 
Show that < G, а > does not form a group. 1 


че 
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8. If M isthe set of all 2x2 matrices over ithe integers then show that it does 
not form a group w.r.t. matrix multiplication. 

9. Let G = [1, 2, 3, .. ., p—1] where p is a prime number. 
Show that G forms an abelian group under multiplication modulo p. 
[ Hint. See Examrles 16 and 17] 


3.4. Rings 

A group. we've seen is a system having a non empty set with one 
binary composition. We come now to the systems with two binary 
compositions (the set of integers Z being an immediate example 
with its addition and multiplication as the two binary operations). 

Definition. Let К be а non emptv set and let + and . be two 
binary compositions on R. Then R is said to form a ring w.r.t. + 
and . if 

R—() a+b = b+a у а,Ь, Є К 

R—(ii) ^ a-F(b--c) = (a+b)+e ¥a,b,cER 

R—(iii) 3 ОЕ К, such that 

a+0 = 0+a = а має К 
R—(iv) Foreverya Є В, 3 (—а) Е К, such that 
a-F(—a) = (—a) + a=0 
R-—() а. (Б.с) = (a.b).c Yab, cE К 
R-(i) a.(6+c)=a.b+a.c ха,5,сЄВ 
(bcc).a- b.a--c.a 

Remarks (a) Since + and . are binary operations defined on R, 

the closure properties hold i.e, ма, БЕ К, a+b € Randa. 
bE К. 
. (b) We could use any symbols like @, » etc., in place of + and . 
(but have used them for obvious reasons, after all how natural the 
axioms look with these symbols). The two are called respectively, 
addition and multiplication compositions. 

(c) Axioms R-(i) (о R-tiv) can also be expressed by saying that 
<R.+> forms an abelian group. 

(d) Element 0 in R-(iii) is called zero of the ring. It is, of 
course, unique (we have shown that identity of a group is unique). 
The zero of R is called the additive identity of R. 

(e) Whenever we say that R is a ring. it will be understood that 
R 5 eu wrt. the tvo operations + (addition) and — (multipli- 
cation 


3.5. Commutative Ring 
A ring R, in which 


ab=ba Ya;bER 
is called a commutative ring, 
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3.6. Ring with Unity 

An element e of a ring R is called a unity ot R if ae—e a=a 
\`аЕ К. 

Any ring having unity is called a ring with unity. 

In general, a ring may or may not have a unity, but if unity exists, 
it is unique (Prove !) 

It is customary to denote the unity of a ring R by 1. 

We now take some examples of rings, 

EXAMPLE 25. —R, +,.> » Where R is the set of real numbers 


and + and. are the usual addition and multiplication forms a 
commutative ring with unity. 

Solution. It is very easy to verify the axioms R-(i) to R-(vi) in 
the definition of a ring. 

The real numbers 0 and 1 act as the zero and unity of this ring. 

EXAMPLE 26. The system <Z, do. > where Z—set of integers 
and + ан] .are the usual addition and multiplication forms a 
commutative ring with unity. 

Solution. Similar to above example. 

EXAMPLE 27. Let E be the set of all even integers. Show that 
E is a commutative ring without unity, unde? usual addition and 
multiplication. 

Solution. Since sum and product of any two even integers is 
again an even integer we note that + and. are well defined binary 
operations on Ё. 

It is, of course, very easy to prove other properties. Note that 
since $ any even integer e, such that ex = xe — x for all even 
integers x, E is a ring without unity. 

EXAMPLE 28. The set M of all 2x2 matrices over the integers 
forms a non commutative ring wr.t matrix addition and multi- 
рїїсайоп. 

Solution. We have already seen that M forms ап abelian group 
w.r.t., matrix addition. 

Again it is known that matrix multiplication is associative. and 
also distributivity holds. 

Hence M is a ring. 

1) will act аз unity. 
So this is a matrix with unity, but it is not commutative as 


( 3) 0) = G o) 
and (1) (6 3) = (i 
e ЕЛДЕ AE ae DIO 2) 


Note the matrix (4 


82 BUSINESS MATHEMATICS 


EXAMPLE 29. Let G be an additive abelian group with at es 
two elements. Define a binary composition on G by x = 
x х, УЕ С. Show that «20, +, . >is а commutative ring Ma 
unity. 

Solution. It is already given that < G, + > is an abelian group. 
So we need prove only R-(v) and R-(vi) 

For any а, b, cc G, a.(b.c) =а.0=0 

(a.b).c=0.c=0 
= a.(6.c)=(a.5).¢ v a, b, СЕ С. 
Also a.(b+c) = 0 
a.b+a.c=0+0=0 
>a. (b+c) =a.b+a.c. 

Similarly (b+c).a=b.a+c.a. 

Thus —G, + ,.> isa ring 

Clearly a.b-0-—b.a va, БЕС 

= G is commutative 

Again there does not exist any element eC С 

such that а.е=е.а=а х аЄС 

аѕ а.е = 0 for any a, eC С. 

> G is without unity. 

EXAMPLE 30. Let R—(0, 1, 2, 3, 4, 5, 6} and let © and © be 


respectively the addition and multi plication modulo 7: Show that 
«R, ©, © > forms a ring. 


Solution. We already know that & and (9 are binary operations 
on R [see Groups] 


Again it has been proved that < А, ® > is an abelian group. 


The result a © (b (9 c) = (a (9 b) @ c has also been proved. 
Consider 


2© (394) =2@©0=0 
2@©36204=601=0 
= 20304 =2®3®204. 
The 2. yona be true for any a, b, cE К 
), © > is a ring. 
EXAMPLE 3i. Let R—((a, b) | a, b are vitia numbers). 
Define ® and @ by 
(a, 5) (ё, а) = (a+c, b+d) 
(a, b) © (c, d) = (ac, bd) 
Show that <R, ©, бус» forms a commutative ring with unity. 
Solution. Clearly by definition & and © are binary operations. 
@ is commutative. 
(а, b)@(c,. d)=(a+e, b3-d) = (с-ра, (4--5) 
= (с, d)@(a, b) 
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€ is associative 
Similar as above 3 
Identity. We note (a, b) Ө(0, 0) —(a4-0, 54-0) —(a, b) 
=(0, 0)e(a, b) 
¥(a, БЕК 
7» (0, 0) is additive identity. 
Inverse. For any (a, Б)Є К, (--а,-5)ЄК 
such that 
(а, )ӨС--а, —b)=(a—a, b—b)=(0, 0) - 
= (—a, —b) is inverse of (a, b). 
Also 
[а, b) Gc, dlOle, f) = (ас, bd) (е, f) = (асе, Ваў) 
(a, O(c, d)G e, 7) = (a, b) Gce, df) = (асе, bdf) 
(9 is associative. 
Again 
(a, OL(c, d) +(e, f)] = (а, B) O (cre, 24-7) 
=[а(с+е), 84-73 
=(ac+ae, bd - bf) 
(a, b) Gc, 4)® (а, Ole, f) = (ac, bd)&ae, bf) 
= (ac--ae, bd 4-bf) 
= Distributivity holds. 
Hence <А, ©, ©; is a ring 
Again (a, b) (c, d) —(ac, bd)=(ca, db) =(с, d)@(a, b) 
= Ris commutative. 
Also (a, 5 1, 1)-4а . 1, b. 1) (a, b) (1, YO, Б 
(a, b) OI, 1)=( )=(а, b) -(1, 1) M ай 
= (1, 1) is unity. 
=> Ris а commutative ring with unity. 


3.7. Theorem 
Suppose <R,+, . > isa ring and a, b, сЕ R are any members 
then 


() a.0 =0.a=0 
(п) a. (b—c) -а.Ф-а.с 
(iii) —(—a) =a 
(iv) а.(—Ь) =(—a).b=—a.b 
(у) (—a).(—b) = a.b 


Where, of course, 0 is the zero (i.e, additive identity) of R and 
by —a we mean additive inverse of a. 
Proof (i) We have 
а.0 =a. (0+0) 
-а.0-а.0 
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= a.0+(—a. 0) = @.0+a.0)+(—a.0) 
= a . 0+[a . 0+(—a . 0)] 
=a. 0-0 


э0«--а.0-0 
-0-—a.0. 
Similarly 0 . a = 0. 
(if) We have а. (b—c)+a . c = а. [(b—c)--c] 
= а. [5+ (—с+<)] 
= а. [b+0]=a . b 
=> а. (b—c)+a.c+(—a.c)=a.b—a.c 
= а. (b—c)+0=a . b—a . c 
> а. (b—c)=a . b—-a . c 
(iii) Let b be additive inverse of —a, 
ie., b——(—a) 
then b+(—a) = 0 
> b+(—a)+a = 0+а 


> 5-0 = 0+а 
> b=a 
> -(-а) =a 


(fv) We have 
&4.(—b)—a.(0—5) =a .0— a.b 
=0—a.b 
= —a.b 
Similarly’ (—a) . b=—a . b 
0) (—a) . (—5) = —[a. (—b)] 
= —[—а.Ь 
=d. 2 
EXAMPLE 32. Show thata ring <R, +, . > is commutative if 
and only if(a+)*=a?+ 2ab+b® a, bER, where by a? we mean 
a.d. 
Solution. Let R be commutative 


Now (a+5)? = (a+b) (a+b) ма, BER 
= (a+b) a+(a+b)b {Distributive law] 
= aa+ba+ab+bb [Distributive law] 
= a®+ab+ab+b2 : | 
= a*-F2ab4- b^. | 


Conversely, let the given result hold. We show R is commutative. 
Let a, БЕ R be any two elements. Then 
(a-- b)? —(a-- b) (a-- 5b) 2 & --ab4-Ea-: P, 
But it is given that (a+5)2=a3+2ab-+-B. 
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Thus a?--ab 4-ba 4-b* —a* 4-2ab 4-b* 

=> ab+ba = 2ab 

=> ab+ba = ab+ab 

= ba = ab 

= Ris commutative. 

EXAMPLE 33. If xc К satisfies x*=x, prove that R must be 
commutative, 

Solution. Let a, БЕ К be any two elements 


=> а+ьЄ К (closure) 
=> (а--5)--а--8 (given) 
=> a+b?+ab+ba=a+b 

=> at+b+ab+ba=a+b 

= ab+ba=0 

= ab=—ba 

= ab-(—b)a аг), 
Now (—5)--—b as —bER 

->(—b) (—b) = —b 

> bb = —b 

- b = —Ь 

= b = —b 


Thus (i) + ab=ba 

= R is commutative. 

EXAMPLE 34. If <R,+, ‚ >за system satisfying all axioms 
of a ring with unity, except that a+b=b-+-a, show that this axiom 
also holds. 

Solution. It is given that IC R 

> I1+1ER 

Now for any a, БЕК 

(a+b) (14-1) = a(14- 1) -b(1-- 1) 
= а+а+Ь+Ь 

Also (a+b) (1+1) = (a+4)1+(a@+4)I 
= а+Ь+а+Ь 

Equating the two values 

ata+b+b = a+b+atb 
5 a+b = b+a 


3.8. Definition 
If R is 4 commutative ring, then a€ К is said to be a zero divisor 


if 3 some БЕ В, 640 such that ab—0. 


3.9. Definition Бог, 
A commutative ring is called an integral domain if .ithas no 
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zero divisors i.e., a commutative ring R is called an integral domai u 
if ab=0 > a=0 or b=0. 

The ring <Z, +, . > of integers is an integral domain, 
_ Another example of an integral domain will be the ring R о! 
integers mod 5 under addition and multiplication mod 5. 


EXAMPLE 35. Give an example of a commutative ring, which is 
noi an integral domain. 


, Solution, Let R—(0, 1,2, 3, 4, 5} and let @ and (9 be respec- 
lively addition and multiplication modulo 6. 


It is easy to see that this forms a commutative ring [one can pro- 
ceed as in Example 30]. 


We note that 

2@3=0, yet 240, 3520 
ie. За, БЕ К, such that ab—0 whereas а, 5520 
Hence it is not an integral domain. 


3.10. Fields 
A non empty set F together with two binary operations + and. is 
said to form a field И Va, b, cC F 

G) a+(b+c)=(a+b)+c 


(i) a--b—b--a 
(iii) Э 0€ Е, such that a+0=0+a=a 
(iv) For each a€ F, 3 —a€ F, such that 
a+(—a)=(—a)+a=0 
0) а.(8.с)-(а.5).с 
(vi) a. 5-5. 
(vii) 3 1€ F such that a. 1=1.a=a 
(viii) For any non zero a€ F, 3 а 1Е F, such that 
а. а1=в1.а=1 
(ix) а. (b+c) =a.b+a.c 
(d+c).a=b.ate.a 


In short, a field is a commutative ring with unity in which non 
zero elements have multiplicative inverse. 


3.11. Definition 


A ring with unity is said to be a division ring if its non zero ele- 
ments have multiplicative inverse. 


An immediate inference is a field is a commutative division ring. 


REMARK. One could also say a ring with unity is a division ring 
if its non zero elements form a group w.r.t multiplication. 
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EXAMPLE 36. The set R of real numbers forms a field under 
the usual addition and multiplication, 
Solution. It is easy to verify all the axioms in the definition, 
EXAMPLE 37. The set Q of all rational numbers forms a field 
under the usual addition and multiplication. 
Solution. As in the previous example. 
EXAMPLE 38. The set R—(0, 1, 2, 3, 4, 5, 6) under addition © 
and multiplication © mod 7 forms a field. 
Solution. We have already shown that this set forms a commuta- 
tive ring. Also 1 is unity of this ring. 
Again since 1901 = 1 = 606 
204 = 1 = 402 
305 = 1 = 593 
We note that the non zero elements have multiplicative inverse 


1 is inverse of 1 
2 is inverse of 4 
3 is inverse of 5 


Hence R is a field. Я 
EXAMPLE 39. Show that the set F={a+b V2 | a, b are 
rational numbers) is a field under usual addition and multiplication. 


Solution. Closure for addition: 
Leta+b\/2, e+dV/2EF, then a, b. c, d are rationals 
Now (a+b\/2)+(e+d\/2) 
=(a+e)+(b+d)V2 
which also belongs to F as (a+c) and (b --d) are rationals. 
Closure for multiplication. 
(4--5,/2) (c-+dy/2)=(ac+2bd) +(ad+be)V2EF as ac+2bd 
and а4- bc are rationals 
Associativity for addition 
[(a--by/2)--(c-d v/2)] +(e+fv2) —Xa-r o) - (b d) V2+etfy2 
== (@а+с+е)+®+4+/)у? 
= (atbV2) + (ce) + (4+/)У/2 
= (a--b/2) + (с+а4/2) + (e-//2)] 
Commutativity for addition. Similar as above. 
Additive identity 0 + 0/2€ F and } 
(a+bV2)+(00+0V 2) = (a+0) + (64+0)v2= atby/2 
> 04-04/2 is additive identity. 
Additive inverse. For any a+b 2€ Е, 
—a—bv/2 also belongs to F and 


(44-5ү2) + (—a—by/2) = (а—а) + (Б--Б)ү2 = 04-042 
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Thus —a—by/2 is inverse of a+by2. 
Associativity and commutativity for multiplication can also be 
verified easily. 


Distributivity 
=(a+by 2) [(c-- 42) + (e+f V2)] = (ebV?) Mor 


SWA 
=[ac + ae+2(bd+f b)] + (ad+-af+bc+be) y2 
=[(ac+2bd) + (ad+be)V¥2] + [(ae+2bf) + (af+be) V2] 
=(a+-by/2) (с--442) + (a--bV2) (е--/У2) 
Similarly right distributivity can be verified. 
Unity. 1--0/2ЕЕ 
and as (a+by/2) (14072) = а+ 5/2 
We note that 1--03/2 is the unity. 


Multiplicative inverse. Let a+by/2 be any non zero element 
of F. Then 


DE л a—by/2  a—by2 
a+5y2 atby2^ a—by2 a —2b 
в (—5) 


= тағ + аргу? 
which is again а member of F as 


and are rationals. 


a —b 
а — 262 а2— 26° 
It is easy to verify that this is the required multiplicative inverse 
of a+by2. 
Hence F is a field. 


3.12. Theorem 

A field is an integral domain. 

Proof. Let <F,+, .> be a field. We show that F has no 
‘zero divisor. [lt is already commutative] 

Let, if possible, F have zero divisors 

53 0 Æ a, 0-2 БЕР such that a b = 0 

= a1 (ab) =a 0 
where 4-1 is multiplicative inverse of а (and it exists as a 75 0, 
by definition of a field) 

= (а1а) 0 

> b=0 

a contradiction as b +0 

= F has no zero divisors 

=> F is an integral domain. 

Norte. The converse of above is not true. 

As the set of integers forms an integral domain but not a field. 

One can, however, prove thit a finite integral domain is a field. 
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EXERCISES 


. Show that the set Q of rational. numbers forms a commutative ring with 


unity under the usual addition and multiplication. Will it form a field? 


. Does the set of integers form afield under usual addition and multipli- 


cation? 

Let О = set of rational numbers. Define @ and © on Q by 
a@b=at+b-1 

aQb=a+b-ab 

Show that < Q, Ф, ©> forms a field. 


4. Ifin a ring R, x? = xxx € R, show that 2x=0 


I 


11. 


. If a, b, c, dER, а ring, evaluate (a+b) (cd) * 


Give an example of a non commutative ring with unity which is not a 
division ring. 

[Hint, Set of 2x2 matrices over integers] 

Show that if Ris a ring with unity 1 and 1—0, the zero of R, then R={0}. 
Show that if R is a ring with unity 1 and has at least two elements then 
150, 


In a ring R, Show that 


(—1)a = —a 
(-1)(-1 =1 where 1 is unity of R 
. In a field, show that 
a(—b) = —(ab) 
(—a) (—b) = ab for any a, b. ИС.А., November, 1977] 


Show that cancellation laws hold (w.r.t. the addition operation) in à ring. 
ANSWERS 


(1) Yes (2) No (5) ac--ad +be+bd 
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=(m+1)+t 

=1+(т+1) as m+t=t+m for all mEN 
=t+(1+m) 

=(t+1)+m > t+1EM 


P—3, then, yields that M'=N 
(ПТ) Multiplication on N is left distributive over addition. i.e, 
mín4- p)=mn-+-mp 
[We omit the sign of ‘.’ just for convenience] 
Let M={pEN | m(n+p) = mn+mp for all m, nEN} 
Clearly 1€ M as m(n+1)=mn*=mn+m=mn-+ml 
by definition of multiplication. 
Let uc M then пт(п+и) —mn-4-mu 
Consider и-Е1, m{n+(u-+1))=m(n+u*)=m(n+u)* 
=m(n+ 4) +-m=(mn-+mu) +m=mn+ (mu +m) 
=mn-+mu*=mn-+m(u+1). Hence u-d-leM. 
This forces, in view of P—3, that M—N. With the help of (J), 
(JI) and (III) we can prove the following properties. 
QV) Multiplication on М is associative. 
(V) Multiplication on N is right distributive over addition i.e., 
(m+n) p=mp-+np for all m, n, PEN. 
(VI) Multiplication on N is commutatiye. 


(V (1) Law of Trichotomy i.e., if m, n€ N then one and only one 
of the following holds. 


Either т > norm = nor n >M. 
‚ Some other properties are proved in solved Examples and stated 
in exercises, 

EXAMPLE 1. For all m, n€ N, m-+n4m. 

Solution. Let M—(mE N | m+-nsém for any nE M) 

1€ M since 1+-n=n+11 by P—2 (ii) 

Let € M. ie, t-cnzt 

If possible let (t+1)+n=t+1 

ie. пы 


=> n+*=—7* 
= (п): 
=> пр; by P—2 (i) 
> ttn=t, а contradiction 
So (50455141 ie, £E1€ M. 


Consequently M—N. in other words for no m in М, m+n is 
equal to m. 


EXAMPLE 2. Cancellative Law holds for addition i.e, for all 
m, n, DEN, m+n=m+p=n=p. 


| 
| 


| 
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Solution. Let M={mEN | m+n=m-+ p>n=p} 
1ЕМ as 1+n=1+p2n+l=ptlon*=p" 
=n=p by P—2 (i) 
Let КЕМ ie, k+n=k+p=n=p for all n, pEN 
Consider k+l. 
(К&--1)+п=(К+1)+р 
> k+n*=k-}p* [+is Associative and Commutative] 
> np, 
= n=p by P—2 (ii) 
= k+1EM 
Hence М=М. 
EXAMPLE 3. Multiplication is Commutative. 
Solution. Firstly we prove that m . 1=1.m for all me N 
Let М-(тЄМ|т.1-1.) 
АЗРЛ--РЕРДЄМ 
Let КЄМ i.e., k.1=1.k=k. 
Consider k+1. 


1. (k+1)=1 .k+1 .l=k+1 
But (k+1). 1=k+1 by definition of ' . ^ 
Hence 1. (k+1)=(k+1). 1 ie НЕМ" 
So M=N 
Now let M'={n | m. n=n . m for all mE № 
By what we have proved, 1€ M'. 
Let uE M' i.e, m, и=и. т 
Then т. (utl)=m.u+m. l=u.m+l.m 
=(u-+1) . m by right distributive law 
> u+1EM' 
So M'=N. 
EXAMPLE 4. Cancellation law holds for multiplication ie, for 
all m, n, peN, тр=пр = m=. 
Solution. Suppose mp=np but mÆn 
Then by Trichonomy law either n»n ог nzem 
In case mn, m-n-u, иЕМ 
So mp=np> (n+u)p = np 
=> npcup = пр 
This is absurd (Example 1). 
Again if n>m, n=m+k, КЄп 
Then mp=np= mp=(m+k)p=mp-+kp 
This is again absurd in view of the result proved in Example 1. 
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4.4, Integers 

The next job is to extend N'so as to include the solution of the 
equations of the type a-Lx—b with a, БЕМ. The extended system Z. 
consists of; ....,—4, —3, —2, —1, 0, 1, 2, 3, . . etc. Each member of 
7, is called an integer To construct an integer with the help of 
natural numbers we recall a simple fact that every integer can be 
written as т—п for some т, n€ N ‘—’ standing for usual difference 
sign. But as we have not defined this operation for N, we tactfully 
.avoid it and proceed as under: 

Consider Nx Ne((m, п) | m, n€ №} i.e., the elements of NXN 
are ordered pairs of natural numbers. 

We define a relation — on N as under 

(m, n)~(p, 4) if and only if m--q—n- p. 

For instance (1, 5)--(3,7) as 147=5-3=8 and (4, 4)~(2, 2) 
as 4+2=2+4=6. 

It can be verified that ‘~’ is an equivalence relation on М. By 
[m, n] we mean ail ordered pairs (p, 4) such that (m, n)~(p, q). This 
[m, n] will be called an integer. The set of all [m,n], m, nEN is 
denoted by Z. 

Addition and multiplication on Z are defined as under. 

|т, м-т, п] = Imm, ncn] 
[m, п]. [ть m) = mm, nni, mm mn] 
It can be verified that these operations are well defined i.e., if 
(m, п) — (p, 4) and (m, т\л—(р1, 91) 

Then (т, r]--[/m, m] = Їр, 414-(Рь 41] 
and (т, n] [mi m] = (р, 41. [р 41]: 

We remark that addition and multiplication are motivated by the 
following observation. Let z and 21 be two integers z=m—n, 
тү=р—4 when m, n, p, q€N. 

Then zz; — (m-- p) — (n--q) and zzı=mp+nq— (mq +np) 

.. For numerical instances of addition and multiplication, consider 
integers [3, 5] and (4, 1]. (3, 51-14, 11-413--4, 5+1]=[7, 61 
and ([3,5].[4, 1] = [8. 445 . 1, 3. 1+5. 4] 
= [17, 23] 
. Compare this with the facts that [3, 5] is actually —2 and [4, 1] 
is Wi meh which in same as 7—6 whereas (—2) (3)=—6 
=1/—23. 

Following properties hold for integers: 

(i) Addition is associative and commutative. 

(ii) Multiplication is associative and commutative. 

(iii) Multiplication is distributive over addition. 

(iv) The integer [л, n] is called zero element. 
and is denoted by 0. 

It can be easily shown that 03-z —z =z+0 for all zEZ. 
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(v) For each integer z —[m п), the integer z'—[n, m] is called 
negative ot z. It is immediate that z+z’=z +z=0 са! 
REMARK. By 2—2’ we mean 24-(--2) for any 2, гай, 
The integer 'z=[m. п] is called positive if m>n and is called 
negative in case п>т. ! 
Letz z EZ 
We define z>z' if z=z' +u, for some positive integer и. 
Trichotomy law also holds for integers, i.e 
(vi) Given two integers z and z' one and only one of the follow- 
ing holds. 
Either zzz' or z=z or 272. 
EXAMPLE 5. Show. that addition Z is commutative. 
Solution. Let z—([m, n] and z’=I[p, 91, where m, n, p, ЧЕМ. 
Now z+2'=[m+p, n4-q]--[p4-m, q +n] 
=[p, q) +[m. n]=z' +z: 
EXAMPLE 6. Prove that multiplication оп Z is associative, 
Solution, Let z —(m, n], z' —[p, а] and гү ЗЇ 
where m, п, р, 4, г, SEN. 
(zz')z" = [mp--na. mq+np) ir. s] 
= [(mp --nq)r o- (mq + np)s, (mp 4-нд)8 i-(nq--np)r] 
= [mpr 4-nqr + mqs + пр, mps--ngs--mgr--npr| +... (1) 
Further z(z/z") = [m, nl(pr4-qs. pr-arl 
= [m(pr 4-qs) +n(ps 4-48), т(рх tar) 4-n(pr +-45)] 
-—[mpn-Emqs 4-nps | паг, mps--mqr d-nprngs]. ». 42) 
Using properties of N, one can easily show that the right sides of 
(1) and (2) are same. As à consequence. R 
(zz')z' —9z(z'z"). 
EXAMPLE 7. Show that for all z€ Z, z 0—0. "ofa 
Solution. Let z —[ni; n], o=[p, Р) 
р 20 =[тр+ пр, mp 4 np] —0. 
EXAMPLE 8. Prove that if zz then (i) for any "ЕЁ 
z+z">z' +z" (ii) for any + ve integer k, zKz»z'k. Я 
Solution. (1) zz'— z—z +u, u is a positive integer 
Clearly 24-27 = zZ' uz 
= g' +z” +u 
> z+z">z +2" 
(ii) As zk=(z'+u)k=z'k +uk it is sufficient to prove that product 
of two positive integers is а positive integer. 1 
Let u—[m, n] and k=[p, 9] ' 
Since и is positive, nn. In case п--1 то»! so there exists a 
natural number ¢ such that m-—i*. So (m, n)=(t* , 1) 
If n41, Пи, for some KEN. 
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Then m>n=>m=1+k-+/ tor some /EN. 

This (т, nJ=[1+k4/, 1+k]=[1+/, 1] 

Since (1564-1) - 19 (1--E) - (13-7) = (1566-1, 1+k)~(1+1, 1) 

This implies [m, n]—U* , 1] 

So in each case if z=[m, n] is positive 
we can write u=(f* , 1] for some 1€ №. 

Similarly 

k=[s* , 1] for some s€ М. 
Now uk —[t*s* 4-1. 1*--s"] 
But s*+1=(t+1) (5--1)--1 = (1--1)4-(8--1)445 
=(r*+s*)+ts and 156Є N 

So t*s*-+i>>(t? +s") 415. In other words uk is +ve. Hence our 
assertion follows. 

REMARKS. (i) It can be shown that 2Е Z is positive if and only if 
z>0 and negative if and only if 0>>2. 

(ii) Let z and z € Z, then z>z’ if and only if 2-2250 

(iii) By z>z' we mean either z>z' or z—z'. 

(iv) Z* denotes the set of all positive integers Z- denotes the set of 
all negative, integers law of Trichotomy states that Z=Z*U.Z~U{0} 

(disjoint union) 

(v) As a convention 0 is regarded both positive and negative. When 
ve wish to stress upon a поп zero positive integer, we call it Strictly 
positive. Similarly strictly negative integer is defined. 

4.5. Factorization Theory and Fundamental Theorem of Arithmetic. 

Let a, b be two integers such that a=be, b and c are called factors 
of a whereas a is called multiple of b. a is also a multiple of c. If 
bis а factor of a, we say that Р divides a and write b | a. It is easy 
to prove that +1 are factors of a and every non zero integers is a 
factors of 0. 

For example 6=(—2) (-—3)=> —2 and —3 are factors of 6. 

Again 7=7 . 1 so 7 and 1 are factors of 7. 

An integer n different from +1 is called a prime integer provided 
its only factors are +i and 4n. 

This 2, —3, 7, 11, —13 are some prime integers, while —4, 16, 12 
are not prime integers as --4=2(—2), 16—4.4, 12=6.2 

A positive prime integer is called a prime number. 

Properties of Prime Numbers. 

I. If a prime number p divides ab then either p | a or p | 6. 

II. If a prime number р does not divide an integer a then the 
HCF ot p and a is | (by convention we take HCF to be а +ve 
integer). 

Fundamental Theorem of Arithmetic 

Every integer л2>1 can be factorized “to a product of finite 
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numbers of prime numbers. This expression is unique except for the 
order in which the prime factors are written. 
For instance 56 = 2.2.2.7. -2.7 
72 (5::2:: 212144 ыд? шл. 


4.6. Rational Numbers 

We now extend Z to a new set Q so as to include the solutions of 
equations of the type ах =b, а, БЕ Zand аз 0. 

We know by ordinary arithmetic that x=b/a is a solution „of 


above equation. Also it is easily seen that ue with a z& 0, 


4 52.0 if and only if bd=ac. All this motivates the following 
construction. 

We consider ZX Z?’ —((a, b) | а, БЕЙ, b 5 0}, where 2° is the set 
of non zero integers. 

Define a relation ~ on ZX Z? by 

(a, b) ~ (c, d) + ad = be. 

The set a/b consisting of those pains (c, d) such that (a, В) (с, d) 
is called a rational number. The set of all rational number is 
denoted by Q. 

Now it is the turn of defining addition and multiplication on Q. 
We define them, keeping in mind the arithmetic of fractions, Thus 
we define 


ep eer t ЧОРТ. 

vxorem qs 
and Рт ын 

4 5 45 


: : и pP В Е Ла 
It can be easily verified that if 5 a and . 015 


with % qu 
s and 51 non zero, 
DOLO nmn pick Bo 
Bop —= $4 Aan — ——-—.—. 
ше ae E аа 889 pan Сй Ж 
Following properties of addition and multiplication on Q can be 
proved easily, using the properties of Z. 
9—1. (х+»)+2=х+(у+) for all x, у, ze Q. 
Q—2. x+y=y+x for all x, y€Q. 
Q—3. There exists а rational number 0 such that 
x+0=x for all хЄО. 
0-4. For each xE Q, there exists a y in Q such that x+y=0. 
(x.3)-z-x.Q -z) for all x, y, zc Q. 


Q—5. 
'Q—6. x.y=y .x for all x, y € Q. 
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Q—7.. There exists a rational number 1 (40) such that 
x.l=x forall x € О. 
Q—8. For each x (520) there exists 2 Є Q such that х 21. 
0-9. x. +2) =х, ух 22 for all x, y, zc Q. 
Remarks. |. О—1 and 9—5 are called associative properties 
of addition and multiplication respectively. 


2. Q—2 and Q— 6 are called commutative properties of eddition 
and multiplication respectively. ! 


3. (9—9 is sometimes rephrased as *. is left distributive over +°. 
4. Henceforth the sign <, * will be dropped and we shall write 
xyforx.y. 


5. The propertics Q—1 to Q--9' are called Field Properties 
and any set satisfying these properties is called a field. Thus 
(9, +,.) ва field. 


Following examples will illustrate the method of verifying above 
properties with the help of those of Z. 


EXAMPLE 9. Prove Q – 5. 


Solution. Let x = A p pa Д andz = 4 


wheré p, 4, г, 8, и, VEZ and none of q, 3, v is zero, 
: Te Qe шү _ Ри 
Фурналт (29 (7) BN" 
p (ru) -(2) (2) 
(4 (sy) q sy 
-(4) XE va 


EXAMPLE 10. For each x (40) there exists z Є Q 
Such that х. z=}. Prove. 


Solution. Let x — F ‚ DIEZ q3 0. 


Since x40, p0. So ею 


Put z= 
P 


бер ia РЮО pq. 
4 P qp j 
[Any rational number of type m/m works as unity 1 for multi- 
plication]. 
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4.7. Simple Consequences of Field Properties 

(1) 0 and 1 as defined in Q—3 and Q—7 are unique. 

Proof. Let 0’ and "Е Q be such that x--0'—x and x.l'—x 
forall x € Q. 


Now 0+0'=0 and 0'+0=0'. This, because of 0--2 forces 0' to 
be equal tó 0. 


Again 1\’=1 and 11-41, But multiplication is commutative 
hence 1—1' 

Note. 0 is called the zero of О and 1 is called the unity of О, 

(2) (i) For eachx Е О,у defined as in Q—4 is unique. 

(ii) For each non-zero ХЕ Q, z defined as in Q—8 is unique. 

Proof. (i) Let УЄО be such that x 4-y' —0. 

Now y—0-Eyc (x-Fy) Ey =) cy) =y 0m y' 

(ii) Suppose 2'Є Q be such that xz'—1. 

Again z—l z=(xz’) 2-4(2х) z=2'(xz)=2'l=z', 

Remarks, l. Foreach x; УЄ О satisfying x4-y-—0 is called the 
negative of x and is denoted by —x. Further for each x (340) € О; 


z satisfying xz-l is called the inverse or reciprocal of x and is 
denoted by x-1. 


2. Inthe proofs of (1) and (2) above, we have made use of 
Q—1, Q—2, Q—5 and Q—6. 
(3) Cancellation laws. For all x, y, Е Q 
(i) x+y=x+z>y=z. 
(й) xyp=xz, x40 > y=z. 
Proof. (i) x+y=x+z = (х) (ку) =(--х)+(х +2) 
= (—х+х)+у=(—х+х)+2 = 04+) =042>y=z, 
(1) xy=xz = x1 (xy)=x-1(xz), (as x40, x~! exists) 
> (xx)y-(xdx)z > у = y-z, 
The proofs of the following properties are left as exercises for 
the readers. 


(I) For all x, y, 2Е О, (x+y)z=xz+yz. 
(П) x0—0 for all xe Q. 
(Ш) | (—x) y=x(—y)=—xy for. all x, уЄО. 
(IV) (~x) (—y) = xy for all x, yE Q. 
(V). If x —y stands for x+(—y), then 
(x —y)z—xz— yz for all x, y, ze ©. 


4.8. Order Properties of Q 
We define — on Q as under: 
Let x, y€ О, then x > y if and only if ps—qr 20, 
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where x = yet p4q4rsc€zZandq0,s70. 
Note. When х> y, we read ‘x is greater than у’. Also we write x « y 
for all x, y&Q if and only if y > x. 

The symbol x « y is read as ‘x is less than y, 
Finally x > y if and only if either x=y or x > y. 
Similarly x < y *» either x=y or x>y. 

Following are some of the properties.of Q with respect to ‘>’. 

(1) Trichotomy Law. For all a, b € ©) one and only one of the 
following holds: a > b or a=b or b> a. 

(2) Transitive Law. For all a, b, c € О, а> b and b > c ac. 

(3) For all a, b, ЕО, a > b = a+c > b+c. 

(4) For all a, b, сЕ О, a > b and c>0 = ac > bc. 

Because of the properties Q—1 to Q—9 and the order properties 
of Q mentioned above, Q is called an-ordered field. 

(5) Archimedean Property. For a, bEQ, а> 0, Б> 0 there 
exists an n € N such that nb 7» a, 

(6) Dense Property. For every pair of elements a, b in Q, a > b, 
there exists c € © such that a > c >b. 


REMARK. Under identification of any integer z with 19 we can 


say that every integer is a rational'number. Thus ZC О. 
EXAMPLE 11. Let x, y, ЕО be such that x--y»x-z, then 
prove that y2»z. 


Solution. x+y>x+z > (—x)+ (x +y)>(—x)+(x+z) 
> (—х+х)+у>(—х+х)+7 = 0+у>0+2 = yz. 


4.9. Irrational Numbers 
Consider x?—2. We claim that no rational number satisfies this 
equation. 
EXAMPLE 12. 4/2 is not a rational number. 
p 


Solution. Supose 4/2 were a rational number. Then 4/2 т 


where p and g are integers, g>0 and р, q have по common factors 
except 1. 

This would mean that p?=2g? ог р? is an even integer. But if the 
square of an integer is even then that integer must itself be an even 
integer. Thus p=2m for some mE Z. Substituting p=2m in p?=2q? 
we get q'—2m?. Hence arguing as before we see that 4 must be an 
even integer. This implies that 2 is a common factor of р and 4. 
Hence we get a contradiction to the choice of p and q Con- 
sequently 4/2 is not a rational number. 


So now one has to extend Q to a new system say R as to include 
the solutions of the equations of the type x*=a where a isa 
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positive integer (not necessarily a perfect square). This new system 
will be denoted by R and its elements will be called Real Numbers. 
The actual definition of a real number is beyond the scope of this 


book. We mention an important characterization of R namely its 
representation by points as a line. Let Y'Y bea line of indefinite 


р Sos 20. OVE 3 


Fig. 4.1. 


length (Fig 4.1). Let O be a fixed point on X'X. Label O with 0 
(zero). O divides this line into two halves viz., OX and ОХ”. Take 
a point P on OX such that the length of OP is a unit (it may be 
taken as one centimetre). We label P by 1. A point P' on ОХ! 
such that OP’=OP=1 will then represent —1. Now it is easy to 
plot any point corresponding {оа given integer on this line. We 
note that all positive integers are represented by points on OX te, 
the points of line X’X on the right side of O and negative integers, 
by the points of X'X on (ће left side of О. Thus to represent —3 
on this line, cut a distance OS' on OX' such that OS'—30P. Then 
S' will represent —3 on this line. For cofivenience, we shall call 
this line, the number line. 

We assert that every rational number can be represented by a 
point on the number line. In the support of our assertion we give 
an example and the method indicated therein can easily be extended 
to any rational number whatsoever. ў 

EXAMPLE 13. Represent 3 оп the number line. 

Solution. Clearly it will be enough to draw a line segment of 
length 2 units. Take a line AB of 
length 5 cm (Fig. 1.2). Divide it into 
five equal parts by Ру, Ps, Рз and Рь 
9 Through A draw AC perpendicular to 

o AB. From AC cut AD of length 3 cm. 

Again divide AD into three equal parts 
by Qj and О). Join BD and draw PR 
parallel to BD to intersect AC at R 
Then AR is of length $ cm. Since 

Fig, 4.2. from similar triangles 4P;R and ABD, 
we conclude that 


AP, (AB CAPI ЯВЛАА, МЕЦ pis 
AR Dy ABI ADS 3 LN 
The above discussion prompts us to describe the following 
characterization of teal numbers, 


A P, Pri Р, Pe B 
nd 
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“To each rea! number x there is exactly one point P on number 
line which represents it and conversely for each point P on the 
number line there isexactly one real number x such that P 
represents х.” 

Finally we show that \/2 is a real number, by using the above 
characterization of R. о’ 

Construct a right triangle ABC such that 


AB=BC=1 and / АВС= 9. (Fig. 4.3). 


Then AC=V/AB?+ BC? —4/2and so cut a 
distance OL on the portion OX (see Fig. 4.1) 
of the number line such tbat OL=AC=y/2. 
Thus 4/2 is represented by a point of number 
line, Hence 4/2 is-a-real number. Fig. 4.3. 
Earlier we proved that 4/2 is not a rational number. Thus v2 
is a real number which is not a rational number. Real numbers 
of such type are called Irrational numbers. Thus an irrational 
number is a real number which is not a rational number. 
We leave as an exercise for the reader to prove that 4/5 is an 
irrational number. 


4.10. Ordered Field Properties of R 

Before proceeding to next section we make a passing remark that 
under suitably defined addition, multiplication and order, R is an 
ordered field. Further these operations are in conformity with the 
corresponding operations on Q. Note that QCR (why?), so by 
“Conformity” we mean that these operations agree on Q. To 
understand. this point suppose that addition, multiplication and 
order on R are denoted respectively, by @,. апа». Then for all 
хуЄ ©, xGy=x+y, хФу=х.у and x «y <> xy. 

Thusallthe propositions which we have deduced as the con- 
sequences of the field properties for Q, hold good for R also. 


4.11. Absolute Value 
For any a€ В, we define | a | as under 
[а] =а ifa>0 
= —aifa<0 
Thus |—42] = 4/2, 10] =0, | 5:7 | =5-7 
Definition. | a | is called absolute value of a. 
Nore It foilows from definition that for all хЕК, | x1 20. 
Properties of absolute value function 
(1) For all a€ В, |a | >a. 
Proof. V a20 then |a | =а. Asaza, we get | a | >a. 
In case a<0 then а+(—4)<0+(—а) = 0——a = —a>0. 
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Now —a70 and 07a =. —a>a 
But for а< 0, [а |=—a, hence |а| >а. Then by definition of 
‘2’, lal За. 
(2) For all a, BER, | ab|=|a| bl. 
Proof. Four cases arise 
Case I. a20,b20. 
By definition | a | =a E г i 
ни D ЛДЫ 2 р | 2 | b, Further a20, 5220 imply ab20. 
Case 11. a<0, b>0. 
In this case | a | =—a and | b| =b. But a0, 220 imply ab<0. 
So|ab| =—ab=|a|| b]. 
Case 111. a 220, b<0. 
This is similar to Case II. Just interchange a and 5. 
Case IV. а<0, b<0. 
Here | a | =—a,|b| =—b and аро = |ab| = ab. 
So | ab | —(—a) (—5)— |a| |b |. 
(3) For alla, bin R, | a+b! S |а| +161. 
Proof. For all a, БЕ К, (|a|+| 5)2= | a|? +2|a|{b| + |b’? 
= а%+2|а||| +22. Since |a ?—a* and | b |=? 
= @ +2 | ab |+b° 
2a*--2ab--b* by (1) above. 
Thus (|@|+1b)|)?>(a+b)*=| a+b)? 
> |а|+Ь|>|а+Ь|. 
(4) Fora, kER,|a\|<k <> —К<а<К. 
Proof. Suppose | а |<. In case а220, we get ack. 
In case а<0, | a | =—a > —a<k>a>—k (Prove!) 
=> —k<a 
Hence | а | <k implies —k<ca<ck. 
Conversely let —k<a<k. 
ЇГ a20we get | a | =a<k, 
If a<0 then |а |=—a. But --k<a = k>—a 
or —a<k. So|al<k. 


4.12. Complex Numbers 

It is well known that square of a real number is always positive 
(or zero). Thus х= —1 cannot have а real solution, Sowe extend 
R to a new set C which we shall define as under. 


Putting i = ү 1 we see that /2= —1 so i satisfies x*——l.- 
Any number z of the type a+ bi with a, bER is called a Complex 
Number. a is called the real part of z [denoted by Re(z)] and b is 
called. the imaginary part of z [denoted by Im(z)]. The set of all 
complex numbers will be denoted by C. Since for each a€R, 


q—4t0/€C, ВСС. 
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In this way 24-3i, $+ 4/31, 3, 1:789 —4i are all complex numbers, 
Let 21, z,€ C, we define 21425 and Z3; as follows: 
Letz,—a--bi and z,—c-Ldi. Then 21+ Ze—(a-4- c) -(b4-d)i and 
Z1Z3— (ac — bd) 4- (аа- bc)i. 

It can be checked that C is a field with respect to addition and 
multiplication defined above. 


For any z=a+hi0EC, a2+ 2240 (Prove!), so нЕ R. 


Consequently ир oR 1Є С. Further 
И а ей ab А 
zu=(a+bi) (ats x )- £i -1-a-: 1, 


Definition. For any z=a+bi € C we define complex conjugate 
of z (denoted by z) as the complex number a— bi. 


Definition. For any z=a+bi € C we define modulus of z 
(denoted by | z | ) as the real number + \ a? 52, 
Properties of conjugates. For all 2,212,ЄС 
0) zi za zz, 
(ii) 2123—21 2; 
(1) |2,2, | = |211 | Zz | 
(9) |д+л,| < а! 
0) | z1 |=0 = z,—0 
(i) [212 = 
(vii) 2—2 © z € R. 
We shall verify a few of above, the rest are left as exercise. 
EXAMPLE 14. Prove that (0 1212 == 7 
(ü) | 214-221 < 1211-4121 
Solution. (i) Let 2=х+іу then z—x—iy 
and |z] = үру 
Clearly z z=(x+iy) (x— iy) 2x?4-2 
-128 
00 | +z, |? = (Fz) (21 +2) 
= (21+2,) (zd: 29) 
= 21 Z1 +Z Z2 +2122 +255, 
=lz + 12, + 2, @12) by (ii) above 
S12)? +1212 + 2 Ве (z, 25) 


But Re z</z| 

T Re (az) &1z 2,15) ||| zl 
Hence |а, <j аа, 242 | д || Zal 
12 (1211-4241 : 


> Га < а ||. 
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EXAMPLE 15. Prove that z —z if and only if z is a real number, 
Solution. Let z—x-Fiy then z=x—iy. 

In case z is real number, y=0. 80 z=x=Z. 

Suppose z—z then x-Hiy-x--iy 

= 2iy=0 

= p= 

= z=k, a real number. 


4.13. Principle of Mathematical Induction 

We have already seen the utility of P—3 in proving properties 
of natural number. This technique is popularly known as Principle 
of Mathematical Induction. Many important formulas in Mathe- 
matics owe their proofs to this principle. 

We restate this: 

“If a result involving natural numbers is true for 1 and its validity 
for a natural number k implies its validity for k+1, then the 
formula is true for all natural numbers." 

This principle can be easily grasped by a layman, if he follows 
the reasoning given below: 

We have already proved the truth of the result for n—1 and also 
shown that whenever the result holds Гог k, it holds for k+1. 

As.the result holds for n—1, it must hold for 1+1 ie., п=2, 
Now it has been proved for n—2 so it must be true for 2+1 ie., 
п=3. Following this line of reasoning, one gets that the result 
must hold for all natural numbers. 


EXAMPLE 16. Prove that 1?+22+32+...+n= 


for all natural numbers. 
Solution. Clearly for n=1, LHS=1?=1 


and RHS= -Z— =1. 


n(n+1) (28--1) 
AE TET 


So the formula is definitely valid for n=1. 
Suppose that the result is true for n—k. 


ie; разова FEED ИО...) 


Then 124-22 4324. . 2442-40-11) 
= HEED CEE La Lgs ву 0) 


is qr (202461 6k+6) 


g ex» (Q2K2-4-7k-+6) 
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= GE) (45 ois) 


— KAN) [Ge - 1) 4-1] рч) 21] 
6 


Hence the result is true for n=k+1. 
Consequently the result is true for all natural numbers n 
EXAMPLE 17. By the method of induction, show that 
10" +-3.4"*2. 5 is divisible by 9. 
Solution. Рог n—1, 1084-34998--5--10--3:434-5 
710--1924-5—207—9.23 
> 10"--3.4888:4-5 is divisible by 9 in case n=1. 
Suppose for n=k, 10*+3.4*+24 5 is divisible by 9. 
Consider 10591-1-3,4893:1:5 
10981:-3,488315--108, 10--3 gute 445 
=104(9+1) +12 482 +5 
--108(9--1)--(94-3) 82-15 
(010 3.459 4.5) 4.9(108-4. 4x42) 
>10F143.4+345 is divisible by 9 as first term is on RHS is 


divisible by 9 by our assumption and second term has 9. as one of 
its factors. 


Consequently: 10"-3.4n*2.1.5 is divisible: by 9 for all natural 
numbers т. 


EXAMPLE 18. Prove that 
I 1 1 n 
сане tees QnEDOnr3)-32ni3) 
1 1 
Solution. For n=l, LHS SE TS 
1 
and RHS Ser 
Hence result is definitely true for n= 
Let it be true for n=k i.e., 


eh 
15 


1 1 1 k 
ЕЙ Не а: 
87+... *tGerrnGer3 ЗОРУ :: 0 


m Log 1 | 
Consider aste *tQEFDQETS + (2k-+3)(2k-+5) 


1 
= 1 
3(2k+3) ` Qk4-3) (2К+5) ae 


1 ) 
ЗЕ -+3у(2К--5) UE 513) 


1 
T GQET3)QETS) (k+1) (2k+3) 
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41542841 
— 3Qk-45) 
in. Eti 
= IPEFF] 
Hence the result holds for n=k+1. 
Consequently the resu!t is true for all natural numbers т, : 


REMARK. Sometimes we. apply. modified form of Induction 
Principle. Instead of proving the result for n=l, we prove it for 
any fixed natural number, say t (e.g, £—2 or 3 ог 4 etc.) and then 
assuming the validity of the formula for k (kf) we try to prove 
it for А41: If we are successful. then the result holds for all 


natural numbers > t. 
EXAMPLE 19. If nis a positive integer greater than 2, 
show that 2^ > 1 + пу/201 
Solution. For n=3, LHS-2:—8 
and RHS 143v B=146=7 
Thus the inequality is Satisfied for n=3. Let k>3, and. assume 
the inequality for n=k i.e., 
2k > l+k v2ET ШАР 
Consider ZER 
2К1-525 2 > 2 (rk. 2-112) by U)” 
=> 21 > 24k. 2441 j 
> 14k 2x80 и: 
Now К? 2k**1 — (k +1)? 2*—2* (2k? — 4? —2k – 1) 
= 2 (kà—2k—1) 
=2* [(&—1)#—2] 
Since k>3, (kK—1)>2= (k—-1)*>4 
=> (k—1)2 
=> (k—1)?-2>0 
This, in turn implies that 
k? 2k — (k-4-1)2 260 
or k 281 >> (k+1) 258 
(2) implies that 2*5 1-E(K +1) 287 
Hence the inequality holds for n-I-k— 1. Consequently, by Principle 
of Mathematical Induction, the inequality is true for all natural 
numbers > 3. 
EXAMPLE 20. Prove that x^ —y" is divisible. by x—y for ail 
naiural numbers n. 
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Solntion. For n=1, x^— y^ —x — y, is clearly divisible by x—y, 
Let x*— ук be divisible by x—. 

Consider х®+1— ук+1 

It can be rewritten аз xF -хуй xyk- у 


peel yki 


cxt y) yx —y) 
As X—y divides x*—y* and also J*(x—)y), it must divide 


Hence the result follows by Induction Principle. 


EXERCISES 


Prove by induction (n stands for a natural number) 
1. 143454 .. -+(Qn—1) =n? 


2. 
3. 


m 
e 


1 1 1 
. Prove that, + "EP 1318 17 


2+2#+2+.. 28-42 (28--1) 
14243 ww rm 
2M i 


13423943. 3+... tune 21—10 +3 
112.342.3.4... +n(n+1) (0-2) 


- gon (n+2) (n--3). 


. Prove that 3»—2n—1 divisible by 4, 
- Show that 248--1 is divisible by 1$. 
- If хэ, prove that (1-+х)">1-+ их. 
. Prove by induction that 


2+7+12+.. -+(5n—3) —-in(5n—1) 


. Prove that 7+ 16n—1 is divisible by 64, 
« Show that 


1 1 1 2n 
Vrat 142334... 45 ай 


‚ Is n(n—1) (2n—1) divisible by 6? Justify your answer. 


1 - n 
813 "TT Gn-2)Gni3)- ТЭ) 


Prove that 32"+7 is a multiple of 8, 


+ Show that 2.793.595 is a multiple of 24. 


[Hint. Use the fact that 7^—5^ is an even number]. 


» Prove that 4/3, 4/7 and V/24- V3 are irrational numbers. 
+ Let a€Q and bER be such that b is not a square of a rational number 


Show that a+ y; 6=0>a=b=0, 


- Prove that for all а, b€R 


1 1 
(0 a>b>0> ee FF 


qn Гар ВЦ [< Гав | 
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ү a |. lal | 
(iii) | b | ra provided b0. 
19. Prove that at+bi=c+di, a, b, c, dER if and only if a=c and b=d. 


20. Deduce necessary and sufficient conditions for the equality in 
latb|&|al|l* |5!,a, bER. 


ANSWERS 


12. Yes, apply Principle of Mathematical Iaduction. 
20. Either a—0 or 6-0 
or a=ìb for some 10. 


CHAPTER 5 


Linear Equations and Inequalities. 


5.1, We shall see in Chapter 22 that the equation of a line in a 
plane is of first degree in x and y and conversely every equation of 
first degree in x and y represents a line. Thus the set of equations 
of the type ax 4-by 4-c—0 with a, b, c as real numbers and at least 
one of a and b is not zero, is closely associated with the set of lines 
in a plane. That is why we call ax + by --c—0, a linear equation. 

To discuss this concept more formally, firstly we define a linear 
expression. 

Definition 1. Any expression of the type ax -by--c, a, b, c in В 
and at least one of a and b is non zero, is called a /inear expression 
(to be more precise, a linear expression in x and y over the reals). 

Definition 2. An equation of the type ах--Бу-с--0, a, b, cER is 
called a /inear equation. 

In other words a linear equation is obtained by equating to zero 
a linear expression. 

In Chapter 4 we discussed order relation on rational numbers and 
stated the properties of ‘>’ (greater than). It was further 
mentioned therein, that real numbers also follow the same laws and | 
the set R is an ordered field, This prompts us to define. | 

An inequality of the type ax--by--c0 or ax+by+c<0 is 
called a /inear inequality (more precisely a linear inequality in x 
and y over the reals). : 

Thus 3х4-5у--7--0, 2х—1=0, ¥3y+11=0, х--у--ү2--0 are 
some linear equations, while x>0, 4x—3y+1<0, 4/2x—4/3y4-11 
20, x—L5y +350, 3:78x—241—0 are some linear inequalities. 


5.2. In this section we explain what we mean by the solution set 
of a linear equation or a linear inequality or of a system of linear 
equations and linear inequalities. 

Firstly we recall the definition of an ordered pair. 

Definition 3. By an ordered pair (a, b) of real numbers a and b 
we mean a set {{а}, (a, bj). 
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Thus (a, b) is a set with two elements na.nely the set (a) and the 
set (a, b}. With the help of this definition it can be proved that. two 
ordered pairs (a, b) and (c, d) are equal if and only if a—c and b—d. 

Remark. Some authors take this property as the defining pro. 
perty for ordered pairs. 

EXAMPLE 1. The plane of Co-ordinate Geometry (Ref to 
Chapter 22) is the set of all ordered pairs (x, y) with x, ЕВ. For 


‘апу point P in this plane, its co-ordinates determines an ordered 


pair (а: b) where a is the abscissa of Р and b is the ordirate of р. 
Also for any ordered pair of real numbers (c, d) there is exactly one 
point Q in the plane of co-ordinates whose x co-ordinate is c and y 
co-ordinate is d. We note that the points (2, 1) and (J, 2) are 
different. In general points (а, b) спа (b, a) are different whenever 
ab. This explains why the co-ordinates of a point form an ordered 
pair. 

Definition 4. Let ax -F by 4- c —0 be a linear relation, then the set of 
all ordered pairs (хү, 11) of real numbers such that 2x4--51414-c—0 
is called the solution set of the linear equations ax +by'+c=0, 

Thus (2, 1) is an element of the solution set of the equation 
3x—4y—2—0 since 3.2—4.1—2—6-—4—2--0. Again (1, 2) 18 not 
in the solution set of the same equation as 3.1—4 2—2 — —73£0. 
Let S be the solution set of 3x—4y—2=0 then S=((2, 1), (6, 4) 
(3$, 2), (—2/3, —1),...}. Since it is impossible to enumerate all 
the ordered pairs (xj. Y) satisfying 3x,—4)1-2, the above said 
notation of S does not convey the actual size of the solution set. 
Note that (x1, Уу) E $«»3x1—4,—2 


>x pa So we can write 
2(14-2у 
8-8» n) | xp t 
| 3 
or S-—(GQ J1) | 3x. -471-2=0}. 


Similarly we can define solution set of 2x —1--0 and 4x +) --1—0 
as the set S of ordered pairs (xy, 11) such that 2x, — 1-0 and 
4x,--yi--1--0. It can be easily verified that here S consists of 
ошу one ordered pair, namely (4,—3), 

Definition 5. The set of all ordered pairs (х1, 31) of real numbers, 
such that аху + Ву, + с>>0 is called the solution set of the linear 
inequality ax 4-by 4- c0. 

For example, (5, 1) is the solution set of the inequality 
2x— y — 250 while (1, 4) is not in its solution set, Similarly (0, 4). 

Definitions 4 and 5 can, in an obvious, be extended to 


. a system consisting of more than one linear equation or linear in- 


equality and also to a system consisting of linear equations and 
3 : pe А 
linear inequalities. 1 
Л) г 3 Jh А 
Note. The word ‘linear constraint’ is uszd іп place of ‘linear equation’ аз 
well as a ‘lineat inequality’. 
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5.3. Graphical Representation of Solution Sets 

As remarked earlier, we can identify an ordered pair (a, b) of real 
numbers with a point in the plane of Co-ordinate Geometry, Thus 
the solution set of any linear equation precisely consists of the 
points whose co-ordinates satisfy that equation. But every linear 
equation represents a line, so the solution set consists of points 
on that line. Thus to draw a graph of the solution set of a linear 
equation it is sufficient to trace the line represented by that 
equation on graph paper. For example suppose that we are inte- 
rested to represent the solution set of the equation x4-y4-1—0 
graphically. We trace the line x+y+1=0, 


We make a table of the following type: 


ЛЕ o | -3 ‚| ipei ОН 


Bh 


— наи 


Fig. 51. 


Now x+y+1=0 > у=. We give arbitrary values to 
* and find out the Corresponding values of y from у=—х—1, 

Suppose we put x=0, then у--1, We write 0 in the row 
headed by x and Put in the column consisting of 0 and the row 
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fying x+y+1=0. This line represents the solution set ofx-+y+1=0. 
We next consider the solution set of inequality x—y+1>0, 
Again x-y+1>0 = х+1>у > у<хфі. Here the solution set 5 
is ges by (G3. y1) | 3a &x1 +1}. 
us if we put x=0 then all points (0, y) with у<1 i 
solution set of x—y 4-170. We first Mu" ites А о 
x—y+1=0 following the procedure discussed earlier. 


Fig. 5.2; 


Let P (ху, y1) be any point. Draw*PQ parallel to x-axis to meet 
line x—y+I1=0 at О. Let the co-ordinates of О be (Xp, уу). 
Since О (xs, у) lies on x—y+1=0, we get X= yı 1-0. Р will 
lie on right of x —y--1—0 if and only if xy2x$«x17)1—1«)1 
<x1+1. Thus point (хт, yi) is in solution set of x—y--120 
if and only if it lies on the right of line x —y--1—0. Thus the 
shaded portion (excluding line x—y--1—0) depicts the solution 
set of x—y-+1>0. Similarly it can be verified that a point (x4, ^) 
lies on left of x—y+1=0 if and only if xi«1—1«-»17x;--]. 
Sothe unshaded portion is the graphical representation of the 
linear inequality x—y+1<0. Note that shaded portion together 
with the line x—y-+1=0 represents the solution set of x—y+120 
or a system of linear qonstraints x—y+1=0 and x—y+1>0. 
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Sometimes a solution set need not exist. Consider the following 
examples. In such cases no graphical representation is possible. 

EXAMPLE 1. Find the solution set of x —1—0 and x<0. 

Solution. For all the points (x1, уз) lying in the solution set of 
x—1=0, xj—l, while for all points (xj, yı) satislying х<0 we 
must have xi«0. But 1 is neverless than 0. Hence nox, exists 
which simultaneously satisfies x=! and х1<0. Thus we cannot 
get any point in the graphical representation of solution of x—1 
and х<0. In this case the solution set is an empty set. 

EXAMPLE 2. Find the solution set of. 

x+2y+1=0 and 2x 4y 4-3—0. 

Solution. Let (х1, уу) be in the solution set of the equagions 
x+2y+1=0 and 2х--4у+3=0. 

Then ж- 21 1=0 as well as 2x,+4y,+3=0. 

These equations together imply (2x, 3-441 4-3) 2, +231 +1) 50 
>3—2=0>1=0, an absurdity. Hence there exists no element in 
the solution set, [n other words the solution set of x+2y+1=0 
and 2x+4y+3=0 is empty. 

Definition 6. Whenever the solution set of a system of linear cons- 
traints is empty, we say that the constraints are inconsistent. 

Definition 7. А system of linear constraints is said to be con- 
sistent if its solution set is non-empty. 


EXAMPLE 3. Draw the graph of 4x--3y «6. Mark two solutions 
of this on the graph. 


Solution. Firstly we trace the line 4x -3y —6 on a graph paper. 


Now 4x+3y=6 = 3y—6—4x y= 


We give. values 0, 1, 2, 3, —1, —2, —3,... to x and find corres- 


ponding values of y with the help of y= $m 


These values we put down in the following table. 


ЭГ: ita 


10/3 | 14/3 6 
! 


У | 2 2/3 |-2/3 


The graph of 4x+3y=6 is shown in figure 5.3. 


Now a point (x, y) satisfies 4x43 i i 

t (x, y « 6 if and only if 4x4+3y,<6 
<> (X1, уу) lies on left of the line 45-13 —6. Poi $e t 
lie in the shaded portion of the fiiis 7 ONG rt. E 
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Hence the solution set of 3x-+4y<6 consists of the shaded 
portion including the line 3x -4y —6. 


Fig. 5.3. 


Clearly the points (—3, 6) and (—6, 2) are such that their 
‘co-ordinates: satisfy 4x+3y < 6, as 4(--3) +3 (6)=—12+18=6 
and 4 (—6)4-3 (2) =—18<6. We mark these points by black dots. 

EXAMPLE 4. Find the graph of x+2y—5<0, 4x —y<2 and 
у>0. On the graph mark three points which satisfy these in- 
equalities. 

Solution. Firstly we trace lines x+2y—5 
y=0. 


=0, 4х—у=2 and 


To trace x +2y—5=0, we note that y= M So for x = 0. 


12, NER 2, 2, 1 ete, Plot the points (o. i) a, 2: 


e 3 ) (3, 1) and join them to obtainthe graph of x42y—5-0, 


Again 4x—y=2> y=4x—2 so for x=0, 1, 2, 3, туул, 
2, 6, 10,... -Piot the points (0,—2), (l, 2) (2, 6) (3, 10) and join 


them to get the graph of 4x—y =2. 
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Fig. 5.4. 


Finally y=0 is the axis of x Le, Х ОХ. Now y co-ordinate of 
any point is positive if and only if tbat point lies above x-axis. 
Further (x1, уу) satisfies x+2y—5=0 if and only if it lies on left 
of the line х-2у-5«0, Similarly (x, ух) satisfies 4x— y-—2 if and 
only if the point (ху, У) lies on the left of the line 4x—y—2=0. 
Hence the solution set is the shaded portion of the figure excluding 
the lines y=0, x+2y=5 and 3х—у=2. The ordered pairs (3, 2), 
(—1, 1), (—5, 4) are in the solution set of the given system, since 
§+2—5—--§<0. 4. 41—2—0—2 and 250; —142.1—$5 =—4<0, 
4(—1)—1=—5<2 and 120; 2:5+2.4—5=-2<0, 4(—5)—4= 
—24<2 and 4>0. The points Corresponding to these pairs are 
shown by black'dots in the figure. 

EXAMPLE 5. Find the solution set of the following system of 
inequalities and represent the solution set by graph. 

3x-Fy«13, 7y-x11, 3y«9--x. 

Solution. Firstly we draw lines 3x--»—13, 7у+х=11 and 

Зу=9-х. 5 

, Now 3x+y<13 is represented by the region in the left side of 
line 3х--у-413: 7y--x is Tepresented hy the portion of plane 
on right side of line Ty--x—11 and 3y<9+-x is represented by 


ordinates of A, B, C are respectively equalto (—3, 2), (4, 1), 
(3, 4) These are obtained by solving the pair of lines 3у=9+х 
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, 


Y 
Fig. 5.5. 


and 7y+x=11, Ty+x=11 and 3x+y=13; 3x--y—13 and 3y 
=9-+x. The point А is not in the solution set of the given system, 
since 7 (2)--(-3)-11»11 (where № stands for not greater than). 
Also C is not in the solution set as 3 (3)4+4=13413 (where 4 


stand for not Jess than). 


EXERCISES 


1. Draw the graph of following system of linear constraints 
1 1 1 Жр 
@) 7143х—4)= g U-Y*3» 4 (х—у+7) = -g- (4x3) 


(i) 2x—y—3«0 
(iii) 2x+y>8, 4х—2у<4 
(iv) 3x—2y+1>0, 2х+3у<13 
(у) х—у—1=0, 2x—y29, х+у—3<0. 
2. Draw the graph of the solution sets of the following: 
(i) x70, v20 and-3x+4y<2 
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(i) 3х-2у--5 and x+3y<9 
ЧН) x —y21, 4x+yS8 and y«0, 
3. Which of the following systems are consistent and which are inconsistent? 
(1) 4x-y+11=0, 24x—6y+2=0 
(ii) х-у»1, х<0 and yt7-0 
(iii) 2х—у=1, x+y=2 
(iv) 3х-120, y=8, 5x+1=0, 


ANSWERS 


3. (i) Inconsistent (11) Consistent 
fii) Consistent (iv) Inconsistent. 


CHAPTER 6 


Solution of Equations- 
Quadratic and Simultaneous 


6.1. Preliminaries 

An expression of the form agx"--aix"- -F. . .--as-3x-a& where 
40550 and аг are constants, real or complex, n is a positive integer 
and x, a variable (unknown) is called a polynomial in x of 
degree n. In this chapter we shal! denote a polynomial in x by the 
symbol f (x). 

Thus x*—3x-Fl, 533—7x?--8, у 2х*—х4-3, $x*—ix-4-V7 are 
all polynomials in x. 

If f(x) is a polynomial of degree n then the expression f(x)=0 
is called an equation of degree n. Thus т an equation of degree 
n, there is no term containing х" with kzn--l. For instance 
ix*—x+1=0, 42x3—8x4-9—0, x?+1=0 are equations of degree 
4, 3 and 2 respectively. 

An equation of degree 2 is called a Quadratic Equation. 


Note. In this section we shall be mainly dealing with quadratic equations 
having rational numbers as coefficients. 


There are two types of quadratic ejuations (1) Pure and 
(2) Affected. 

A quadratic equation is called pure if it does not contain single 
power of x. |n other words in a pure quadratic equation, coeffi- 
cient of x must be zero. Thus a pure quadratic equation is of the 
type ax? -b—0 with az£0. 

A quadratic equation which is not pure is called an affected 
quadratic equation. è 

Thus the most general form of an affected quadratic equation is 
ax2--bx +c=0, with abz-0. (Recall that ab340 <> az£0 and 50). 
Root. A complex number х is called a root of ax*+bx+ce 


if а bx 4- c—0. 
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6.2. Method of Solying Pure Quadratic Equations 
Let ах2--5--0 be a pure quadratic equation. This implies 


ae = —b = M TUAE > szt 
a a 


It is clear that the roots of ax*--b are real il and only if a and 2 
are of opposite signs. 

EXAMPLE 1. Solve 9х2—4=0. 

Clearly 9х2 =4 > x =$ > x= $. 


6.3. Methods of Solving Affected Quadratic Equations 

REMARK. Since a pure quadratic equation is a paiticular case of 
ax?--bx--c—0 with b=0, All these methods are applicable to pure 
equations also. All that we have to do is to just put b = 0 to get 
the solution of a pure equation. 


(I) Method by Factorisation 
If the expression ax?+bx+c can be factored into linear factors 
then each of the factors, put to zero, provides us with a root of the 
given quadratic equation. 
Thus if ax?+bx-+c = a(x—«) (x—B), then the roots of 
ax?+bx+c = 0 аге « and В. 
EXAMPLE 2. Solve | x*—5x46 = 0. 
Solution. Clearly х2—5х+6 = 0 
E (x—2) (x—3) = 0 
> x-2=0 or x-3 = 0 
> eh 10 "ot xc 
Hence roots of given equation are 2 and 3. 
(II) Method of Perfect Square 
This method is made clear by the following steps. Let ах? +bx+ 
€ =0 be the given equation. 
Step 1. Divide both sides of the equation by a to obtain 
ха ЗОО 
а а 
(since 4520, we are justified in division by a) 


Step 2. Transpose the constant term (i.e. the term independent 
of x) on R H.S,, to get 


b c 
8: 22:22:22 
XR a* a 
bp Е 
Step 3 Add 448 to both the sides. 
b Б р с 
Е! em 
Thus we have x? + Е x+ дй 428 = 
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Бү. b—A4ac 
1 ( x2) ЕЕ ТЫ 


This is a риге equation in the variable A 


So the solution is udi = у мс 


Qn _ 2a 
di y bt Vac 
2a 


REMARK. This method is useful particularly when ax?+bx+c 
cannot be factored into linear factors casily. 
EXAMPLE 3. Solve 2x? --3x —1 = 0. 


Solution. In this case a = 2, b = 3, ¢ = —1. 
2. EE Е 2095 17: 
Herce roots are x= Ve үзэх D = зу : 


6.4, Nature of Roots 
bt VP 4ас The 
2a 3 

expression inside the radical sign i.e., 22 -4ас % iscalled Discriminant. 

Case Г. b?—4ac>0 ie. b'—4ac. 

In this case y 4ac isa real number. Hence the two roots of 
the given equation are unequal and real. 

Case II. b—4ac = 0 ie. b= 4ас. 

In this case both the roots are real and equal (each equal to 
—b/2a). 

Case III. b’--4ac<0 ie. Ь?°<4ас. 

In this case 4/?—4ac is an imaginary number and so both the 
roots are complex and unc qual. 


(= —3 
EXAMPLE Soje oto. Гал Ду 


The roots of ax*--bx--c = 0 are given by 


x42" x-2 агі 
Solution. Given equation is equivalent to 
(x+2)+1 + (555291 2) 2(3:-1)::1 
x42 x—2 7—1 
1 1 1 
55 рои СОЛАР] =2 2525) 
х-2-х-2 1 
2 х2—4 АНИ 
24 | 
T А 
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> х2—4х=0 = x(x—4)=0 = х=0 or 4. 

Hence the roots of the given equation are 0 and 4. 

EXAMPLE 5. Solve x4—13x2+36=0. 

Solution, This is not a quadratic equation in x, but on 
putting x=?2, we get a quadratic in t, namely f?—13t+36=0 

Roots of this equation are given by (1—4)(t—9) =0 

Thus t=4 or t=9. In other words x?—4 or x*—9. Hence 
хэ-42ог +3. 

Consequently roots of given equation are 22,43. 

EXAMPLE 6. Solve (x+1) (x+3) (х--4) (x+6)=72. 

Solution. Re-arrange the factors on the L.H.S. so as to have 


the sum of constants in first two factors same as in the case of 
other two factors. 


Since 1-+6=3+4, we get (x-+1) (54:6) (х+3) (x4) —72 


or (x2--7x 4-6) (x? 47x 4-12) 72 
Now put х2--7х=1, to obtain 

(2+6) (14-12) —72 
This implies 12+18t +7272 
> t (t+18)=0 = 1—0 or t=—18 
Hence х2--7х--0 or х2--7х--18--0 


First quadratic has 0 and —7 as its roots and the second quadratic 
—15449—,. -144/-023 

КЕГЕ? le pu. 
EXAMPLE 7. Solve / 5x2 —6x-+8— V 5x1—6x—7 —1. 
Solution. Consider (5x*—6x--8)—(5x? — 6x —7)—15. 
Divide this equation by the given equation. 
We get A/5x? —6x-E8-4- A/ 5х5--6х--7--15. 
Adding this equation to the given equation we obtain 

24/ 5x3—6x -8—16 


has roots given by 


- 5x—6x--8—64 
>. 5x2—6x—56=0 
_ 6x у 361120 6x 1156 
x 
10 10 
64-34 4 
> x 10 => х=4 or 25: 


EXAMPLE 8. Solve x4—5x°+15x+9=0. 
Solution, Note that in this equation 
x*—5x (x2—3)4-9—0 
(x4—6x?+-9) — 5x (x? — 3) + 6х*=0. 
Put x*—3-t. 
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Thus the given equation is reduced to f? —5xt--6x*—0 
This has the roots /=2х and t=3x. 
In other words we have two quadratic equations. 
х2—3=2х and x?—3=3x. 
The roots of former equation ure — 1 and 3 and those of the 
34/21 
ЭР 
EXAMPLE 9. Solve 5*--5?-*—26. 
Solution. Multiplying ihe given equation by 55 we obtain 
5254-25--26.525 

or. 525-26,5255--25--0 

Put 52*=¢ to obtain the quadratic equation 1*—261 4-25--0. 
The roots of this equation are 1--1 or t=25. 


latter are 


Then 5#=1=50 > x=0 
or SF 2558) > х=2 
Hence х-0 ог 2. 


EXAMPLE 10. Solve 3х--4--4/ 2x2=2x42. 
Solution. Squaring both sides to eliminate the radical sigi, 
we get 
9x*— 24x + 16=2x?—3x+2 


or 7х2—21х+14=0 
ог x®—3x+2=0 
> x=1 or’ 2. 


Hence the roots of given equation are 1 and 2. 
EXAMPLE 11. Solve — x*4-x3—4x! 3 x 4 1—0. 


Solution. In equations of such type if the terms are arranged 
according to descending powers of x, the coefficients of terms 
equidistant from first and last term are equal or differ in sign. 
Equations of this type are called reciprocal equations. 

We collect equidistant terms together. 

Thus given equation is equivalent to 

(x 4-1) 4- (x H-x) —4x2—0. 


Divide by x? to obtain 
1 1 
24 4-1-4- 
(x ta )+(*+4) 4=0 
1 
Now put x+ i- 1. Then Xu =—2 


We get 1—2 + 1—4=0 
or 2+1-6=0 = {=—3 or 2. 
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In other words xl = —3or2 


i.e. х? F 3x +1 = 0 ог x8—-2x + 1=0 
~— 34 
b dis 


= orx = 1,1. 


Hence the roots of given equation are 
Wi criam 
m TE 
FXAMPLE 12. Solve the equation 
x'—6x4-9 = 4\/ x8 —6x 6 
Solution. Putting. x?—6x--6—t in the given equation 
we get 


, 


t+3=4V7 

P+6t+9=16t 

12—10:4-9—0 

(1—1) (t—9)=0 

1—] or t=9 

х2—6х+6=1 or x'—6x-F6—9 
x*—6x4-5—0 or x2—6x—3—0 
_ 6% \ 36=A=3) 


у SS 


> (x—1) (x—5)=0 orx 


+ 
> x=1,5 or xe Pav 


= =1,5 ог3-243 


Ж 1-х 1 
EXAMPLE 13. Solve Wie taf = 28 
Solution, Put —2— =; 
1--х 

АЕ 6. 
AS get Cy 5 
> 606—131: 
> 612—131+6=0 
> 68-41--91-4-6-0 
= (21-3) (3-2) =0 


3 
> Pos Dy 
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2 x 
Whereas 1 о =>9х=4—4х 
= 13х=4 > x= 
4 9 
So x= 013 


EXAMPLE 14. Find the value of \ 64+V/6+V6+... со 


Solution. Let x = 1/6+V6+V76+..,00 
= V6+x 
x*=6+4x 
x*—x—6=0 
(x—3) (x +2)=0 
x=3 ог —2. 
EXAMPLE 15. Solve P4 51 ЧР. 
q P жй Ай, oa en 
Solution. Given equation can be rewritten as 


xpi x10 оиб. асла 
q х-р x—4 
(x—p?-q* | p—(x—a* 
4(х--р) p(x —q) 
(x—p-—4) (x—p-4) .(PXx—4) (—x-44) 
q(x — p) j pix - 9) 
Either x—p—q=0 he, x=p+q 
or we get 


eo yy 


х—р+4_ —(р+х—4) 
4(х—р) —pix-4) 
Simplifying we get (р-Еа)х®—(р?-Еа®)х=0 
+4 
РГА 
24 92 
‘Hence x=0 or edes or 24-4. 


> х=0огх = 


6 


EXAMPLE 16. Solve Xi. x 


Solution. Putting 4 x=1, we get 
6 
ВИА 
и: 55 
= 2512--251—6=0 
—25+ 4/625- 4(- 6) (25) 
50 


> t= 


125 
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—254 + 625+600 
50 


—25+ у 1225 


А) 1 
Inen х=Й= 55 97 55 
EXAMPLE 17. Solve x2/?4- x13 —2—0 
Solution. Put x1/?—t, to obtain 
12+1—2=0 
=> (1+2) (1—1) =0 
> 1-1 or —2 т 
In case t=1, we get x!*3 =1=>х=1 
In case t=—2 we get x1 3 —2—x——8 
Hence x=1 or —8, 
EXAMPLE 18. Solve x2+x+10 V x*--3x -16—2(20 —x). 
Solution. Given equation can be rewritten as 
х2--3х-40--10 V x^ -3x -16—0 
Put ух?+3х-416=/. Then x?--3x —212— 16. 
So, the given equation simplifies to 
?—16—40+10t=0 
or 124 10t—56=0 
=> (t+14) (--4)--0 
> t=4 or —14 
Now t=4 => x?+3x+16=16 
= x*+3x=0 = x=0 or —3 
While =— 14 > х? +-3х +16 =196 
= x°+3x—|[80=0 


па, —34 хэлээ 


—3z у 729 
2 
—3+:7 
2 
Непсе x=0, —3, 12, — 15. 


=12 or —15 
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EXAMPLE 19. Solve 3x2— 18+ V 3x2 —4x -6—4x 
Solution. Putting \’3x?—4x—6=t, we get 
3x? —4x —12 4-6 
So the given equation is reduced to 
12--6—18--:—0 
=, Е 12=0 
= (1+4) (1—3) =0 
s 08,4 
Now t=3 = 3x?—4x —6—9 = 3x2—4x—15=0 
= 3х2-9х--5х-15-0 
= (х-—3) (3х+5) =0 
= х=З ог —$ 
Also 1=—4 + 3x2—4x--6—16 => 3х2—45 -22—0 
y = 4t М16—43(—22) 


6 
ELLAS 164-264 L4 v 280 
6 6 


Непсе x=3, -—>, 


EXAMPLE 20. Solve 


Solution. Simplifying given equation, we get 
v Txt Уж = du x*—-3V1—x 


= 2y1-x3—4y 1—x* 
- мр = 2/1? 
= 1+х2-=4(1-—х2) 
=> 5x!—3 
=> T: L 
3 
Le, be 
5 == з 
EXERCISES 
Solve the following equations: 
.ox!—8x—48-0. 2. 3x2+10x+3=0. 
ТЦх-2) E. IRESI а. 22-16 ayes, 
Misc spam c mer 3 х2--4 
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(3x—11)(x—2) 4- (2x—3) (x-- 4) -13x—10(2x —1)?--12. 


x+2  x—2 m а 5х 
x-2 xt2 6° 5 хар 
5-4/ 1133x172» 9. 4У2х47--43х:18-54/ 7x T. 


GE БИЧ 2x—3 да: 8(4x*4-9) 

2x-—3 2x13 13(4x2—9) * 

(x—7) (x—3) (x+5) (х+1)=1680. 12. (x+9)(x—3)(x—7)(x+5)=385, 
16x(x+1)(x+2)(x+3)=9. 

(x+2)(x+4)(x +5) (x+10)=990x8, 


Hint. Rearranging, we веі (x+2)(x+10)(x+4)(x+5)= 3, 
! Put x?+20=1.] ооо 


eB go Ут 5=х+5. 


A/ xtFax—l Ур Бу а ЧУ 
Чоу 37. 20. 4*4—3.24::*— —128. 


м з gn 22. 5(5*-+57*)=26. 
10x!—63x°+52x*+63x+10=0. 24. xi—x*45/Ax* — x--1—0. 


А 4x! —16x3-7x8-- 16x -4—0. 


ANSWERS 
eet 2. —3, -1/3. 
2 
+V6. 4. 2, m Sah 
er! 2 
To 6. 1,—--. 
2a 3 
SERA 8. 1, Вт 
3 1 
9, -3-8- 10. ary, a1 (Omit imaginary 
FN 14 roots, if any) 
9, —7, 1E 4/ —24. 
| 2, —4, 14-771. 13. =, 145, эж АГ 
2 
1, 20, -21--4/121- 15. 6, —23. 
2, —44. 17. 4, —34. 
(Vatv bP+4 
1, Ca Did 19. 0,2. 
3,4 pius 
der. EE 23. 2,5, —1/2, —1/5. 
3EV-] 14V=15 25. 2,-4-, SEVAC 
4, ёрын ЕР ӘР 


; 
| 
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6.5, Symmetric Expressions of Roots of a Quadratic Equation 

We first prove that a quadratic equation cannot have more than 
two roots. 

Suppose а, В, y are three roots of ax'+bx-+e=0. 

Since а is a root of ax^--bx J-c—0, x—« is a factor of ax*--bx Fc 
(by Remainder Theorem). Similarly x—f and x—y are factors of 
ax’ | Ьх-Ес. 

So ax?+bx+c=k(x—a)(x—B)(x—y) where К is a non-zero 
constant, Now left hand side is a polynomial of degree 2, whereas 
right hand side is a polynomial of degree 3. But two polynomials 
can be equal only when their degrees are equal and coefficients of 
equal powers of x are equal. Thus we have a contradiction. Hence 
a quadratic equation can not have more than two roots. 

Definition. An equation f(x)—0 is called an identity if it is 
satisfied by a// values of x. 

For example (x—2)?—x2+4x—4=0 18 an identity while 
x2—6x+5=0 is not an identity as x=2 does not satisfy 
x*—6x-F5-0 (2°—6.2+5=9—12 340). 

Notation. An identity is denoted by =, 

Thus (x—2)2—x2+4x—4 = 0. 

Theorem. ах? -Ьх +c=0 is an identity 

if and only if a=b=c=0. 

Solution. In case а=Ь=с=0. given equation reduces to 

0.x2--0.x +0=0 
which is clearly satisfied by all values of x. 

Conversely let ax?-+bx-+c=0 be satisfied by all values of x. 
Take three distinct numbers «, B, y. In particular, the given equa- 
tion must be satisfied by x —«, В and y 


Tie aa? 4- ba 1-с=0 129481! 
ав --88--с-0 $42) 
ay?+by c—0 ЯС) 


+1) and (2) give, on subtraction 
ala? — В?) +b(a—B)=0 
=> a(a+B)+5=0 as «z^. ‚..(%) 
Further (2) and (3) yield, on subtraction 
a(B^ —1*) E b(9--) =0 
== а(@+ү)-ЕВ=0 as By. 205) 
Subtract (5) from (4). to get a(a—y)=0 
= a=0 as «Y 
Then (4) = b=0 and (1) + c—0- 
Hence the theorem follows. 
Coming back to quadratic equatioa ax2+bx+e=0 
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(.e., 250); we see that if а, В are its roots, then 
ах`-ЕЬх--с==а(х—х)(х— В) 
(a—a)x ' 4-[b--a(o —8)]x -+-с-—а«@==0. | 

By previous theorem this means | 


b 
b-—-—a(«--B) or 0468: :- Fr 
and с=ас8 ог =. | 
Thus we get the following relation between roots and coefficients. 
su ead 
m E ud Bad 
с 
«B= ie 
Aliter. The above relations can also be found as under. 
Take gm bt Vi 223 
м 2а 
~b—\ b:—4ac | 
and Bs —= V Sains 
25  —b | 
Then a+pB= uy 
L 52-1(57--48с)”7 ас р" 
Шр genis da? 4 а | 
The above relations imply that 
ах! bx +e=-0 | 
is same as ax’ a(x4- 8x 
or X*-— (acp 7-78 =0 as 4550 
This gives us the method of construction of a quadratic equation 
whose roots are given. 
The required quadratic will be 
x*— (sum of two roots)x 4-( product of two roots) =0. 
Definition. Any expression involving « and В is called a sym- 
metric function of « and В, if it remains unchanged when « and 8 
are interchanged, | 


For instance, а’ В», ag, =< ,а28-нар! 


are all symmetric functions of « and B. whereas o? —В is not a sym- 
metric functicn since in general а — В need not lie equal to В —а. 


leg. ifa=l, 8—2; 03-8-41-2---1 while g!—a—8—1—7]; 
. With the help of relation «+822. and «B= £ we can evalu- | 


ate symmetric function of а and В. The method will be best: illus- | 
trated with the help of examples. | 


SOLUTION OF BQUATIONS—QUADRATIC AND SIMULTANEOUS 131 


EXAMPLE 21. (i) If « and В are the roots of x*—px+q=0, 
from an equation whose roots are аВ--а +B and oB—a—B, 
(С.А. May, 1976) 
(ii) If « and 8 are the roots of 2x*—4x+1=0. Form the equa- 
tion whose roots aie а? +В and B +a. 


Solution. Let y=ah+a+B and 8--08-02-8 

The equation whose roots are ү and 8 is 
x*—(y--3)x 4-38 —0 

Now а, B are roots of x?—px+q=0 


implies that er =p 


and ap= =a. 
This further yields that y=ß +a +8=q +p 
and 8=aB—a—B=q—p. 
Hence required équation is 

xi— TEPEE —p)x+(q+P)(q—p)=9. 
i.e., —2qx-rq:— p*—0. 


(ii) «+8 =-=2 


Now я = A+B +B? +a 
= 2622-6 
= («+8)2=228-+a+B 
=4—1+2=5 
and » = (024-6) (8° +2) 
= 02824-2 -- 9? -- x 


ЕО — ава) 


y 


1 


aje s| 


3 
+8—5 (2) 


1 
nw 
ale 


1 
| 


ыш =. + 


Hence the required equation is 
хх =0. 
ог 4x*—20x+23 = 0. 
Mero 22. а, B are roots of 2x*+3x+7 = 0. Find the 


values of y t B and ap 
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Solution. «+В = —} and cB = 1 


& «?-+ p? (x4-8)?—2«8 
bx ао 
9 9 
dua diu 22: voi 2 (2B) 
нэ 7 pote) 4 4 
юу E 
—19 
TUUM 
Again «*-F8* = («--B)(a2—a 4- g2) 


= («c B[G-- B)9*—328] 


EXAMPLE 23. /f«, B are the roots of ax®+bx-+c=0, find 
the equation with roots ах -ЬВ and Ьар. 
Solution. We have (az.--b8) + (bx-+a8) 
= (a+b) a+(a+b)p 
= (a+b)(a+B) 


= @+5(-+) 
Yun 


Also (а>-- 58) (bx-- ag) 
= ab3?--ab* + (a° 62) эВ 
= abz'+B*)+(a?+B%)op 
= ab|[(x-- B)*— 22g] -- (a2+ b2)«8 
(:22 30с Р 
4 2—2) Hæ py. 
= b—2ac) | (a+b oe 
TUI ETER на 
= 86—26) + (ас 
а 
Hence required equation is 


x3 (а+Ых+ еке: 
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or ax*--b(a -b)x 4-b(b2—2ac) + (a2 + B)c=0 
or ax? ах +abx 4- B3 -- c(a*-4-b* — 2ab) —0 
or (ax -- b3)xc + b(ax 4- B2) --c(a —b)* —0 
> (ax 4- B5) x +b) +c(a—b)?=0. 
EXAMPLE 24. If the roots of ax®+bx +с==0 are in the ratio 
p : q, prove that ac(p+ 4) —b' pq. (C.A., May, 1977) 
Solution. We know that 6—2. and ape 
By hypothesis $ = F 
We are to eliminate «, 8 from these three relations, 
AE ер CES S Ld 
xp 3 and 8 2 5 20 
ap 3675/1 ay ered 
an р тато 
Again +3 = 2 = 2246742238 = 5 


So we get 


DON qae 20 MD 
"qu capis. d 4 gt 
О (р!+4?)с+2сра _ В 
ара а 
> а(р2--а))с--2сара = b'pq 
= ас(12-+4-+2рд) = ра 
= ac(p--q)? = b'pq. 


EXAMPLE 25. If х and are the roots of ax?+bx+c=0, 
form the equation whose roots are 24-82 and 1272+872. 


Solution. Here «+8 = at and 28 = £ 
2 52-2 
Now wg о = — 90787 
b —2ac 
Re bone: 1 + _ ад! 18-2ас 
ed oA Lae mcg gum eir OE Demon ЧАТ 
a 
2... 2—2 
So, sum of the new roots = pe 1 c = 
(b?—2ac)(c* +a) 
^f ca? 
(b2—2ac)? 


and product of new roots = E 
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Hence the required equation is 

x2. 00 —2ас)(с2+а?) im + Casa 2ac)? . 

са? ac 

or a?c?x?— (b* —2ac)(c* + a®)x2+ (b° —2ac)?—0. 
EXAMPLE 26, For what values of m will the equation 

(mr 1)x? + 2(m+ 3)x + (2т-+ 3)—0 have equal roots? 
Solution. As shown in previous section, the equation will hav 

equal roots, if and only if 
[2(m4-3)? = 4(m+1)(2m+3) 


or m*--6m4-9 = Im! +5m-+3 
or т—т—6=0 

ог (m—3)(m+2)=0 

or m = 3 ог —2. 


EXAMPLE 27. Show that (x—a)(x—b) = h* have real roots. 
Solution. Given equation can be simplified to 
x*—(a+b)x+ab—h?=0 
Discriminant = (a+b)?—4(ab—h?) 
(a+b)?—4ab+4h2 
= (a—b)?+4h? 
which is always a--ve quantity. 
Hence the roots of given equation are always real. | 


Ш 


EXERCISES 


а, В are the roots of ax? + bx+c=0 
find the value of 
festa 

В а 
2. ва 
3. (22—8)2 + (82—а)2 
4. «4874 0734 
5 


(8-5) 


6. Find the condition that one root of ax*+bx+e=0 shall be n times the 
other. | 
7. If the roots of 1 x?--nx--n—0 are in the ratio P:q prove that 


Le Т n 
ERE ERE F 
| Hint. Leithe roots be D*.q9isipkq)- — T-. paste Tra 


Em 
pal etc.] 


SOLUTION OF EQUATIONS—QUADRATIC AND SIMULTANEOUS 135 


8. If p, q are the roots of 3x? +6x+2=0, form an equation whose roots are 


9. "Find К if the roots of 2х2 + 3x +k=0 are equal. 
10. If r is the ratio of the roots of the equation 
ax*+bhx+c=0 show that (r+1)* ac=b*r 
11. x and В are the roots of ax*+bx—c=0, form an equation whose roots are 
1 1 
ах+Ь` айў+Ь 
12. Show that the roots of x*—2ax +a?—b*—c*=0 аге always real. 
13. Prove that the roots of (a * c—b)x* *2cx +(b+c—a)=0 are rational [a, b, c 
are rational numbers]. 
14. For what value of m will the equation 
2-х _ mol 
ax—c ml 
have roots equal in magnitude but opposite in sign. 
15. Их is a real number prove that the expression 


ак y - 
2(x—3) does not lie strictly between 2 and 6. 
На 
[Нт. Let Е 


then x?+(2—2y)x +6y—11=0 
2 a-Q-205 v O-A) 
2 


e ce x is real, (2—2y*—4(6y—11)70 
2 1—2yt+y*—6y t+ 11>0 
> y-8ytr1220 
э (y—2) (у—6)>0. 
In case 2 < у < 6, опе of the factors on LHS will be «ус and other will 
be —ve, so the product can't be +ve.] 
x 


7 ip 
16. If x is real prove that су lies between гүү and 1. 


* rz "n 1 
17. If x is real prove that ID cannot lic ‘strictly between 5 and 9. 


18. Иа, B are the roots of ax* + bx +с=0 
1-2, №8 
form equation with roots ай its 
19. If a, B are roots of х*—рх+4=0, show that 
1 2 A d 
da Бы BoM. 
20. Form an equation whose roots are squares cf the roots of ax*+bx+c=0. 


ANSWERS 
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54—4 ab'c+2a'c? з, Six dabte+ 2a%ct+ atb*—2a%c + 2atbe 
2: XE rr . а! 
4, 5сЧЗас--58) 5, Pt —4ac) $ 

а phum 
6. nb*—ac(n-1)* 8. 3х°—18х+2=0 
9 

Аът» 11. cax*—bx-+1=0 
14. m= 228 

AT hae 18. (a—b+c)x*—2x(a—c) +a+b+ c- 0 


20. a°x*+-(2ac—b*)x+c?=0 


6.6. Simultaneous Equations in Two Unknowns 


,In this section we will consider solutions of linea: and non-linear 
Simultaneous equations in two unknowns. There are several 
techniques for solving such problems and we shall illustrate some 
of them by means of examples. 

EXAMPLE 28. Solve 4x—3y = І, I2xy--13x? = 25. 


Solution. From 4x—3y = 1, y = zn Ў 


Substituting the value of y т 12xy+13x? = 25, we get 
12x( € n =25 


> 16х2— 4x --13x2 = 25 
= 29x?—4x—25 = 0 
- (29х25) (x 1) = 0 
> Х'=1 or == 


Then y — ==! 


gives that either y = 1 ог E Hence the 
required solution is ele oy ug 
25 

or ELIA metn 
EXAMPLE 29. Solve x?+-y2=185, x—y=3. 
Solution. Now (x—yy = x't4y'—2xy = 9 = 185—2xy 
ын 2xy = 176 > xy = #8 
Again (x+y)? = (x—y)2+4xy = (x+y) = 94352 = 36 

x+y = +19 


SOLUTION OF EQUATIONS —QUADRATIC AND SIMULTANEOUS 137 


Taking +ve sign, we get { 

x—y = 3, x+y = 19 and so x=!11, y = 8. 
Taking —ve sign, we get 

x—y = 3, x+y = —19 and so x= —8, y = —1l. 
Hence the required solution is. x = ll, y= 8 
or x=-8 y = —11, 
EXAMPLE 30. Solve 2x+3y — 5, xy =1. 
Solution. Since xy = l, we get бху = 6 ie. 2x.3y = 6. 
Now we have 2x+3y — 5 and 2x.3y — 6 
As (2x--3y)? = (2х--3у)--4.2х.3у, we get 


(2x—3y)2 = 25--24 = b i> 2x 3y = +1 
Taking +ve sign, we obtain. 2x+3y = 5, 2x—3y = 1 
> = {, у = $4 


| 
ds 


Taking —ve sign, we obtain 2x+3y =5, 2x —3y 
> х=1!,у=1. 
Hence required solution is x=l, ус! 
х-1 у-5 
EXAMPLE 31. Solve x*+y? = 4914,x+y = 18. 
Solution. We know that (x4-y)* = x°+y?+3xy (x+y) 
This gives that (18)* = 4914--3ху.18 
or 324 = 273-+3xy = 108 =91+ху = X= 1 
Now x+y = 18 xy = 17. 
Solving by the method discussed in previous example, we get 
x=1, y-l7 
or x=17, у= 1. 
EXAMPLE 32. Solves xty+\ xy =14 
х?+у°-4-ху = 84. 
Solution. А Ён 
х2--у ху = (x+y) xy = (х БУЛ V Xy)Ged-y — \ Ху). 
MG-by- Vx = HEV xy = 6 


> 84 = 

But xy УХУ = 14 

Hence x+y = 10, муху =4 or ху = 16. 
Ву the method of Example 30, х = 8, у = 2 

or x=2,y = 8. 
EXAMPLE 33. (Homogeneous Equations) 

Solve х?-++ху+4у* = 


3xi-F8)? = 14. 
(Note in such equations, sum of powers of x and y in each term 
is same.) 
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Solution. Both the equations can be re-written as 


: 43-2)- a( тус 
{тее = 6 and 32 | 3+ xe) = 14. 


Divide first equation by second equation and then put cm 


1 4-m-4- 4n? 3 
Thus we get ДЫ reas = 
> 28nP -7m4-7 = 9--24m: 
> 4m? +7m—2 = 0 
> 


(m+2)(4m—1) = 0 
> m= —2 ог 1/4. 


In first case y = – 2х; on substituting this value of y in first of 
the given equations, we get х2-2х7- 16x? = 6 


or 1553: = 6 > SEN ER 
(27 


Then Уль Ax Apis! 2 "M 


In second case 4y = X; on substituting this.value of x in first of 
the given equations, we Bet. 16)?--4)? +47: = 6 

or 2430 —6 = y= +}. Thus x = +2, 

Hence the required solutions are 


ИР 4 ОН 


Бэл n Re ewe Rm 12 
А A ie 82-23, 


EXAMPLE 34. (Symmetrical Equations) 
Solve хрр 257 
Ky = 5 


(In such equations if we replace x with y and y with X, the equa- 


tions are unchanged.) 
Solution. Put x — y4y and y — u—y, 
By second given equation, we get 2u = 5 or u= 5/2. 
Hence x = icy, у =.ў—у. 
Substituting these values in first of the given equation and 
recalling that (a+5)4 = a‘ + 4a*b + баз дарз- bt, we get 


5 4 (5 4 
(3 +) (5, ) =257 


= T(Gy« (3 eem |= 
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(ету "+ )—25 
К 625 +6009 4-160" = 2056 
Е 1601-4-60»: —1431 = 

5 16 +6362 3r —1431—0 

5 4y2%(4y2+ 159)—9(4y2 +159) =0 


> (4v?=9) (402+ 155) =0 
2 PO dake sees) Иа 

4 4 
Thus у= 3 ог iV t 
Hence x=4, 188 x=1, у=4 


USERS са 22 SREN STIS 
2 TN 2 s 
EXAMPLE 35. 201/297 5 xed 
Solution. -х2--у!--2ху 
> = 2xy=20 
> ху=10 
Now (x +9)? х) +2xy 
=29+20=49. 
= x4jy-X7 
Taking -+ уе sign, we get 2\==10>х=5 
and J -3-2 
Taking —ve sign we get 2x 4=х=—2 
and у==х=-3=—5 
Непсе x=—2, у=—5 
or x=5, J=2; 
EXAMPLE 36. Solve 2x?+3xy=26, 3)2-2ху=39. 
Solution. 2х:+3ху=26 => 24-26 
2 7 2 
and Зуглдху-зд АХ - 


These equations give, on division, 
243m 26. р ЛАА! 
3m + 2m 39 $e where m= g 
6т2--4т--6--9т 
= 6m*—5m —6--0. 


4 
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= 6m?—9m+4m—6=0 
= (2m—3) (3m-+-2)=0 
3 4 
> m= 2 or - E 
3 3 
In case m=: y-mx—-x, 
80 2х2--3ху--26 
> 224227 76 
EN x*—4 = х-452 
Then у=+3 
In case m= — 2, у=тх= d 
so 2x?--3xy —26 
> 2x2—2x*=26 
> 0=26 which is absurd. 
Hence the only admissible value of m is $ and then the roots are 
x=2, y=3 


deese yrr—3 


EXAMPLE 37. By selling a table for Rs 56, gain isas much 
per cent as its cost in rupees. What is the cost price? 


Solution. Let the cost price be x and gain be y 


Then x+y=56 
Percentage gain = 
This is equal tox 
i.e. 100y =x? 
So we are to solve x+y=56 
100y =x" 
First equation gives у--56-х 


Second equation then reduces to 
x?=5600—100x 


or х2--100х--5600--0 
(х- 140) (x—40)=0 
- x=40 or — 140 
As x is cost, it must be a +ve quantity 
Hence x=40 


Hence cost price of tabie is Rs 40. 
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EXAMPLE 38. [f the Demand and Supply Laws are respectively 
given by the equation 
4q4-9p=48 and 2-3 +2 
Find the equilibrium price and quantity. 


Solution. In equilibrium, demand=supply i e., in the above two 
equations p, q stand for same quantities. 


We are to solve 4q-4-9p —48 
105) 
р= +2 
First equation, or substitution of 
a gs 
pat, 
gives 4q+q+18=48 
> 54-30 - 4-6 
4 2 8 
Th == кары 
еп 2-0 7321-2012 E 


Hence price is i and quantity is 6. 


ЕХАМРІЕ 39. Solve |+ 1 i- us 


x+y=10 
ITE ELEME, 
Solution. 4 Т + EA 
35 xxr уху 
" и Ш 
= 0---3-ү Ху => хус 16 
Then (x-Ey)*— (xy)! —4xy 
=100--64=36 
= x—y=+0 
Taking +ve sign and solving with 
x+y=10 
we get x=8 and y=2 
Taking —ve sign and solving with 
x+y=10 
we obtain x=2 and y=8, 


EXAMPLE 40. Аз the number of units manufactured increases 
from 4000 to 6000, the total cost of production increases from 
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Rs 22,000 to Rs 30,000. Find the relationship between the cost (y) 
and the number of units made (x), if the relationship is linear. 


Solution. Let the relationship between x and y be given by 


ax+by+c = 0, 
When x = 4000 y = 20,000 
So 4000 a+22,000 +c =0 orth) 
Also when x = 6,000, y = 30,000 
So 6000 ач-30000 b+c = 0 18:42) 


Multiply (1) by 3 and (2) by 2 to obtain 
12000 a+66000 5b--3c = 0 
12000 а--50000 b--2c = 0 

On subtraction we get 6000 b--c = 0 


с 
or b-— 6000 
Then (1) implies 4000 a - е EO 
or 4000 а = 5. 
a ais Е 
1560 


: Pas ats es c ji 
Thus the linear relation is 1500 * — 5000 ^*^ =9 


or 4x—y+6000 — 0 
or у = 4х+ 6000. 
EXERCISES 
Solve the following equation- 
1. Sx—y=3, y!-6xt-25. 2 ee S. 
y y x 5. 2. 3x+4y=18, y 6 
3. 3х—5у=2, ху=8. 4, xty=30, ху=216. 
5. x—y-—18, ху-1363 6. 5х--2у-48, 9x—Sy=23 
7. axt+by=2. афху-1, 8, 3x—2y-7, xy=20. 
9. ж0+2—637, х+у=13. 10. x*—y8=218, x—y-2. 


М. xt xy? + d= 2613, x24 hyp Ser 

12, Tee XUpxtey!—133. 13. x ty—V/xy=7, x! e y xy 133. 
Meri iol. 

15. 3x*+xy+y'SI15, 31xy— 3x5 — 5y!—45. 

16. x'bryey'—52, хук, 17. 3x*+2y?=50, xy—3y?2=1. 
18. 3x'—4xy r5y'33, 4х%—ху=10. 19. x!+y —706, х+у=8. 
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20. 
21. 


22. 


23. 


24. 


25. 


17. 


хїжу!- 82, x+y=4. 

A horse and a cow were sold for Rs 3040 marking a profit of 25 per cent 
on the horse and 10 per cent on the cow. By selling them for Rs 3070, 
*the profit realised would have been 10 per cent on the horse and 25 per 
cent on the cow. Find the cost price of each. 


Demand for goods of an industry is given by the equation pq=100 where 
p is the price and 4 is quantity; supply is given by the equation 20+3p=q. 
What is the equilibrium price and quantity? 

Demand and supply equations are 2р2+42=11 and p+2q=7. Find the 
equilibrium price and quantity where p stands for price and q for quantity. 


In a perfect competition, the demand curve of a commodity is 
D=20—3p—p?, and the supply curve is S—p—1 where p is price, D is 
demand and S is supply. Find the equilibrium. price and the quantity 
exchanged. 


A man's income from interest and wages is Rs 500. He doubles his 
investment and also sets an increase of 50 per cent in wages and his 
income increases to Rs 800. What was his original income separately 
in terms of interest I and wages (W). 


ANSWERS 
2. x22, y33; xz3——, у=1 a 
if eg 5 
4 18, у=12; x=12, y=18 
x=29, у=47; х= —47, y=—29. 6. x=2, y=-1 
x= +, yet 8. x5, у=4; eMe 


x8, y= 5. 10. x=7, у=5:х=—5, Y= —7. 
1 —2, y=—-7; х=-7, y 


38487 _3Vv87, 


87 77837 
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19. x=3, y=5; х=5,у=% х=4+у/—91, у-4-4/-97: 
x=4-1/—97, у=4+у/ 297, 
20. х-1, y=3; x=3, у=1; x=24+5V—1, у=2—5+/—1; 
х-2-54/7-1, y=24+5V-1. 
21. Horse Rs 1200, Cow Rs 1400. 
22. Price — а and quantity ex changed=30 
29 


23. р-1, 4-3, or р--3-, qur 


24. р=3 and quantity exchanged =2 
25. 1=10) and W =400 


6.7. Simultaneous Equations in Three or More than Three 
Unknowns 
As in the case of two unknowns, there is no fixed method to solve 
general non-linear simultaneous equations in three unknowns, 
however, there are methods for solving particulars types of such 
equations, we shall illustrate some of them by examples. 


EXAMPLE 41. (Cross-multiplication Method) 

Solve $x—4y42 = 0 
2x+5y—4z = 0 
х®—2у%+2® = 0. 


[Мотв. Cross-multiplication method is applicable only when at least two 
of the given equations are of the type 


a|xthyt+az=0 -» (1) 
and aox+boyt+eoz=0 ..402) 
Multiplying first equation by b» and second by b, and subtracting the result- 

ing second equation from resulting first equation, 
we get (abs —asbi)x 9 = (bo — cobi)z 
XM Жел ДБ: Des 

Буса Бс аз —asbi 

Similarly eliminating х from (1) and (2), we get 


or 


MEI A ЛАДЕН САТУ? Bie Cae 
C105 — €2d; ab» —a2by 
X s Xd y ы 2 
un bico—baci £102 — Cod: a)bi—asb, ] 
Solution. By cross-multiplication, 
ааа кыин ыыы ih, Жам, 
16:55: 2-4(5:20) 25—(—8) 
AE аж eee йш. 
тд оаа тезга) 


Thus“ x=k, y=2k, z=3k. 
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Substitute these values in third equation. We get 
—8K*--9k*—0 ог 20-40 = k=0 

Hence x=0, y=0, z=0. 

EXAMPLE 42. Solve 3x+y—2z=0, 4x—y—3z=0 

and х%+у%+2%=467. 

Solution. By cross-multiplication 


uw LE DU CENE 
23225) 89) —3=4 
EU Sob КЕ, 
z AT 
ux анун Ane 
oF Суфи iar y rei AULA) 
Thus x=5k, y=—k, z=Tk. 


On substitution of these values in third equation, we obtain 
125k®—k*+343k* =467 
467k?—467 ог К%=1 => k=l 


Hence x=5, у=-—1, 257. 
EXAMPLE 43. Solve x?+xy+y2=13 
y'c-yzd4z—49 


2%+тх--х%=31. 
Solution. Subtract second equation from first to obtain 
(x?—2") + !x—z)=—36 
or (х—2) (x+y+z)=—36 23010) 
Similarly subtracting third equation from second equation, we 
obtain 


(y—x) (х4-у--2)-418 29402) 
ЫН ЕЕ: 

Divide (1) by (2), to get ex 2 

or x—z=—2y+2x 

or 2y=x+z > y Hi 

Substitute this value in the given second equation, we get 

(x IS. axta 4 z249 

or А 

In other words, x*-F4xz - 12! 196 


Also we are given that x! xz 2*—31. 


Thus we obtain 
х24-4х:4-7:3 _ 196 
xe+xz+z2 31 
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14:42/х--722/х2 _ 196. 
er ПЕ 7036 

Put z[x—m. 

This gives that 31 (7m?--Am--1) = 196 (1--m--m) 


2102 —72т— 165 = 0 


E Tm?—24m—55 = 0 
> (m—5) (7m+11) = 0 
EE m=5 or m= —lif. 


In case m=5, z=5x, so Ух. 


From first of the given equations we get 
х28--3х2--9х2--13 > 13х?==13 > x=+1. 
So y=4+3 and z=+5. 
11 11 zTx 2 


In case т= —7,2= 79-Х, and so EI тт. 9: 
Again with the help of first of the given equations, we get 
2х4 14 
3.25 00 
х3-7) +29 13 
2 IT. 
or 39x°=637 = x= V3 
Then lps ig and z= E 
y3 43: 
Hence the complete solution is x=1, y=3, z=5; 
or х=-1,  y=—3, 5=—5; 
7 —2 —11 
ог x=. ne: 


or x= 


7 222 
ЖҮЗ Aa rg Ita 
EXAMPLE 44. Solve x?--xy--xz—45 
Y+vz4+ yx-15 
2+z2x+zy=105. 
Solution. The given equations are equivalent to 
x(x+y+z =45 
у +у+2)=75 
2(x+y+z)=105 
Adding, we рег (х+у+2)2=225 
і.е. x+y+z=+15 
Hence х=+3, у--45, z=47. 
So the required solutions are x=3, /у--5, 2=7 
or х=-3, y=—5, z——7. 
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EXAMPLE 45. Solve xyz-231 
xyu=420 
xzu=660 
yzu=1540. 
Solution. Multiplying all the given equations, we get 
x3y!z?u* —231 x 420 x 660 x 1540. 
-31х7х11х2х3х5х7х22х3х5х11х22х5х7х11 
222051 33 x5? 3079 364112; 
Thus xyzu—2?x3x5x7x11 
= 4620, 
Dividing in turn by Ist, 2nd, 3rd and 4th equations, we get 
u=20, т=]1, y=7, х=3, 
Hence x=3, y=7, 2=11 and u=20. 
EXAMPLE 46. Solve x+-y+z=12 


х2--у2--22--50 
and x*--y3--z*— 216. 
Solution. Now (x -y -z)?—x?-- y? 4-z? -2(xy - yz + zx) 
> 144=50+2(ху+у2 + 2х) 
> xy +yz+zx=47 
Further x?4-y? +z°—3xyz=(x+y +z) (x? Чу ху yz—zx) 
gives that 216—3xyz=12(50—47)=36 
> 3xyz—180 or xyz=60. 
Thus we have х+у+2:=12 УД) 
xy+yz-+zx=47 3A) 
and xyz —60. 243) 


Егош (3), yz- and from (1) у+2=12—х 
Substituting these values in (2), we get 
4 x(12—x) 47 


60-Е 12x2—x°=47x 
x3—12x!4-47x — 60 —0. 
pe: (х—3) (х°—9х-+20)=0 
(x—3) (x—4) (х— 5) =0. 
х=3 ог 4 ог 5. 
For x=3, yz=20, y-+z=9 > y=, z=4; y=4, 12-55. 
For x=4, yz=15,y+z=8 = y=3, 2-5, у==5 or z=3 
For x=5, yz=12, 3+2=7 > Yd z=4ory=4, 233. 
Hence the complete solution is 
x=3, у=4, 2=5 
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x=3, y=5, z=4 
x=4, ye3, z=5 
x24; y=5, z—3 
х=5, y-3,z—4. 


and x=5, y=4, z—3. 
EXAMPLE 47. Solve xy+x+y=23 
xZ+x+z=4] 
yz+y+z=27. 

Solution. The given equations are equivalent to 
ху+х+у+1=24 ie. (x+1) (y+1)=24 (1) 
х2+х+2+1=42 ie. (х+1) (2+1) =42 О) 

and у2+у+2+1=28 їе, (y+1) (z+1)=28 55:13) 

Multiplying (1), (2) and (3), we obtain 

| (х--1) (y4- D? (2-1)2=24.42.28 
с =6х4х6х7х4х7 
э; (x+1) (F1) (1-41)---:6х4х7--4-168 


Dividing successively hy (1), (2) and (3), we get 
Z+1=47, 5+1=4 and х+1= 4:6. 
In other words x —5 or —7, y—3 or —5 and z=6 or —8. 


Thus Rc y-3, z=6 
or x=—7, y=—5, x=-8. 
EXERCISES 


Solve the following equations: 
1. 2х+у—22=0, 7x+6y—9z=0, x8+y3-+4+23=1728. 
2. 3x+y—5z=0, 7x—37—92-0, х2--2у)--3:3-223. 
3. Эх+у—82=0, 4x—8y+7z=0, xy tyz+zx=47. 


4. xtyten6, хауа, and x4 24 2 23, 
(Aint. First and third equations are equivalent to 
Bu 23. eyes pe ds E 
(3 1)+2( 2 1)+3(4 1) =, (= г )+ (> р E 1)=0. 
Apply cross ratio to equations in 4; 2-1, 2--1 ] 


3 
шиг irm Sit 
gp ее y 713, 8х+3у=5. 


2 


6. х(у+х2)=5, y(z--x)--8, z(x4-y)—9. 

[Hint. Add first two and subtract third equation to get 2xy=4 or xy=2. 
Similarly obtain yz=6, and 1х=3.] 

ху=(х+у), уғ=2(у+2), 2x=3iz+x). 


м 
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8. 
9. 
10. 
1. 


yf xy y8237, yt yz + 1%=19, zt zx x1—28. 
xtytz=9, x34-y84-22—29, х34-у1--13--99, 

(x—y) (у+2) 222, (y+z) (т--х)-533, (2-3) (ху) 96. 
xty+z=13, х2+у2+22==65, у2=10. 

1 1 1 1 
Tx Why НЕЙ 
xz+y=7z, yz+x=8z, x+y+z=12. 
хуЗ:2-36, х?у:22—144, x*y*z=48. 
ху+х+у=5, yz+y+z=11, zx+z+x=7. 
2xy—4x+y=17, 3yz+-y—6z=52, 6xz+3z+2x=29. 
xy=6, yz=15, zx=10. 
x+y+z=13, х®+у% +z2=61, x(y+z)=2yz. 

»( x+ 4-р x( yt i) +, х+у+:=15. 


х8—у2=1, y2—zx=4, 22—ху=9. 


x+y+z=3, xybyrtzx-]l, 


ANSWERS 


x=6, y=8, z=10. 
x=3, y-l, 1722; х=-3, y--—1, 2=—2. 
х=3, y=5, 2=4; x=—-3, у=—5, z=—4. 


x=], y=2, z=3; x= 


"M 

yY 
х=2,у=3,т=% х=2, у=4, 2=3; x=3, у=2, 1-4; x=), y=4, 172; 
x4, у=2, =3; х-=4, у=3, 172. 
х=5, у=3, 2=8; х=—5, y=—3, 12 —8. a 
x—6, y=5, 222; x=6, ye, 195; x=1, ye3- V TI, :-3-4-1 
х=7, y=3- VTI, z=3+V TI. 
x=], y=3, ї---1) x=1, y=—1,z=3; x=—l, ye, 13; 
x-—1,y93,221; x=3, y=1, z=-l; x3, у=—1, 1-1. 


3 
x=4, y=6, 2=2; =, У=-—, 1=—6. 


х=4, у=1, 2=3. 
x=1, у=2, 2=3; х---3, y=—4, 155--5. 
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16. 


17. 
18. 


19, 


20. 
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x-1,y-7, 223; х=—2,у=—3, £M. 


x=2, y=3, 1=5; x=—2, у= —3,2=—5. 
х=4, у=3,2=6; x=4, y=6, 2=3; x=9, у=2+У 14, 2=2-V 1G 


x=9, y=2— V —14, z=2+ V —14. 


19 "02:55 81-24 
x=4, y=5, 1-6; х-8-2 УЗ9-р 2—2. 


5 1 
IT ета up Wap eive 


| 
i 


CHAPTER 7 


Progressions 


7.1. Aritbmetical Progression 
Quantities a1, 4s, dg. , аь... are said to be in Arithmetical 


Progression if a&—4an-1 is constant for all integers n>l. The 
constant quantity da—4n-i is called the common difference of the 
arithmetical progression. 
Notation. A.P. stands for an arithmetical progression. Consider 
the following series 
1, 3, 5, 7, 9, 11; ... 
0, /2, 24/2, 3/2, 4\/2,... 
1, 4,0, 5, -1, =. 
х-у,х,х-у,х-2у, ... 
5:3, 5°55, 5'8, 605, 63, ... 
Each of the above series in an A P. Common differences are 
respectively 2, v2, —], —y and ‘25. 


7.2. To Find the General Term of 4 Given Arithmetical Progression 
Let ау, а... аһ, --. бе a given A.P. Let d be their common 
difference. Then an—an-ı = d for all n. 
=> a$—4, = d,ag—a, = d, 4ү-08 = d and so on, 
> dy = а+4, а = ad = ajtd+d = a,4 2d 
a, == agtd = a, 2d kd —a +34 
an-ı =ау+(п—2)4 
аһ = Onytd = 44 +(n—2)d+d 
= ay (n— 04. 
Thus nth term, ба of an arithmetical progression whose 


term is a; and common difference d, is given by 
a. = a44- (n—1)d. 


first 
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EXAMPLE 1. Find 16th term of the series 375, 9 325 ы 
Solution, In this case ау = 3°75, аз = 3'5, аз = 3:25 
а = a,—a, = —'25, 

Hence 16th term = а 

--375-(16-1) (—:25) 

= 3'75—15х'25 

= 3'75— 3-75 = 0. 
EXAMPLE 2. Which term of the A.P. 

49, 44, 39, ... 13 97 

Solution.” Let nth term be 9, ie. an = 9. 
Here ai = 49, d = 44—49 = =5, 


Thus аһ = 9 = 49+ (n—1) (—5) 
> 9 = 49—Sn+5 
ог Sn = 54-9 = 45 

n=9 


Thus 9th term of the given A.P. is 9, 


7.3. To Find the Sum of Finite Number of Quantities in A.P. 
Let a, аз, ..., an be n quantities in A.P., and let the last term an 
be denoted by /. If d is their common difference then 
аһ = а +(п— 1)4 = 1. 


Put Sn = ata, +... Han 
Thus 5" = ау + (ai +d)+ (a, +22)+... + [a,+(n—1)d] 
= 8,4 (4:4-4)--(а)424)--...--0--4)--41 .. 01) 
Writing, the above series in reverse order, we get 
5 = 1--(0—4)-- (0—24) +... 4 (244-4) +a, vule) 


Adding (1) and (2), we get 


28, = (212-1) - (34-1) 4-. ... + (83-1), (n times) 
= n(a, 4-1) 


Therefore $һ == 


{а1+[ау+(п— 114}; 
Consequently Sn => Dai +(n—1)d]. 


EXAMPLE 3. Find the sum of 3 3, Be up to 19 terms. 


Solution. Here а, = i а, = n-]5. 
Thus d = а-а, -2-3- -5 
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19 

ie, Sis = [2х $ 409-1) (713)] 
pios 
ЖУРДА x10 


5 » вв) ао 


2 12 2 


EXAMPLE 4. How many terms of the following series may be 
taken so that their sum is 66 


SOONG Toe 
Solution. Let Sn = 66. Here a, = —9,d = —649 = 3. 
or 66 = T [—184-(n—1)3] 
132 = —18n+3n?—3n 
i.e. 3n?—21n—132 = 0 
or m—7n—44 =0 = (n—11) (п+4) =0 


> п=И or n=—4, 


As n is positive integer, second value —4 is rejected. 
Thus required number of terms = 11. 


7.4. Arithmetic Means 
If ау, аз, ..., аа are in A.P., then the quantities аз, 08) ...› Gna 
are called Arithmetic Means (written as А.М») between a, and ал. 
Thus in the series, 1, 3, 5, 7, 9, 11, 13, 15, . . . 
3, 5 are arithmetic means between | and 7 
9, 11, 13 are arithmetic means between 7 and 15. 


7.5. To Insert п Arithmetic Means Between Two Given Quantities 
Let d and b be two given quantities and 41, Ar, ..-, An be the n 
arithmetic means between them. Then the quantities 
а, Ay, Ag, .., An, b are in А.Р. 
Let d be their common difference. 
Now b = (n+2)th term 
=a+(n+1)d 
b—a 
> d= ОЕ 
Further, 4, = 2nd term 
= аа = a+( 


па+Ь_ 
n+l 


b— 
30 
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Ag = 3rd term 
b—a 
zd dg. (2) 
na+2b—a 
ИШҮ 


An = a+nd=a-+n( 2536 ) 


nil 
2 8498. 
ym 
na+b па+2Ь—а a+nb © 
Hence НТ) Segara ri ЯАЛТ 


are n Arithmetic means between a and 5. 
EXAMPLE 5, Insert 6 Arithmetic means between 1 and 19. 


Solution. Let А1, Ao, Аз, Ay, Аб, Ag, be the required arithmetic 
means, 


Then 1, Ay, As, Ag, Ay, А5, Ав. 19 are in АР. 
Let d be their *ommon difference, 


Then 19 = 8th terms 
i -1448-1) 4 
= 147d 
Thus d= # 
Hence Ay = 2nd term 


18 
18 36 3 
42 — 3rd term — poen = Ui ovata 


As = 4th term = 1+3x 18 -14:5. 6l 


7 7 
Aq = Sth term = 14х18, = 1+2 2 
As — 6th term — 1+5х s - 1439. 3 
А, = Tth term = 146x18 = 1, 55. Us 


3o, the required means are 
25 43 61 79 97 115 


7 Т 


do Y 7 
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EXAMPLE 6, How many terms of the series 4, 2,0 —2, —4, 
—6,... may be raken so that their sum is б? 


Solution. Let л be ihe required number of terms. 
Нее a, = 4, d —2—4 = —2. 


50 6=S,= F [83-(n— 1)(—2)] 
i.e. 12 = 8n—2n*? -2n 
or 2n—10n--12 = 0 
or n?. 5п+6 = 0 
ог (n—3)(n—2) =U 


Hence OE AE CINA 


We get two answers. As the third term is zero, therefore, sum of 
the first two terms is same as thc sum of first three terms. 
EXAMPLE 7. If pth, qth. rth term of an A.P. are а, b,c 
respectively, show that : 
(4-1) ad (r—p) b+ (р--4) c = 0. 


Solution. Here plir term = а = a, (р-1)4 + d 
qth term = b = ay--(q—1) d . . (ii) 
rth term = с = a44-(r—1) 4 wii) 


where a, is the first term апа d is the common difference of the 
P 


Multiply (i) by q -r, (ii) by r—p, (iii) by p—q and add to obtain 
(q—r) a+(r—p) Вр ~q) c 
= 01(9 —")+а1("—р) #а(р—4) 
Ара =r) +(4-—1)(г—р)+(т—1)(р—4)] 
—-ay[q-rtr-ptp-4, 
+d [ра-г- pr-- q-- qr—r- p—pd 
rp—rq— p] 
= 0. 
EXAMPLE 8. The sum of n terms of two A.P.'s are т. the ratio 
of 7n+1 : 4n. 27. Find the ratio of their 11th terms. 


Solution. Let a and b, be the first terms of two A.P.’s and di, d, 
be their common difference respectively. 


Then Sa = [2а +(л—1) 41 


5% = = [2+ (n—1) dg] 


Sa  2ad(n—1)di | 7851 
39 Sa 23b rin-Dd. 48427 
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Putting n = 21, we get 
2а,4-204, _ 148 
2by--20ds 111 
a,+10d; _ 148 


"bald. 1M 
дно 148 
ОБ ba Ш where a, and Бүү are 11th terms 
of two A.P.'s respectively. 
= 4 . 
ER 


EXAMPLE 9. If a?, b’, c? are in A.P., show that 


Ju = sip are also in A.P. 


1 li und in A.P 
SEGA ART EE are in АР, 


1 1 1 1 


Solution. 


<> зо рае хн 
cta b+c a+b” cca 
i еа usi OPE ВА да 
(с+а) (bc) (a+b) (ca) 
р bean ЕВ. 
cb b+a 
= B—a" = с?—Ь? 
E a’. b?, c? are in АР, 


Hence the result follows. 


EXAMPLE 10. Sum to n terms of three A.P.'s are 51, 5, апа 3% 
The first term of each of them is 1 and common differences are 1, 2 
and 3 respectively. Show that 51, s», s, are also in А.Р. 


Solution. | s, =5 Ре а BH 


fo = i» (2+ (n—12] = m 


s= 5 [2-+(п—1)3] = 5 (3n—1) 


n'n+l)_ n? n  n(n—l) 
2 T E aia 2 
Зп? —n—2n? 
2 
m—n _ п(п—1) 
= 


ог 5-3, == п?— 


$—5— 4 (3п—1)—пё = 


їе. 31—51 = 53—35, 
Hence 4.. $.. Хо are in А P 
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EXAMPLE 41. State giving example whether the following state- 
ment 13 true or false. : 

Ina given А.Р. let а be the first term, d the common difference, n 
the number of terms and s their sum. Given any three of a, d, n and 
з one can always find a unique value of the fourth quantity. 

(C.A., November, 1974) 

Solution. The statement is false. Given values of a, d, and s 
there might be two values of n. Consider the series 

12, 9, 6, 3, 0, —3, —6, 
It is to find the number of terms from beginning whose sum is 30. 
In this case, a=12, а=9—12=—3, s=3 


Since = [2a 4- (n— па] 
we have 10—2- (24+(n—1) (—3)] 
or 60—24n— 3n? +3n 
or Зп? —27n4-60—0 
- n? —9n--20—0 
= (п--4)(п--5)=0 
> n=4 or 5, 
EXAMPLE 12. Find the sum of all numbers between 200 and 
400 which are divisible by 7. (С.А., May, 1976) 


Solution. Since 4 is left as remainder on division of 200 by 7, 
the least number greater than 200 divisible by 7 is 203. Again if 
we divide 400 by 7, 1 is left as remainder. This implies that the 
greatest number less than 400, which is divisible by 7 is 399. 

So we are to find the sum of the series 

203--210+217+... +399 


Here 4,—203, d=7, 1-399 
Let л be the total number of terms in this series. 
Then 399 —203 +-(n--1)7 
= 7n-399 —203-4-7 
—406 — 203 — 203 
= п=29. 
Hence required sum = T (a+/) 


-2 (203 +399) 


aes 
aos (602) 


—(29) (301) 
=8729. 
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EXAMPLE 13. Mr X arranges to pay offa debt of Rs 9,600 
in 48 annual instalments which form an arithmetical series. When 
40 of these instalments are paid, Mr X becomes insolvent and his 
creditor finds that Rs 2,400 still remains unpaid. Find the 
value of each of the first three instalments of Mr.X. Ignore interest, | 

Solution. Let a, a+d, a+2d,a+3d be the annual instalments, 

The sum of this series up to n=48 terms is 9600 


i.e., 9600-57. [2a+(48 —1) d] 
= 9600==24(2а-Е474) 
= 2a+47d=400 -»4(1) 


After 40 instalments are paid, (їе Баалсе is Rs 2400. In other 
words in 40 instalments Mr X has paid Rs (9600— 2400) i.e. Rs 7200. 
So the sum of first 40 terms of the above series is 7200 


Thus 7200=40 [2a+(40—1)d] 
> 7200—20(2a 4-394) 
> 2a+39d=360 .. (2) 


Subtracting (2) from (1), we get 
(84-40 = des 
Then (2) = 2a--195—360 
> . 2a=165 = а= 82.50 
Hence first instalment of Mr Y is Rs 82.50, second instalment 
is Rs (82.50+5.00) ie., Rs 87.50 and third instalment is Rs 
(87.50+5,00) i.e. Rs 92.50. 
1 1 1 
EXAMPLE 14. If BEE cape 855. are in A.P; 


Prove that ад, 22, с? are also in А.Р. 
(С.А., November, 1975) 


Solution. Since Be pe abra are in A.P. 
Me have АЗБЕН) 
b+c a+b cca 
(8--)-(с--а). (с-а)--(4--5) 
(b+c) (cca) (a+b) (c+a) 
b—ai_ec—b 
л bte bpa 
> Ь%—а%=с?—Ь? 
> 42, 55, c? are in A.P. 


REMARK. This question was also solved implicitly in Example 9. 
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EXAMPLE 15. The monthly salary of a person was Rs 320 for 
each of the first three years. He next got annual increments of 
Rs 40 per month for each of the following successive 12 years. Ніз 
salary remained stationary till retirement when he found that his | 
average monthiy salary during the service period was Rs 698. Find 
the period of his service. (CWA, Jul, 1969) 

Solution. Let m bethe total number of year of the person's 
service. 

His total salary =12n. 698 Rs 

(As his monthly average is Rs (98) 

Total salary in first three years of service 

= 320 x 3 х 12=960 x 12 Rs 

In the 4th year, his monthly salary was Rs (320+-40)=Rs 360 

5th year his monthly salary was Rs 400 and so on, 

Then for next 12 years, his total salary 

—12 x [360 4- 400r. . . .up to 12 terms) Ks 


=12x 2. [2 x 360+(12—1).40] Rs 


=12 x 6(720+440) Rs 
=12 X6 x 1160 Rs 
=12x 6960 Rs 
At the end of following 12 years, his monthly salary was 
Rs (360+(12—-1).40]=i.e., Rs 800 
This salary he got for the remaining (n— 15) years. | So his total 
salary for the remaining (n—15) years was (n— 15) 800 x 12. 
Hence his total salary througbout his service period 
=12[960 +-6960-+800(n-- 15)] 
=12(7920 4- 800n — 12000) 
=12(800n—4080) 
This must be same as 12n x 698 
12n x 698= 12(800n—4080) 


dis 
> 102n==4080 = n=40 years. 
EXAMPLE 16. The sequence of natural numbers is written as 
I 
2 3 4 
5 6 7 8 9 


Find the sum of the numbers in the rth row. (C.A., May, 1975) 


Solution. Let S, denotes the sum of ith row. 
5|-41, S,=2+3+4, S3=5+6+7+84+9 
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Let initial term of Sr be fs 


:nd suppose that M=1+24+5 + ... +h 
ve the sum of first terms of S,, S}, and Sx 
Now M=1+2+5+10+... +t 
Also М=1+2+5+... Tia f 


Subtracting we get 
0—(12-14-3--54- up to k term)— fs 
t=1+[1+3+5+...up to (k—1) terms] 
=1+(4+) [2+(k—2).2] 
=1+4(k—1)?=k?—2k+2 


Also in S; there is one term, in 55 there are 3 terms and so on, in 
8x there will be (2k—1) term. 


Hence we are to find the sum of series 
rP—2r+2, r—2r3, r2—2r+4, up to (2r—1) terms 
So s, 287 D. [2(—2r--2)— Qr—2). 1] 

=(2r—1) (r—2r--24-r—1) 
=(2r—1) (8-г-1) 
=29—37243r—1, 

EXAMPLE 17. A lamp lighter has to light 100 gas lamps. He 

takes 1} minutes to go from one lamp post to the next. Each lamp 


post burns 10 c.c. of gas per hour. How many c.c of gas has been 
burnt by 8.30 Р.М.1/ he lights the first lamp at 6 P.M. 


QC. W.A., January, 1973) 


Solution. Total time from 6 P.M. to 8.30 P.M. is 2.30 hours i.e. 
150 minutes 


g,=Gas burnt in Ist lamp = ыо 


= (150) с.с. 


Second lamp burns for (150—1.5) minutes 
So the gas burnt in 2nd lamp 


== (150— 1.5) 
Similarly а= (150—2х1.5) and so оп. 


We are to calculate 
S—g-F£s +... +8100 


S [1504 (1501.5) 4-150—2x 1.9) +. S 
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The series in side bracket is an A.P. with first term=150, com- 
men difference — —1.5 and number of terms 100 
1 


Hence 8-4- X [3002-59. (—1:5)] 


-3 (300-1:5х99) 


=25 (100—1°5 x 33) 
=25 (100— 49:5) 
=25 (50:5) 
712627255 cc. 

EXAMPLE 18. Two posts were offered to a man. In one the 
starting salary was Ёз 120 per month and the annual increment 
was Rs 8; in the other post the salary commenced at Rs85 per 
month but the annual increment was Ез 12. The man decided to 
accept the post which would give him more earnings in the first twenty 
years of the service, Which post was acceptable to him? Justify 
your answer. 

Solution. The total earnings of the man in first job 


= 2 [2 1204 (20—1)8] x12 


—10(240 4-152) x 12 

=120(392) 

=47040 Rupees 
His total earnings in second job 


=F [2x85+(20-1)12]x 12 


=120(170 +228) 
=120(398) 
=47760 Rupees 
which 15 greater than Rs 47040. Hence the second job was 
accepted-by the man. 
EXAMPLE 19. Find the sum of all natural numbers between 
500 and 1000 which are divisible by 13. 
Solution. 500 leaves, on division by 13, 6 as remainder so 507 
is the least number greater than 500 which is divisible by 13. 


Also the remainder, when 1000 is divided by 13, is 12. So the 
greatest number less than 1000, divisible by 13 is 988. 


We are-to find the sum 5074-5204-. . . 4-988. 
Let n be the number of terms in the series 

Then 988—507--(n—1)13 

> 76--39--п -1=n4+38 


> : п=76—38=38. 
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Required sum, 5=5- (2a+(n—1)d] 
Here п--38, 4-507, 4--13 
Hence s=% [2x 507 --(38 — 1)131 


= (1014437 x13) 


=19(1014+ 481) 
=19(1495) 
j —28405. 

EXAMPLE 20. A firm produced 1000 sets of TV during its 
first year. The total зит of the firm's production at the end of 10 
year's operation is 14,500 sets. 

(i) Estimate by how many units, production increased each year, 
if the increase each year is uniform, 

(ii) Forecast, based on the estimate of the annual increment in 

_ production, the level of output for the 15th year. 

Solution. Here а=1000, S=14,500, m=10 andd is to be 

evaluated 


14.500-= 10-[2 1000. (10. 4] 


14500—5 (2000 +94) 
> 2000 +-9d =2900 
> 94—900 .- d=100 
Hence 1000 units is increase per annum 
a--14d -- 1000 4-14 x 100 
221000 4- 1400 — 2400, 


А EXERCISES 


1. Find the 7th, 13th and (n—4)th terms of each of the following series: 
(DU Sg ERO (#) 1, 4,7, 10,4... 


SaL 
ai) a, y, зон, TIERE Uns by УЗ. o0 


{т 28,3; —01 22, 55554 
2. The third and thirteenth term of an A.P. are respectively equal to —42 
and 0. Find the A.P. and its 20th term. 
3. 15 203 any term of A Р, 13, 28, 43, 58, 73,...7 
4. Find the sum of the following series: 
(i) 49, 44, 39; . . up 10:17 terms. 
(li) 3°75, 3:5, 325, ... to 16 terms. 
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(iti) 2a—b, 4a—3b, 6a—3b, . . . to n terms. 
(9) si. ei 8, ... to 28 terms. 


3 4 
(х) ve Уз V5, ... to 25 terms. 


5. Insert 9 Arithmetic Means between ES and 29. 
6. Insert 10 Arithmetic Means between 2 and 24. 


7. T 3rd term of an A.P. is 18 and 7th term is 30. Find the sum of 17 
rms. 3 


8. dps Ls of four integers in A P. is 24 and their product is 945, Find 


[Hint. Select the numbers to be a—3d, a—d, atd and a--3d.] 


9. Sum of three numbers in A.P. is 15 and sum of the squ f it 
third term is 58. Find the numbers. FEM EE PLANS and 


10. If x, y, z are in A.P., show that 


1 1 1 $ 
(9 x ax’ “xy МАШ; 


(1) x? (ytz); y (z +x), z2(x+y) are in A.P. 


Шул ийн с 
(iii) x (+ + Я Jef = ра x )»44 ae y are in А.Р. 

11. There are n Arithmetic Means between 3 and 54. If 8th Arithmetic Mean 
bears a ratio 3 : 5 to (n—2)th Arithmetic Mean, find n. 

12. The interior angles of a polygon of п sides arc in A.P., the smallest 
angle is of 42° and the common difference is 33°. Find n. 

13, The sum of n terms of the series 2, 5, 8, . . . , is 950; find и. 

14. Between two numbers whose sum is 23, an even number of arithmetic 
means is inserted; the sum of these exceeds their number by unity; how 
many means are there? 

15. Thesum of n terms of an А.Р. is 2n+3n?; find the rth term. 

16. The number of terms in an А.Р. is even; the sum of the odd terms is 24, 
of the even terms 30, and the last term exceeds the first by 10}; find the 
number of terms. 

17. Find the relation between x and y in order that the rth mean between x 
and 2y, may be the same as the rth mean between 2x and y, n means 
being inserted in each case. 

18. Prove that if unity is added to the sum of any number, terms of the A.P. 
3, 5, 7, 9,. . ., the resulting sum is a perfect square. 

19. If pth term of an A.P. is 1/g and gth term is 1/р, show that the sum of pq 
terms is 3(pq--1) 

20. Find sum of all natural numbers from 100 to 300 which are divisible by 4. 

21. Ир, q, т, s are any four consecutive terms of an А.Р. show that p*—3g* 
+3r2—s*=0 
[Hint. Let p=2—33, g=a—8, r=e+8, s=a+3f] у ; 

22. А piece of equipment costs a certain factory Rs 600,000, If it depreciates 
in value, 15 per cent the first year, 134 per cent the next year, 12 per cent 
the third year and so on, what will be its value at the end of 10 years, all 
percentages applying to the original cost? 

23. The rate ofmonthly salary of a person is increased annually in АР. 
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It is known thet heywas drawing Rs 400 a month during the 11th year of 
his service, and Rs 360 during the 29th year. Find his starting salary 
and the rate of annwal increment. What should be his salary at the time 
of retirement just qm the completion of 36 years of service. 

Mr X takes a loar of Rs 2000 from Mr Y and agrecs to repay in number 
of instalments, egch instalment (beginning with the second) exceeding the 
previous one by Rs 10. If the first instalment is Rs 5, find how many 
instalments will be necessary to wipe out the loan completely? 

А moneylender lends Rs 1000 and charges an overall interest of Rs 140. 
He recovers the loan and interest by 12 monthly instalments each less by 
Rs 10 than the preceding one. Find the amount of the first instalment. 
To verify cash balances, the auditor of a certain bank, employs his assis- 
tant to count cash in hand of Rs 4,500. At first he counts quietly at the 
rate of Rs 150 per minute for 10 minutes only but at the end of that time 
he begins to count at therate of Rs2 less every minute than he could 
count in the previous minute. Ascertain how much time he will take to 
count this sum of Rs 4,500. 

Eighty coins are placed in a line on the ground. The distance between any 
two consecutive coins is 10 metres. How far must a person travel to bring 
them, one by one, to a basket placed 10 metres behind the first coin. 

A man saved Rs 16,500 in 10 ycars. In each year after the first he saved 
Rs 100 more than he did in the preceding year. How much did he save 
in the first year ? 

An enterprise produced 600 units in the 3rd year of iis existance and 700 
units in its 7th year, what was the initial production in the first year? 


‚ A man secures an interest free loan of Rs 14500 from a friend and agrees 


to repay it inten instalments. He pays Rs 1000 as first instalment and 
then increases each instalment by equal amount over the preceding 
instalment. What will be his last instalment? 


ANSWERS 


@) 15, 27, 21—7, (ii) 19, 37, 34-14, (i) —5,—12-5 8p — 3^ 
(iv) 41, 77, 6n—25, (v) —22, —52, 33— 5n. 


—48, —44, —40, . .. .; 28. 

No. 

(4) 153; (i) 30; (10 ---1)a—-mb; (v) 626}; (б) 75V5. 

о ties ОМОТ -35 
47 722 4° 74” qut /w Loc Ss 74737747 

4, 6, 8, 10, 12, 14, 16, 18, 20, 22. 7. 612. 

3, 5,7,9. ©. 3,5,7. 

19 12. 5. 

25. 14. 13. 15. 6-1. 

8. 17, ту=(п+1—)х. 

10200. 22. Rs 105000. 

Starting salary Rs 200; annual increment Rs 20 and ѕа/агу at the time 

of retirement, Rs 900. 

20. 25. Rs 150. 26. 34 minutes. 

64800 metres. 28. Rs 1200. 

Rs 550. 30. Rs 1900. 
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7.6. Geometrical Progression 
Non-zero quantities а, a2, аз, ..., ап, ~. ., each term of which is 
equal to the product of preceding term and a constant number 
are called to form a Geometrical Progression (written as G.P.). Г 
Thus all the following quantities are in С.Р. 
(i) 1, 2, 4, 8, 16,.... 


Maes Lc 
ш) 3,-1,-55 —35 Acc 


(y) 1; 4/2, 2; 242. Sm 


(iv) a, $ » + ..+, Эл 
1 ee a 1 
0) 1, 5° 25" 125°°°° 
The constant number is termed as the common ratio of the G.P. 


7.7. To Find the nth Term of a G.P. 
, Let first term be a and г, the-common ratio. By definition the С.Р. 
is az ar, ar®,... 
Ist term=a=ar?=arl-* 
2nd (егт--аг--аг!-гаг 1 
In general, nth term-—ar"-. 
In examples above, we compute 5th, 7th, 3rd, 11th and 8th term 
of (i), (ii), (ИЙ, (iv) and (v) respectively. 
In (i) Ist term is 1 and common ratio 2. 
Hence 5th term —ar1—1.21—16. 


ias, р ghe үө дә 
In (ii) a—3, а hence 7th term-ar* 3( 3 ) A 
In (iii) a=1, r= y2, hence 3rd term-ar*— 2. 

Li 


In (iv) ist term=a, rp hence 11th term ==аг19%= gig 5 


1 1 
In (у) a=1, "= +. hence 8th ета" == 581237 


18. To Find the Sum of First n Terms ofaG.P. . 
Let a, ar, ar?, . .. be a given G.P. and let Sn be the sum of its 


first л terms. 


Then S,—a-Fa! Ча... ат“. 
This gives that r Sa= ағ ar?-4-...- art tar" 
Subtracting, we get $5—7 S,—a--ar^-a(1—1") 
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са CL) 
In case r41, S,— а 


In case r=1, Sa=a@+ata+ 2... +a (n times) 
=na, 


Thus, sum of n terms of a G.P. is or) 


provided r=41, 


In case r—1, sum of G.P. is па. 


EXAMPLE 21. Find the sum of first 14 terms of a G.P. 
3,.9, 27, 81, 243, 729, . i. 
Solution. In this case 42:3, r—3, n=14, 


Sousa aun) o3 123и), 


1  —.1—3 
5 -4 8-1), 
EXAMPLE 22. Find the sum of first 11 terms of a G.P. given 
1 1 1 
by Вт» XA TOA ХМ. 


Solution. Here a— 1, rz —1, n=11. 


80, 5,9 01-0") T= pn] 
, "= 1 x 


m F+} 


7.9. To Find the Sum to Infinity of a Geometric Progression 
whose Common Ratio is Less Than 1. 
Let a, ar, ar’, ... be a СР. with PIS 
Now г<1 С; re. 
Thus as power of r goes on increasing, the corresponding term 


in G P. decreases in value, So, we can assume that as л becomes 
indefinitely large, r^ becomes indefinitely small i.e. P0. 


Now 's,-2(—7) a лы 
1—^ cL dy 
So, as n-oo, Soo, Suen 
l-r 


EXAMPLE 23. Find the sum of the following series up to 
infinity | 
52) 545727 81 ! 

15:93 49 13487 Зар ee 


Solution. Here a=1, r= F<. 
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Sozi So = 


EXAMPLE 24. Evaluate the recurring decimal 17. 
Solution, Мом :17--:1--:07--0007-4-00007--... 


ПУ ЕЕ л 
= то tig i 
Ант 
= ть to 
GERNE 
=o 1710 Е 

10 

al 7.10 
710 +100 79 
ginal (i 18 паба 
TOF 1.-90 27:90 252-85. 


7.10. Geometric Mean 

If «, B, ү are in С P. then В is called a Geometric Mean between 
a and y (written as G.M.). 

If а, а.,..., ан are in G.P., then ag,..., Qn. are called 
Geometric Means between ац and ал. 

Thus 3, 9, 27 are three geometric means between I and 81. 


7.11. To Find n Geometric Means between two given Numbers a 


and 5. 
Let Gy, G3,...Gn be п Geometric Means betweena and b. 


Thus а, Gy, Gs... Gs bis a G.P., b being (n+2)th term-—ar^*! 
where r is the common ratio of G.P. 


Cla 
I 
Thus В=а = !-(4-|7 
| a 
ERIS us РЕ 
So, G;=ar=a (4-7 al a^b b 
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4 
Г 
EXAMPLE 25. Find 7 С.М` s. between 1 and 256. 
Solution. Let G,, Go, . . ., Сз, be 7 G.M.'s between 1 and 256. 
Then 256=9th term of G.P., 
= 1.7% where г is the common ratio of the С.Р. 
This gives that r$—256 => r=2. 
Thus Сү-гаг--1.2--2 
Go—ar?—1.4—4 
G3=ar?=1.8=8 | 
Gy=ar'=1.16=16 
Gs=ar'=1.32=32 
С,--аг --1.64--64 
С,--аг--1.128--128. 1 
Hence required G.M.'s arc 2, 4, 8, 16, 32, 64, 128. | 
EXAMPLE 26. Sum the series 1+3x+5x°+7x°+...ujp 10 n 
erms, xÆ]. 
Solution, Note that nth term of this series —(2n— 1) х”-1, | 
Let Snp=1+3x+5x?4-...4(2n—1) x^-1, 
Then xS$,— x-3x'4...--(2n—3) x"-1--(2n— 1) х". 
Subtracting, we get 
Sw(1—x)—1-4-2x2x*4-. . 2x" 1— Qn - 1) х" 


— (2n—1) x^ 


”-1 


1--х 
cbe 1—x 


"ox ce ух) 
1-3, 
= Ех 2х" (21-1) хэ--(2п-1) хэн 
1-х 
we Lox —(2n+ Dx" d (2n—1)x"*1 
г 
8- 1x —(2n+1)x"+ (2n—1)x"t1 
LÉITT 3 р . 
u x) 
EXAMPLE 27. If in а С.Р. (p+q)th term—m and (р— 4)1һ 
term=n, then find its pth and qth terms. 
Solution. Suppose that the given G.P, be a, аг, ar?, ar3,.... 
By hypothesis, (p--g)th term-m--ar?**-1 
(p—q)th term-n-ar?- *7!, 


m EVET 
Then. ---1245 р И, 
n n 


Hence 


pie-1)2e 
Hence т=а (x) ҮЛ э a-mt-rHym почти, 
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1 


Thus pth Е EE 15 


2 
= тп 
qth term—ar*-!—m AE dE 
EXAMPLE 28. Sum the series 54+554555+... up to n terms. 
Solution. Let 5,::54-554-555------ 
84-45 АИ...) 


=; (9499--9994-...) 
=> [(10—1)4-(100— 1) -(1000— 1) +...) 


=> (1041024104. .. HION — (1 Lo «n 


terms)] 


9 
5 F10(1—10) _ 
[ша 


1-10 * 
л 500—0 - | 
ZA 9 

SDF ott ee 
= a (10 и 


EXAMPLE 29. If a. b, с, d are т G.P. prove that 03—51, 0—0 · 
апа c?—d* are also їп С.Р. 
Ё b 38 ИС ; 
Solution. Since —— == -— =k (say) 
a b с. 
we have b=ak, c=bk, d=ck 
Le: b=ak, с--аї2, d —ak?. 
Now (Pb'—c2)!—(a k? —a?k3)* 
зад --k?)?. 
Also (42—67) (c?—d2)--(a*i — а) (а? —a?k*) 
--a (1 K2) 3 — k") 
=a'k*(1 —k*)t 
Hence (B—e2)—> = (0—5) (с2—@). 
This gives that а2— 0°, 82-63, с Ф are in G.P. : 
EXAMPLE 30. Three numbers are in G.P. Their product is 64 


and зит is 18. Find them. 


a 
Solution. Let the numbers be ~~ а, ar. 


170 BUSINESS MATHEMATICS — 


f a 124 a ка, 
Since ЭРТ HEC A Re and шэн аг--64, 


We have 4—64 = q—4. 


This gives that fis +4r= = 
ras 31 

= Pon Tie 

kes Pl 26. 

h r 5 

> j 5r*-5—26r 

zi "Epor 55 


In either case, the numbers are $, 4, and 20. 
EXAMPLE 31, If а, b, c are in С.Р. and at= bv—c, prove that 


ERENS д (C.A., May, 1976) 
LI mS t 
Solution. a, b, c are in G.P., b*—ac 
But БУ--аг => а--Бул 
and =: = сер 
So we get B= hyle, ри: 
1 1 
Е 
1 1 
> 2=y (+ +) 
1 1 2 
> jac vue 59 


EXAMPLE 32. Sum ton terms the series 
74727377224... 
(С.А., Novemter, 1975) 
Solution. Given series 
mU E YEN. up to n terms 


{КӨННЕ нүш у 
l (94994-9994. ЭЛ i) 


ne п) (i= ба) (= mhte 4 


п— (e+ ipt ...upton terms) | 


AUI) 
л bM 


[| 
| 


win о 


TATUM 


| 
|x 
Г 


| 
әј © 
[3 
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EXAMPLE 33. The sum of three numbers in G.P. is 35 
product is 1000, Find the Sf dicii 
(C.A., November, 1975) 
Solution Let the numbers be, NT a, ог 


Their product 03--1000 
=> a=10 


So the numbers are 0 10, 10r 


The sum of these numbers = 35 


> 19104-10735 
5, 
ja 2-4-2рэ 5 
Е 
> 202—5 +2=0 
> (2r--1) @—2)=0 
ар r=2 or AS 


2 


r=2 gives the numbers as 5, 10, 20 
ray gives the numbers as 20, 10, 5, the same as the first set. 


Hence the required numbers are 5, 10 and 20. 


EXAMPLE 34. The sum of the first eight terms of a G.P. (of 
real terms) is five time the sum of the first four terms. Find the 


common ralio. 
(I.C.W..A., January, 1969) 
Solution. Let the С.Р. be a, ar, ar*,. . - 


Sg Sum of first eight terms = 2 ape 


$,-Sum of first four terms = ~~ ~~ 

i a ар") Sa(1—r) 

Ву hypothesis 5в==5$4 = 175) Seen 
ар 1—2 Sr 

(1—r5) (+r) 5501—74) 
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Incase — ri—1—0 we get (2—1) =0 = r=+l 
(note that — r*--1—0 = ris imaginary) 

Now r=1 = the given series is a+a+a+ ... 

but then Sg—8a and Sy=4a. So 5872454. 

In case r——1, we get 58=0 and Sy=0 hence the hypothesis is 
satisfied. 


Suppose now r4—1340 then 1+7=5 

> =4 > 122 (555 — 2). 
42:55:27 

Непсе г=—1 or +Y2. 


EXAMPLE 35. If S is the sum, P the product and R the sum of 
reciprocals of n terms in G.P., prove that 
FAR"=S", 
(C.A., November, 1974) 
Solution, Let а, ar, а",... be the given С.Р. 
Then S=a+ar+ar?+... up to n terms 
_ a(i—r") 
ЕН. v2 X1) 
P=a ar ar? Жаа 
=a" pitas .. *(n 3 
(n—1) (4-1) 
зай, 2 


=a" (737) : $3: (2) 


l5 best 
R- a taat ee Upton terms 


A) r (^—1) 


an Ve Gr 
r 
(1—г") 
ауа e) 


By (2) and (3), РВ" =a уна) Eee, 


" — ph 
= TS -s by (1). 
EXAMPLE: 36. The ratio of the 4th to che 12th term of a G.P. 
with positive common ratio is ВЭ If the sum of the two terms is 


61.68 find the sum of series to 8 terms. 
(I.C.W.A., January, 1970) 
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Solution. Let the series be a, аг, ar?, . . ., 
Та =4thterm —ar? 
Ty, =12th term =аг 


By hypothesis 7а = P 
i-e; БОР = um 
Ч ar? 256 
UE KE: 
Г 
=> P=256 
=> г= +2 


Since r is given to be positive, we reject negative sign. 
Again it is given that 


T T,.-61:68 
ї.е., а (734-711) =61'68 
а (8--2048) =61°68 
61°68 
«056279 
Непсе _Sg=sum to eight terms 
а (1—7) a(r—1) 
К as 0 ee 
.. (03) (256—1) 
Se earl) 
='03 x 255 
=17'65. 


EXAMPLE 37. 4 manufacturer reckons that the value of a machine 
which costs him Rs 18750 will depreciate each year by 20%. Find 
the estimated-value at the end of 5 years, 

Solution. At the end of first year the value of machine 
80 
100 


4 
= = (18750) 


= 18750 


2 
At the end of 2nd year it is equal to (+) (18750); proceeding 


in this manner, the estimated vatue of machine at the end of 5 vears 


is (+) (18750) 
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1024 
773 X 750 


= (1024) x 6 
=6144 Rupees 
EXAMPLE 38. Show that a given sum of money accumulated at 
20 per cent per annum тоге мэн doubles. itself in 4 years at 
compound interest. 
ao Let the given sum be a rupees. After | year it becomes 


"i Se is increased by +). 


At the end of two years it becomes = ef =) -($)a 
Proceeding in the manner, we get that at the end of 4th year, the 
6 1296 


4 
amount will be (5) a— s а 


2 4 i 
Now Io aa Sa, a+ve quantity, so the amount after 


4 years is more than double of the original amount. 


EXAMPLE 39. If x=d+ AUT. 


SERO NM 
У. о 
СВ 
and Bacto гдг үгэ 
Show that ху. ab 
2 с 
jet MENS ийн 
Solution. Clearly x энегин 
F 
iQ c e 
1-1-17) ~ rci 
ХОС erroe ол 
and z= a 
Exc 
75 
Now doe Жы ийн (25) 
2 02-4)/ V? - 1, 
ab 
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EXAMPLE 40. If a+b, ab+be and 0-с? are in G.P., prove - 
that a, b, c are also in G.P. * 


Solution. Since 2-2, ab+-be and b+c? are in GP, we get 
(ab-+be)?=(a?+b*) (+c?) 
Ба 4-2ac 4- с?) —atb* +а?с? +b4+ P 


> 2abici—atct4 b! 

= atc?—2abc?+b'=0 
> (ac— b: —0 

> ас=1# 

> 


a, b, c are in G.P. 


EXERCISES 


1. Find 6th and 8th terms in each óf the following series: 
(i) 4, 12, 36, . .. { 


И EE 
шш -21, M, — Bee ee oe 
iy 
(t) fi Soop pare ric o ei seas 


1 8 
(у) ТА УСЛУП УЛАТ 


2. Find the sum of following series: 
(i) ttt pe ... ++. Up to 7 terms. 
Gi) 162+5°4+18+.... ... 0р to 9 terms. М 
(iii) ee 2e. eee Upto 10 terms. 
(iv) 3+у/3+1+... ... ‚. . up to 4 terms and infinity. 


(+) 1665--(- 11D 74 s.. ... ...йр to infinity. 


3. (i) Insert 5 geometric means between 4 and 5. 
(il) Insert 3 geometric means between T and +. 
4. (a) Sum the following series: 
() 144x4+Tx84 100+ 2. ...... up to infinity, x«1. 
[n 34334-3334... . ... up to 8 terms. 


(b) Evaluate (0) 132 (ii) "178. 
5. M pth, gth, rth term of a С.Р. are .copectively equal to а, 5, с, then prove 
that 
att BH? go 
6. Ша, b, с, d are in G.P., show that 
(i) (а), 6-е? and (с-4 2 are in С.Р 
(ii) 24-22, ab t be and b?+c$ are in С.Р. 
(ii) (b-0*4 (с-а) 44-50 -(а-498 
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7. - № so... up to infinity (0<с<Т) 
and У-41--9--с04-0398, 2.2. ... s. Up to infinity (0<с<1) 


e Rma (ko 1n 
then prove that e- (zz Ан 68:55 


The sum of first six terms of a.G.P. is 9 times the sum of first three terms, 


Find the common ratio. 3 1 4 
The sum of three numbers in а С.Р, is 38 and their product is 1728. Find 


them. 
There are n terms in G.P., show that nth root oftheir product is equal to 


the square root of the product of its first and last terms. 1 
The sum of an infinite number of terms of a G.P. is 4 and the sum-of their 


cubes is 192, find the series. 
the first term is a and the 


12. Prove that the (n--1)!^ term of a С.Р. of which 
third term is 4, is equal to the (2n+1)t® term of a С.Р. of which the first 


term is a and the fifth term is b. 

13. Find the sum of the infinite series 

1--(IH-D)r-- (1 +b +6%)r2+ (12-54-53 -09)3... ... 
where 0<b, r1. 

14. M the arithmetic mean between a and b (a>b) is twice as great as the 
geometric mean, show that either a/b=(2+ V3) ог (2— V3). 

15. The sum of 2n terms of a G.P. whose first term is a and common ratio r is 
equal to the sum of n terms of G.P. whose first term is b and common 
ratio rž, Prove that 6 is equal to the sum of the first two terms of the first 
series. 

16. Find the sum of the series. 

ЦОЛ SENTO TER E 


17. х= Таатан... ......°®, у-14540142..9 


prove that if [a] «1 and |5] <! 


then 1448-4840... POS 


18. Ifa, b, c, d arc in G.P., prove that 
T7; ab—cd ate 
UT UTE 
(ii) (ab--bc-cd)*— аА? + с) (Ь?-1-с® +d?) 

49 At 10 per cent per annum compound interest, a sum of money accumulates 
to Rs 8650 in 5 years. Find the sum invested initially. 


20. If the population of a town increases 25 per thousand per year of the 
population at the beginning of a year and the present population is ' 
25,4000, what will be {he population in three year's time? What was it a 
year ago? 


ANSWERS 
В Ra NE LAU 167.5. c ERG dd 
1. 972,8748; (ii) —243, —2187 (iii) 2: 1759 (iv) 32^ 128 
«у —128, —1024. 
A GOD Oe 80. 853 8 34/3 
E rea 23425515 ——z (iy) о, аср (11) “999 
үүт ii) 7i (iii) 7.536 0 СЮ’ vs (iv) '993 
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3. (i) 54, 8, 12, 18,27. (i) 14, 1, T 


4. (2 () ЕЁ, 00 py 108- -р- 4. (5 () So 00 061. 
8. 2. 9. 8, 12, 18. 
16 3p 
1 19 
o ES cin 16. 54 


19. Rupees 590807 
20. 2757840, 2560000. 


7.12. Harmonica] Progression 
Non-zero quantities whose reciprocals are in A.P. are said to be 
in Harmonical Progression (written as H.P.) 


Consider the following examples: 


1 1 1 
1. =z 5’ т ..... 
1 1 1 1 
яз Wee = S 
5 10 
sabi ug 8. 


1 1 1 
4. са" arb. apie? 117% b 


55 55 
5. 5g 7 
It can be easily checked that in each case the series obtained by 
iaking reciprocal of each of the term is an A.P. 


7.13. Harmonic Mean 
lf a, b, c are in H.P., then b is called a Harmonic Mean between 
a and c (written as H.M.) 
7.14, To Insert n Harmonic Means between a and b 
Let Hy, Нь, H3, . . ., Hn be the required Harmonic Means. Then 
a, Hy, Hy... Hn, b are in Н.Р. 
7 TE dct аади 
і.е. 2? HH Ng mm Hs Ub are in A.P. 
Then үнээн term of ап A.P. 


E Lima, where 4 is the common difference of A.P. 


178 BUSINESS MATHEMATICS 


DAP : а—$ 
This gives ен. 

31% 1 a—b 
No heats dd tnr 


__nb+b+a—b__atnb 
(n31)ab (n+!) ab 


$ 1 | anb 
9 H, (181) ab 
А LL (n) ab 
ЫЛЕ К i 
: 1 2 b 
Again IT ++ = = T Lt oe A 
КАЙ И 2a—b-4-nb 
(n+l) ab (n ЕТ) ab 
DOG UT 
T 2a—b4 nb 
ane Do 1.4, _ 3a—2b+nb 
Similarly, ра “Gal ав 
_ (n+1) ab 
1 Нэгт 32:25:19 
and so on, 
(АКА IHREN п (a—b) 
mc. at orla 
_nb+b+na—nb 
(Fl) abo 
natb _ (n+) ab 
“15310 вава 
EXAMPLE 41. Find the 5th term of 2, 21, 3%,...... 
Solution. Let 5th term be x. Then 1. is 5th term of -correspond - 
1 2 *h8 
ing A.P. XS 
bu Sg (adore Ey o НР a 
me е Hg 5) (50) 
bs lI-4-i-4 EE, 


EXAMPLE 42. Insert two Harmonic means between (3 and т 


PROGRESSIONS 


Solution. Let Hı, H3 be two harmonic means between 1 and 
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A 
iT 


Then 2 : ! Hina in A.P. Let d be their common 


» Hy НУ 4 
difference. 
Then З =2+3d 
97 MES 
=> 34=2 > d= 4 
Waren sh INC KaK 
Thus Hm 24- ad: > Ms ii 
1 2 


Required Harmonic Means are тү, 


EXERCISES 
1. Find 5th and 12th terms of the following series: 
2 4 1 
[0] Sansa 


1 8 4 
00 >) 29 Te’ 


2. Insert 4 Harmonic Means between 4 and +. 
3. Insert 7 Harmonic Means between 5 and —11. 


ANSWERS 
4 2 8 
LO LX 
4 2 4 
2-45 =. 75? EE 
1226 1 1 
з. 64,7811, 185.85, 755 =. 


7.15. Sum of First n Natural Numbers 
We wish to find the sum of the series 1424-3... n 


This is an A.P. with first term 1 and common difference J 


Thus S=} [2.1 (D. цо EOD) 
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Hence sum of first п natural numbers is =н). 


7.16. Sum of the Squares of First n Natural Numbers 

Let 5=1 284374... Er, 

Now n9—(n—1)5—3n2—3n4-1 

Putting successively n—1, page ... n, We get 
13—08— 3, 1-3. ir 
28—18=3.1°-3.2+1 

па (n D 383. n+l. 

Adding, we obtain 

т%=3 (12-22... +) —3 (1224... Rum 

"Then 3(1#+2+... +11) -n54-3 (142+... +n)—n 

= из + POHD LEN s 


= Y [2n* --304-3—2] 
- F [2n*4-3n--1] 
ie, 38 => [(т-Е1) Qn4-1)] 


Hence == (n+1) (2n+1), 


7.17. Sum of the Cubes of Ды, Natural Numbers 

Let S=18+28438+ .,.-риз, 

Now ni—(n—1)4=4n8—672+4n—1, 

Putting successively, n—1, 2, .. .,'n, we get 
14—01—4,13—6.12--4.1—1 
2-15-4.28-6.22--4.2-1 
35-23:44.38-6.324-4.3-1 


ni— (n— 1*4, 86 6; n j 44. п—1. 
Mns we obtain 


=4(13+2#+...-л5%)—6 (124284324, pni) 
+4 (142434... 


Then 4S=n*+6 (11-224... 4nty—4 (1424... 
цаг оная —€— 


=nttn(2nt+3n-4+1)—2—2nt—2n-tn 


+n)—n 


+п)+п 
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=ni+2n3+3n?+n—2n?—In+r 
=nt+2n5-+-n? 
zn*(n*--2n4-1) 
=n*(n+1)? 


- enr 


EXAMPLE 43. a and b are two positive real numbers and A, G, 
H are their A.M., G.M. and Н.М. respectively. If Gis to be taken 
positive, then prove that А >С >Н and they are т G.P. 


ath gb 228 
Solution. Clearly 4- 2 G—^4/ab and Hc b 


ив Гав УЫ? 
Nou 4 Gu bh и „отурыр 


2 
= 430. 
оо 2464 =, atb—2Vab 

Further G н=у аЬ ттр ^ ab aib 

= аль (Vac DF 

Vab- a+b РО 
> G2H. 
Hence APGPH. 


Again Gt=ab and AH = =”. E: ab imply that G2=AH 


In other words A, G, H are in G.P. 
EXAMPLE 44. Find the sum of the series 
212 
++ ut ... upto n terms. 


Solution. Let 5=1+2 + A PI (fn 
where fn=nth term of the series т. (Note this step) 
Thus +++... ty 
Multiplying each side by i we get 

t 5=1+ %+.... Hote 
On subtraction, we obtain 


4 1 1 
з= КЕ +з 55 
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[e 
4 5"+1—5—4п 
> Л ана 
51 —5—4п 
> 


DET RGR Gt 
EXAMPLE 45. The number of terms in an A.P. is even; the sum 


of the odd terms is 24, of the even terms 30, and the last term 
exceeds the first term by 10}. Find the number of terms. 


Solution. Let a be the first term and d be the common difference 
of the given АР, the odd terms are a, a--2d, a+4d,. 
а (2n— 2)d and the even terms are a+d, a+3d, . с, @+(2n— ТА 


By hypothesis 
24=a+(a+2d)-+(a+4d)+. ..+a+(2n—2)d Bes (1) 
30=(a+d)+(a+3d)+(a+5d)+...+a+(2n—l)d ...(2) 
and [a+ (2n—1)d]—a=10} =? 225 (3) 
Simplifying (1), (2) and (3) we get 
24— -2а44в--1)241 = 2i—n(a4nd—d) ...(4) 
30— 5 [2a+2d+(n—1)2d] > 30—n(a-k-nd) ЯМ) 
and (2пл-1)4--22. .. (6) 
Subtracting (4) from (5) we obtain һ1—6,. 5% g] 


Then (6) implies 12—d-— > d=}. 
Finally (7) gives that n=4 and so 2n=8. 


EXAMPLE 46. If H,, H « Hn are n harmonic means between 
two given numbers then show ‘that 


HH, +H2H3+ .., +Hn 1Hs(n—1) H Ha. 
Solution, Let a and Р be the two given numbers. Let d be the 


1 xb 1 TO 
common difference of th Ба үс 7 
e e series @ Hy He? Heb 


1 1 


Now Нз үрт Hi; =d > H, H,=4(H,H,) 
RAR 1 1 
Similarly HUS imd => H,—H3=d(H.H3) 
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ў 1 1 Ё 
Finally СУЗУ Файл, > Haa—Hs-—d (Н»һ-үН»). 
Adding, we get Hı —Hn=d(H, Het Hoist . . НН») 


ог ВАН. ЕНЫНЗ+ ... Hs aHa Н, 


Now an is nth term of the А.Р. with first term as Н, and 
n 


common difference d. 


1 1 
S E SSCs pee 
Я я; в. 14 
1 1 
=. ЗНАКИ, ce MUN 
- H4—Hs-(n—V)d (Hi Hn) 


Hence Hi1H;,-HoHgd ..- Hs 4Ha—(n—l) H4Hs. 
EXAMPLE 47. А, 42; Gi, С. and. Ну, Ha are A.M's, С.М’; 
and H.M’s respectively between two given numbers. Prove that 
G,Gs : HuHa— A, 4o: Hit Hs. 
Solution. Let the given numbers be x and у. 


Then x, 41. As, Y 1x, Gi, GS 9 1X; Hy, Н», y are in A.P., С.Р, 
and H.P. respectively. 


у+2х 


This implies that 4; ——3 ==; G,—x2n7yllh, 
3xy 3xy 
=? 8 ag ыр, 2-4 É 
„=хї%уї% and Н, ЕУ He xy 
6,6, хх) (x+2y)(2x-+y) 
Now HIS аера TRE LETS A (1) 
у+2х 4 x+2y 
Е ВИНЕ 
ВАН, Зху , 3ху. 34 3xy(3x+3y) 
x42y' 2xy 
c2»). 
Lot een 277 


(1) and (2) give the required result. 


EXAMPLE 48. If at=bY=c'=... etc. and а, Ь, с,... ае т 
G.P., then show that х, y, Z, . . · are т Н.Р. 


Solution. Let арис... =k- 
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Then а=, b=klis, с--ИЙ, ... ete, 


€ Жэ 
This in turn implies that 2 akin, =, 


But а, b,c,...,are in G.P., so i- +=... 


(475 а ТАН Уй 
7 Эн T loy 
Ji Tg Я 
> = y 2°": ате т AP, 
> x, у, Z,...arein Н.Р. 


Norte. See also Example 31. 


EXAMPLE 49. If the ratio of H.M. and G.M. between two 


numbersis 12:13 them Prove that the ratio between the numbers 
will be 9: 4, 


Solution. Let the two numbers be a and b, ИС and H stand 
for the geometric and harmonic means between aand Б respective- 
ly, then 


2ab 
H 12 ath 12 2vab 12 
87215 Va Me a+b “13 
if at+b—2yab 13-12 А асл фы ls Wa 6 
atb+2V 5 133127 55 VatVvb ^$ > VET 
Уа 3 9 


OIL ав 


EXAMPLE 50. 7 f 12 and 93 are the geometric and harmonic 
means, respectively, between two numbers, find them, 


Solution. Let the two numbers be x and У. Then yxy=12 
2xy 
J^ 


48 с. 
апа x+y = $. Since Ху=144, we get хээд Xy- 30. Solving 


the two equations, we get x —6, y —24 ог х=24, у--6, Hence the 
two numbers are 6 and 24, 


EXAMPLE 51. Sum to n terms the series 
I-EQHE2) +24 70.4 39). eot 
Solution. = ИВ term of the given Series 
= 124224324 | .. +8 
Ё EDH 


"N quise, 1) 


PROGRESSIONS 
been 
host at = 
a A 3. and so on 
tom 4 4-Р X 
Heace required sum=f;+/g+... hn 


! 
=F seagate Lees ta) 


1 
+5 (+2+.. 


_ 1 n&(n+1)2 l тп+1)0т+1) 1 п(п+1) 
ын Р: 6 CTS 


diced [n(n-1) -2n--14-1] 


2 un tanp y= tD (832, 
EXAMPLE 52. Sum the series 
P4LP+4SH+72+ ... up to n terms 
Solution. nth term of the series 1, 3, 5, 7, :. ., is 2n—1 
So the nth term fn of the given series 
=(2n—1)?=4n*—4n+1 


Thus 1,4.12—4.14-1 
1,—4,2:[—4.2-F1 
tg=4.32—4.341 
a Biel era sa ВОИ 
15—4.n* —4.n4-1 

Hence S-t ttd... fn 


185 


тп) 


-44(12--22--2., +т)—4(1+2+... +п)+п 


24 тарт) 4 т 
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== юн) (4n4-2—6) {п 
аа 
— 4п(п2—1) 
СУДАН! +n 


кк (Алаа а) ала ру. 
3 01—43) 3 n 1) 


EXAMPLE 53, Sum the series to n terms 
4+14+30+52+80-+... 


Solution. Let S= 4--144-30--52--804- .. ttn ++ (1) 
where fn is the nth term of the given series. 
Also 8-44--14--30-4-52--... ыы 20.00) 
Subtracting (2) from (1) we get 
0—44-104-164-224-284- ... up to n terms —fn 
> 13=4+104+16+ ... up to n terms 


=F 80-16 
=n (4+3n—3)=n(3n+1)=3n2+n 
Hence а= Zt, X (Зп? +n) 
—3Zn*--Xn 
243 n 1) л n (n--1) 
6 2 
= 7030 anti) 
=n (n+ 1) (n+1) 
=n (n+ 1)? 
EXAMPLE 54. Sum the series to n terms 
2.4.6--4.6.8--6.8.104-... 
Solution. Evidently nth terms of the given 
series =tn=2n (2n4-2) (2п-1-4) 
=8n (n+1) (n +2) 
=8 (n3+-3n2+2n) 
Hence S=Ztr=82n38+242n2+162n 
? (n-+1)2 
287 210 +24 PARED а) п ED 


=2n2 (n -- 1)2 1- 4n (n--1) (2n+1)4+-8n (n4 1) 
=2n (n4-1) [n (n --1) 4-2 (2n+-1)+4] 

=2n (n+1) (n?+-5n+6) 

=2n (n+1) (n+-2) (n4-3) 
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EXAMPLE 55. Find the sum of n terms of the series whose nth 
term is 3(4^-- 2n2)—4n3. 
Solution. Here 14-43 (A*4- 21?) — 4n3 
So S—Zt,-E [3 (4"4+2n?—4n'] 
=324" + 65? —4Xn* 
4 (1—4") | п (n--DQn- D n? (n+1)? 
Sua jr 6 Ана 
=4"41—4-п (nol) (2n4-1)—n® (n4-1)? 
—4nH 4n (n +1) Da 1-8 (п+1)] 
cann 4n (04-1) (7-124 n 1) 
—4" —4—n (n4-1) (9—n— !). 


EXERCISES 


J. Sum the following series : 
(i) 2%+4#+6°+... ‚ар tom terms. 

(i) 1.242.3+344+4.5+... +. пр tom terms. 

(i) 1,3,543.5.745.7.9 +... --- up fom terms. 
2 Find the sum of п terms of the series whose rth term is given by 

27-14 873 — 6. 
3. If pth, gth, rth terms of a Н.Р. are а, b, c respectively, prove that 
(q—r)bc-- (r— р)са+(р— ab —0. 


4. If l,m n are three numbers in G.P., prove that the first term of an A.P. 
whose ith, mth and nth terms are in H.P. is to the common difference as 


m+1 to 1, 
5. Show that a, b, c are in A.P. or in G.P. or in Н.Р. according as 
a-b а a a | 
ПЕРЕН: or -, ог respectively. 


6. If H.M. and G.M. of two numbers are 14 and 24 respectively, find 
the numbers. 
7. 1а, В, смет AP., x, y, z in H.P., ax, Бу, cz arejin G.P., prove that 
„ЖА rn LEN 
z x c a 
8. 1(2(у-а) is H.M. between (y—x) and (y—z), then prove that (x—a), 
(y—a) and (z—a) are in A.P. 
9 Иа, b, c are in H.P., then prove that 
EE ^ иг 21 are also in H.P. 
10. Ifa, b, c, are in НР, then prove that 
a? | ct» 22, 
11. Find nth term and the sum to n terms the following series 
(0) 4+6+9+13+18+.......- 
(ii) 114-234 59-1674... 
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01) 195-1222. ...... 
(iv) 1.2.4+2.3.5+3.4.6+...... 
12. Find the sum of n terms of the series whose nth is 


(i) nt + n 
(ti) 38-28 
(iii) 3nt—n 


ANSWERS 


1. 0) Рене (н) ОЮ у (п+2)ола+-да—:) 
2. 28—10 (208—1). 6. 8 and 72. 
(D potente, -"үа+3л+20) 


- 


121 
00 23545, 3" +sn-3, (D-O), оно. 


(iv) пїл++1)(п+3), Mat л 121313) 


12. 0 POHD, D $42" 


(1) nin). : 


CHAPTER 8 


Surds and Indices 


8.1. Indices 


Let 7 be a positive integer and a any real number. By a’ we mean 
аха X... n times. 


In case n=0, we define а0=1. 
If n is a negative integer and a is any non-zero real number, then 


by a^ we mean i x 4 X... X(—n) times. 
А 1 s 1 
Thus if a40, алат а = а= etc., 


Suppose now, п= 2, а rational number. (4250) 


In this case by a^ we shall mean a real number b such that 5 =а?, 

We remark that in case л is irrational number then а" is 
defined with certain restrictions imposed oa a. The rigorous 
definition of a" when n is irrational is, however, beyond the scope 
of this book. 


8.2. Definition 

Let a, x and y be real numbers such that a*—y, then y is called a 
power of a, x is called index and a is called base. 

For example in Ope 3%, 5У2 indices are 4, 3 and 2 respectively 
whereas bases are 2, 3 and 5. 

Nore. 0? is never defined. It is an indeterminate quantity. 


8.3. Laws of Indices 
If m and n are integers then 
(i) а"ха"=а"%' 
(i) (а")" =a™ 
gu. I^ 
(iii) т =а" 


(iv) (ab)"=a"b" 
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Proof (i). Several cases arise 

Case I. m>0 and n>0 

We have  a"xa"—(axaX...xm times) x (ax ax ...n times) 
=ахахах ... (m+n) times 


ат т 
Case II т«20 ‘and л<0 
We сап write m=—k and п=-/ 
where k>0 and />0. 
Then a"xa"—atxa 
Nast. 1 
КК, Wr 
MISES: 
“аха! 
хэн 27 by first case 
=а-0+) 
=a tt =a" 
Case 111. m>0 and n<0 
Put n=—] where Г>0 
Then a" ха"--а" x at 
=a" x 
а 


IR 1 
If т=1, we get a" ха^а"х 1 
аа". 
М m>/ then 
а" x L- (ах xx (ax i . 1 times) 
x[axax ...(m—1) times] 
=(ах1х... ltimes)xar- 
==" =” 


Ит< | then amx L 
a 


= (ax i) (2х i) ...m times 
a a 
1 1 à 
x ЁС ах ...(/—m) times ] 
i : 1 
Дх. m times) Хаа 
1 


= = 9—1 — 
qn? zm 
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Class IV. т<0 and п>б 
This case is similar to case three and can be proved by 
interchanging roles of m and п. 


REMARK. The cases when one of m and n is zero or both are zero 
are left for the reader. 


(ii). Let m, n>0 then (a")^—a" xa^ X... п times 
=(axaXx... m times) X (axax... m times) x... n times 
-ахах ... тп times x 
=q" 
In case m>0, п<0 putn--l, where />0 
i2 1 
Тһеп a(")" = (a*) =e те а" 
= am-ty gna 
| 
Incase т>0 and л=0, we get (a™)"=(a™)=1 (by definition) 
Also amr gogo 
Hence (а")" =а"" 
Other cases can be treated on similar lines. 


qe а" 1 | 
(iii) а in АЗ, ok toma т) 


(iv) Let т>0 then 
(aby"—abxabxabx ...mtimes 
-(ахахах...т timesx(bxbx...m times) 
-a"b". 
Ifm=0 then (ab)"—1—a9b0 —a"bn 
If m<0, put m=—I, 120 
Then (ab)"= ту = ду =? aah". 
The above laws also hold for rational indices. In fact they hold 
for real indices too. The proof for rational indices is indicated 


below, while for the proof of the latter case, the reader is referred 
to any book on advanced real analysis. 


Consider а" and а where = and sot with p, т, q, nintegers ' 


and а, n0 
Let a=b and a'—c 
Then by definition 5*—a? and с"= 
Now cam and Ё" =а"? 
- ber x ent --ат x ср--а" лт 


E (bejt =at trs 
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тап? 
> be=a “ 
(==) 
> a’.a*=a\ " LT 


In a similarfashion other laws of indices can be proved for 
rational indices. 

Finally, we state another important law of indices, which goes 
like if a, x, y are real numbers such that a0 then a*—a* implies 
either a—1 or x—y. 


2n ~8n 
EXAMPLE 1 Simplify 77.35 — 
2n  xàm-8n 
Solution. шин шы атара Vn (Um i 
= дї=—п-5т+6л 
= х" 


-5 
EXAMPLE 2. Simplify (58) h 


81 үз! 34 үзл 
Solution. (zx) -(5) 


(34=-5/4) 
= ys 
3062-5) 
= зету 
3-5 210 
Ix 
_ 1024 
243 
EXAMPLE 3. Ifa=b°, Б=с^, and с=а?, shown that аЬс=1. 
(С.А., 1975) 
Solution. a=b — (c?) = све —(a*)*« = gare 
Suppose az abc—1. 
In case а=1 we get c=@=], b=c*=1. 
then abe=1.1.1=1. 
Hence abe=1 
EXAMPLE 4. If æ= (<)'=" and a1 prove that 
Play EP 
Xi VEM 
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a 
Solution. а®=-, 
> a? k*—av 
а” 
> kv — =a" 
at 
> k-—(av77)Mv =al 
=> km — (av-*jv)m —amv-21v 
> а= 4"Ҹ1-=1%у 
хэт|1- х) 1- 
> ( y as 452 
x x 
> el eee 
m у 
1 1 1 
> — = ——— 
mno x 
1 1 1 
+ === 


EXAMPLE 5, Obtain the simplest value of 
Uu —(-—(-—2x9)71-1]1^ when x='1. 
(ICWA, January, 1973) 
Solution. Now [1—(1—(1—23)7)-1] 9 


Taj 


Ч Ex Pele 
(1—9) 


1 -1/3 
уо 
al 
Lgs 
үп 
-(3) 
— (3) xol. 


EXAMPLE 6.  If/x—3254-3-2/5, show that 
9х3--27х--82 


Solution. хө-32/3--3-28 
> d= (32/34-3-2/8)8 — (32/23 + (372/8)8-4.3(32/8)(3-2/3)(32/8-4 3-2/8) 
=3°+3°#+3х=9+ Y +: +3x 
> 9х3—27х=82. 
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EXAMPLE 7. Obtain the simplest value of 
(22*=3.228-8)( 3% 2.3771) 
3"—4(4"+8— n) 
(ICWA, June, 1973) 
Solution. ^ Given expression 
ай 238-2|2:п-ү2я-2у-3(38-2139-(9-2)-021- 
39-91022) — 22| 
2293 38:5(23553) (33:-2) 
гана) 
_ 229-2 32. (1) (7) 
25 (080—1) . 
СЕ 
22 (64—1) 


(3) (+ 
1 үЗ 
(9)28 (3)-12 (5) (243)-14 
(ICW A, June, 1974: 


1 LI 

4 
EXAMPLE 8. Find the value of 

)- (9)1/8 (81)2/8 


Solution. Given expression 
О 

СО Ле 

18 3-144-44-144-2-4 

a П КӨЙ, 


1+1+8-4 |1 (—3+2+5)—2 
1+4—2 
3 
A 3711-3 3 
~ 101 76 
EXAMPLE 9. Find хїўх*У * —(xV xj 
where x is a positive real number. (ICWA, June, 1973) 
Solution. хе" = (x , хи): 


Ue x8) = (хе = 32/2 
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Let х1 


then х32= 3. 
x (2x1/2—3)=0 
> x=0 or xi^ =3/2=1 х=9/4 


Clearly x can not be zero, otherwise given expressions will be 
indeterminate 


Hence х= ог 1. 
n*l n 
EXAMPLE 10. Show that MT 
2" (3.2--1) 
WAEL SE m г ЗАРН 
Solution. LHS ripest 
2n 
~ 2*3 (22-1) 
- 41 =2 = mus. 
EXAMPLE 11. Show that 
ВЫ ИЛХЭН Л ЧАС... o fp MN] 
Tyxecuxe: Тард ob xt xt? > 


(С.А., May, 1975) 
x x? 
Solation. Но 
eee Pca ae F e A) 
arae EE 
am «px SFD) 
mE MUI сы x 
x txt x xt xc 
xc 
x*rxtqx* 
d xix ES 
x*bxt*bx* C 
EXAMPLE 11a. 7f a+h+c=0, simplify 
x abc. «эмс ape 


Solution. LHS= x45 © te be ra ib tet 


=x abc 

+H +e—3abe+3abe 
=x abc 

3abc 
=x abe 
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Since а? 4-22 -- c? —3abe— (a - b--c) (a? - P! +? — ab — bc — ca) -0, 
во 1Н$=2. 
EXAMPLE 12. Simplify 


1 1 1 
ра П Е х'+х “+1 + хх +! 


given that а+ь+с=0. (ICWA, December, 1974) 
1 1 1 
Solution. турү Куруч | ЕЕ 
PA оа ИА ЧЕ. ы зь ВБА 
pipe | apes | Tepe 
But b+ce=—a and —a—b=c 
So given expression 
= ШО ee —MÀ СЕЙ, x? 
хех" * Xx I 7: 14-х5--х79 
511354 алс EST 
х°+1+х° (C 
EXAMPLE 13. If x—[a-4/a?4-b5 ]/*- [a— 4/22 ps] !*, 
‘show that x*--3bx —2a—0. 


Solution. x= ada/aELB-Ha-4/a 35 
+3[a?—(a?+ 63)] 113 x 
=2a+3 (—59)!/5 x 


=2a—3bx 
> х3--35 х--2а--0, 
EXAMPLE 14. Solve Zetvtem gzti-y 
58v42— (25) ets 

and 31:42:59 — озу 

Solution. 25399: = $#+:-у (23) =+1-у —236H2-9y 
= х+у+@ = 3х+32—3у 

> 2х+22 = 4y>x+z=2y PE) 
Further 5398 = (52): — 5562: 

> 2х+22 = 3y42 

ne 4y = 3y 4-2 by (1) 

2 ут 2 so х+2=4 

Lastly B2etirty = (З2)3я+у — 387, 

2: бх+2у = 2x 42z4-y 

eR 4x+y = 2z24x42—2z 

- 2x-z = -1 


Now x+z —4and2x—ze—! 
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> 3x =3>х=1 
апа ze4—x-3 
Hence x =1, y=2, 2=3. 


EXAMPLE 15. If = ==, show that 


хт утат не 0 5 


Solution. Let = = Z =, say 
y vw 
x = yk, z=wk. 
Now xm ym ee we 
23 гуу АЛ Уг ИЛ T SS 
yk by we "и 
9^5 (ym -+w)(k™ +1) 
ти (1) 
шы УЗИ") (k" +1) 
! 1 1 
(=т= let) 
=k" "y" 
Also (xyzw)™?=(yky wkw)"!* 
=(y2k22)m/2 
=y"k"w" 
Hence the required result follows. 


Я 1 ши 
EXAMPLE 16. If 27—4v—8* and БТ 37 3s 
7 7 7 
show that х= 59:732 and 24g - 
Solution podre redire xm ly y 
Also 26—8: 927—528 x—322z- E 
І Merton 
Hence 513) tee 9 
e бе 22 
© ig tix x Т 
3 
1,323; 22 
> a ae 7 
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11222 
=й Bx 
22:14 
> x= 
3257 ee 
Then y—X 75 ard z= 3 
EXERCISES 


2. 


3; 


4. 


5, 


6. 


Simplify 
(0) (79/48 
(iti) Yaa х Ya dies 
ази aps үз 
(iv) (555 JE (238) 
6) м. уж 4233. 2» 
БОРЫН ys x8 “(х 8j 9B 
Evaluate (i) SACs 


3(81)4 
4/(343)-3: 
ays yore 


ш ($75 "(91 


(iv) [3x 573 + (4/371 VY 3x 89) 


(i) (x9 y Зу? 
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узж Хх Аңы, м з; 
ТТТ x(15)t3x (3) а 
9 132 (3c)"—QT)^ 1. 
Show that if — a3 97 
then m-n-l. 
Prove that 
ч) 16032792203 дт sm 
BNG Уз! 
(91114) /Зхзн п 
ii 
ep IDE ] Es 
Prove 
238 1 1 
a+r 2-4 r+P\ а; ptg тэр 
"IZ xix 2-a xx a-r = 
(i) If x=31 343713 prove that 3x3—9x=10 


(ii) If (2°381)®=(-2381)¥=108 prove that 


hr 4 
587: 


SURDS AND INDICES 


m 


17. 


2. 


хэн 
an 
1 1 +1 л 
T8 mH " т 
Ргоуе а! (5 Ч ty = ДАР 3 40836 
1f a®=b¥=c:=d” and ab=cd, show that 
ea ee ae 
epee z + w 
If x—-(/24- /3— (V/2—1)!*, show that x'--3x—2 
If x23U44-314, у=344—37114, prove 
that 3(x1--y2)1—64 
Simplify [1—(1—(1—42) 1) 1] */s 
If a- xy 1, bxyU!, c9 ху”, 
Prove that 


тааз 


= TUA cabe 


P 


atx br7» хс» t=] 


If 239—675 show that +++ =0 
CEU 


Simplify (а+Ь+с) (a+b 1-4 c1)—a 1b ет (а+Ь)(®+-с)(с+а) 


Solve atatt =a? 

and gae 03969: 

(where a¥1, 0) 

Solve а®7% ау*%==а%а* 

and a*a¥=a' (where a0, 1) 

Solve (7v = asm 
(47b yr 19 Q/ 5 y" 

and (Фе )"=СУ entm 


[It is given that abe (a—1)(6—1)(c—1) #0] 
If 3¢=5¥=(75)2 show that 
xz=2z(2x+y) 
1 


1 1 
If par=1, prove that ТЕР ЕЕ + отео Ба 


Prove that 
(81)" 35—34"71 (248) _ 4.3" ti 
92137 3n*1—3n 
Solve 472724128 and 3°%+#¥=92¥ 
ANSWERS 
1 эмс пиара са 
(i) xe (ii) NET (iii) a 
(iv) аа my 
ow ws (iit) 175 


(iv) * ©) 16y3 
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ll. a 14. 1 15. х=3, у=3 
16. х=1,у=3 17. х=-18,)=—94, z=—S} 
21. x=2 ort, y=3 ог ы 


8.4. Surds 


Cousider the numbers, 4/2, 4/3, 4716. Now 4/2, 4/3 are not 
rational numbers whereas 4/16 —2 is a rational number. The 


numbers of the type such as 4/2, 4/3 are called surds.' We now 
define the concept formally. 


8.5. Definition 
A surd is an irrational root of a rational number. 


Thus if a is a surd, then a=W} for some rational number b 
such that a itself is an irrational number. 


When а= {7 р isasurd, m is called order of a and b is called 
radicand of a. 


Surds of second, third, 4th and higher orders are respectively 
called quadratic, cubic, quartic and quintic. 


Example of surds are 43.47, WE etc. А surd is called a 
compound surd if it has coefficient different from 1, otherwise 
it is culled a simple surd. Thus 54/2, —34/7, 4 4/2 are compound 
surds whereas A/S 6 are simple surds. 

REMARK. Every compound surd can be converted into a simple 
surd. Let c WB bea compousd surd. We can write it as Я ben 
Which is a simple sutd. 

8.6. Similar Surds 


Surds аге called similar if their reduced (or simplified) forms 
contain same surds. 


For example v45 and 4/80 are similar surds; since 4/45 —34/5 
and | 80 -44/5 


.Similar surds can be added or subtracted easily, after being 
reduced to their simplified forms, CB 4/75 + 4/27] 54/34 34/3 
=8/3 and 24/ 128 — М 162---16у2--94/2--7./2. 

Surds of same order can be multiplied or divided. 

Since Va XV b = 


and varT =A E. 


8.7. Rationalization 
If product of two surds is a rational number and if one of them 


SURDS AND INDICES 


| js multiplied by the other then the process of multiplication is 
called Rationalizaiion. 
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Thus 4/3x /3=3, so multiplication by4/3 is rationalization of /3. 
Similarly /5— 4/3 when multiplied Бу A/5-4-4/3 is rationalized 
to 2 as (/5— 4/3) (V 53-4/3)55—3-—2. 


EXAMPLE 17. Express as equivalent fraction with rational 


denominator ie 
ТЕЗ 

(2508 1 (14-/2)4-43 
Solution. -ггут2-/3)  (42-w3' (+V) V3 

_ 14/243 

(E4/2:—3 

_1+М2+У3 

Eb Li) NE 

_ V20+V24+-V3) 
4 


_ N22 VÉ, 
4 


EXAMPLE 18. If х= 2, 2%, find the value o, 
/ У2+У3 7 


xtv8 ХНУ (СТА, January, 1977) 
x-V8  x—A/12 


ух __ау&уз—у® 
Solution. We have 357557573 = (JA УУЗУ 


_ 4у6(у3-42) 
етет 


=4418 —4/ 12 
—124/2—84/3 
` REVE x PINZE 124/2--8у3--242 
ан 5—8  x—-2/2 12./2::8/3-242 
_ 142-83 — 72—43 
= 02283 52—43 
“(42-43 (5У234У3). 
"T 25x2—16x3 
70—48--18/6 224846 
= 2 
-1144ү6 
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vp -12у2-8у3-243 
UR TTC 71242— /2—84/3— 24/3 
SAAPA 
— 12V2- 6V3 
124/2—104/3 
ш.5У2-3у3. 
64/2—54/3 
— (62—33) (64/2-- 54/3) 
36x2—25x3 
_ 122—454: 124/6 
-3 
= 274126 
553, 
=—9—4\/6 
Hence the required expression —(11--44/6) —(9--44/6) 
L2. 
V3— v2 — V3+V2 
EXAMPLE 19. If x= 315 › у= у 
find the value of 3x* —5xy +3)". 


Again 


—29 
Solution. x "SVP Ls 26 
and | y = LEV Ls yg 
Then 3x!—5xy-E3)* 


= 3(x24-y2) —5xy 

= 3[((5—24/6)-- (54-24/6)t] 
—5(5—24/6)(54-24/6) 

= 6[254-(24/6)2]-- 5 (25—24) 


— 649—5 
= 294—5—289. 
EXAMPLE 20. Simplify IAS + IW 


7435 _ (7434/5) G— V5) 
Solution. 3+5 9—5 
—21—15-:2 5 -3595 
4 
E 7- 7- ^ 
e. at TU 
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_ 2115255 
= 4 
ео 
2 
Hence required express Van 


EXAMPLE 21. If хз. Calculate the value of 


XE 1 
Шз 6 з 
(s EXT =) 


© orrect to two places of decimal. (ICWA, July, 1967) 


Solution. х=У3 хуул 78 


и ae 
у 42 43 


A 
о И 1 
and х— => (mn wt 
3 43 
1 
TUN 
КЕЙ 
pepe cut a а а 
cour Уд 
H : : 11278. 5 
ence given expression = B M3. € 
=.8333 
= .83 correct to two decimal places. 
5-ү2 


EXAMPLE 22. If х=”=у#- prove that 


(sx )-5 ( xk) (i Lee 


(C.A., May, 1966) 


i 1 2 254v 21) _5+ 2l 
S Jan e DAD AT 
olution. x RU 55—21 2 
Thus ү p EE (1) 
x 2 
a+ del х+ 1 }\—э—5-2=з | 
XO x {2} 
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Also x3+ хи (х+ ijo 1) 
xt x 23 
== 125—15 
= 110 i+. УМ 


Since 110—5.23+5=0, the result follows from (1), (2) and (3). | 


EXAMPLE 23. 11 is given that /'3=1`732 and 


VS4V3 
4 5=2'236, evaluate -——. 
eva/uate TIVI | 
Solutios, VE 2 (/5E344—/15) 
44 15 16—15 


= 4/54 443—475 — У 45 
= 4V5+4V3—5V3—3V5 


= V5—V3 
—2236—1732 
=.504 


88. Quadratic Mixed Surds and Their Properties 

By a quadratic m.xed surd we mean a surd of the type а+ V b. 
Thus 14-45, 4/3—1 are quadratic mixed surds. 

Property 1. a+4/b=0 if and only if a=b=0. 

Proof. a--A/b—0-a-— — A/ b a*-— b. 

But b is not a square of a rational number otherwise A/b will be 
no more a surd ! (if b0) 

So b=0 and hence а=0. 

Property 2. Ifa++/b=/c then a=0 and b—c. 

Proof. a--A/b—*/c-a*--b--2av/ b—c. , 


ES ub 
If а520 then ув- 23, arational number which is absurd, 


so a=0. 
Then МЬ=\/с=Ь=с. 
Property 3. If a+./b=c+~/d then а=с and b=d. 
Proof. ad A b—c- Vd 
- (a—c)--V b—/d 
- a—c=0 and b—d Бу Property 2 
Hence a=c and b=d 
Property 4. If У (а+У Б) =Ух-– уу 
Then V/(a— v x) 3 (x—/ y) 
Proof. Let y (aT- Vb) = A/x—4A/y 
Then ac Nb = xtyt2N xy 


> a=x-+y and b=4xy by Property 3. 
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So’ a—Vb = x+y— VAxy 
`= xty—2V xy 

= (Мх vy)? 

In other words A (a—Vb)=+(Vx—-Vy)- 


8.9. To Find Square Root of a Quadratic Mixed Surd 


Put V (a+ Vb)=Vx+Vy 
Square to obtain x+y=a and 4xy—b 
Then (x—y)? = (x--)?—4xy 
= a?—b 
> х—у = Ф уа? 
We choose +ve sign. Adding to x+y = a we get 
= (a+ vat—b) 
and y = a+ a=b) 
Hence a (a+ уБ) is determined. 


ReMARK. If we take ve —sign, the value of x and y will be inter- 
changed and we shall get second square root of a+v b. 


We illustrate the above method by means of examples. 
EXAMPLE 24. Find the square root of 31+4 1218 
Solution. Let y 3143-21 2 /x-F Vy 

Squaring we get 31+4 УГ =x+y+2 Уху 


Then xty = 31, ху=84 
But (x—y)? = (х--у9--4ху 
= 961— 336—625 
> x—y = £25 
As remarked above, we take only +ve sign. 
» Thus x = 4014-25) = 28 
and у = 31—25) = 3. 


Hence VIFAA ==(у/28 F3) E QVE) 
EXAMPLE 25. Evajuate GT V5 (C.A., November, 1975) 


Solution, Let УЗҒУ5 = vxt+vy 


e 34-5 =xtyt2V xy 

> х+у=3, 4xy=5 

Now (х-уй = (+9)? 4x 
=9—5=4 

> x—y-2 

Hence х=} y= 

Hence AG NS --73v64! 
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EXAMPLE 26. Find the square root of V 32 — 24 
Solution. 4/32 —\/24 —44/2-24/6— 4/2 (4—24/3) 


Then V 4/32 — v 24 72H / (4—24/3) 
Let V 4-24/3) = ух-МУ ой 
Then 4-2/3 = xt y—2V ху 
= x+y =4, 4xy=12 
Now (x—y)? = (х+))#—4+) 
= 16—12=4 
= х-у=2 
Непсе х=3, y=i " 


Consequently У 4:32 —V 24 = z214(4/3—1) 


8.10. Evaluation of Cubic Root — 
Before discussing the procedure for evaluation of cubic roots of 
a quadratic mixed surd, we state and prove a useful tbeorem. 


Theorem. If 4/(a- / b) = xy 
then qa vb) = x—vy 


Proof. Now Yat Vb) = х+уу 
> at Vb = (xt)? 


= xy V y 3x V yGx d V») 
= --3ху+уу/у+3%/у 
So a = х%+3ху, Vb=y vV y+3x? Vy 
Hence a— yb = x3+3xy— yV y—3x*A/ y 
= x3—y yy —3x v y(x— vV y) 
ores ON ys 
> 4/(a— V b) -x— уу. 
Procedure. Put d (a-- Vb) = xc vy 
Then (ау) = x— уу 
Multiplying we get. Y/a2—Vb = x?—y E) 


Cubing both sides we get 
a Vb x9 y Ух М y Get v y) 
Using Property 3, we get 
a=x343xy zau) 
Solving (1) and (2) we get x and y. 

We remark that the above procedure is successful if x?—y is 
rational i.e., a?— b is а cube of some rational number and also if we 
can find a root of the cubic by inspection. Otherwise this procedure 
will lead to certain complexities which we may not be able to 
resolve so easily. 
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EXAMPLE 27. Evaluate cube root of 26—154/3 
Solution. Let 4/26—154/3 =х—^/у 
Then 4/26 15/3 = x4 Vy 
Multiplying we get 

4/616--675 = x1—y 
or x?—y =l 


Further cubing (1) we get 
26—154/3 = x3—y yy t3xy—3xv v 


= x343xy = 26 
or *ox*-3x(x*—1) = 26 
or 4x3—3x—26 = 0 


By inspection x=2 is à root of this equation 
{as 4.23—3.2 —26—32—6— 26-0] 

Then у=х?—1=4—1=3 

Непсе 4/26—154/3—2— 4/3. 


EXAMPLE 28. Evaluate 4/(544/3-:414/5) 
Solution. 544/3--41 /5— V3(544-41 V$) 
Let 4/54-:41ү1-х4-УУ 
Then 4/54-41у1-х-4У 
Multiplying (1) and (2), we get 

x2— y= 2916—1681. 


—3 /8748—1405 
3 
EU 
3 
5006 
=73 
Cubing (1), and equating external parts 
we get x3+3xy=54 
7 
or xen(x- p)“ 
= 433 —7.32/8x — 54 —0 


Now х= 2.3113 is a solution of this 
equation [as 4.8.3--7.2,3--54--96--42--54--01. 


207 


ед0) 
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$ А x 
Thus  y-x?— E = 4,32/3 — FI 


Hence УЖЕ 2.309 VE 


Consequently 4/544/3--414/5— 31/t(2. 31/8 4- 4/5. 37119) 
-4/3--45 


EXAMPLE 29. Evaluate 4/10--64/3. 
Solution. Let 4/10-64/3-х--/у 


Then V 10—6V3—x— Vy 

We get 4/100—108—x2—y or x2—j— —2 
and 10-F64/3— x3--3xy-E y V y 4 3х? y 
E х3--3ху--10 

Then x843x(x2+2)=10 

or 4x3+6x—10=0 

or 2x3+3x—5=0 

Clearly х==1 is a root of this equation 
Thus yx +253 

Hence 4/10--64/3--14-4/3, 


EXAMPLE 30. Evaluate fourth root of 56—244/5 


Solution. Let 4/56-24/5—4/x— V/y 
Then 56—244/5—x --y—2 /xy 


> x+y=56 and 4xy=2880 

Now (х—у)%=(х-+у)#—4ху 
=3136—2880 
=256 

> x—y=16 


Hence x=36 and y=20 

In other words 4/56—244/5—6—24/5 

This implies — 4/56—24v5— V 6—275=Va—Vb, say 
6—24/5—a-Fb—24/ab. 


> a+b=6 and 4ab=20 

Again (a—b)?=(a+b)2—4ab 
=36—20=16 

> 2 a—b=4 


Solving we get а=5, b=1 
Неме — 4/56—2445— /5—1. 
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EXAMPLE 31. Find the square root of 16+4 v 10—24 15—4у6 
(C.A., May, 1977) 
Solution. Let 4/164-4/ 10—24/ 15—476 
= Их Мум 
Squaring we get Ї 
164-44/ 10 —24/15 -446-гх--у-ет--24ху-24 ye=2V zx 


50 x+y+2=16 (1) 
42Vxy=4v 10-1 xy— у 40 (2) 
—24/yz——2wv 15> V yz v 15. 43) 

and —2V x=—4V6> Vex=V A ө) 

Multiplying, (2) (3), (4), we get xye=¥40. 15. УТО 

Непсе 4xyz- 44120 


> мх, |20. I——48—242 x28 


vrm 8 rs yos 


123-7 Л 120 —4/3=>;=3 
. 40 


Then values clearly satisfy (1) 
Hence ¥16+4¥10—2¥ 15—4V6=+4(2V/2+V5—¥3) 
REMARK. We put Марс de Vx yz 
and in case of two negative terms, 
like А/4-454Ус-44 we 2 it cum to yx—V yz. 


EXAMPLE 32. If dE 7-4 3 show that x?(x—14)?=] 


Solution. We have хэ. TAĀ S Mr 52 a G 33 2 


БУЛ 
and х—14=7+4у3—14=4ү3—7 
So х((х-14)--(4,ү3--7) (43-7) 
—((44/34-7)44/3—7))* 
= (48—49)* 
-1. 
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EXAMPLE 33. Find the value of x, if 
\ 3048/15 aj 
У5+УЗ 
Solution. We have, оп squaring 
32304 84 1$ _15+4у15 
842715 4+\ 15 
-0544УТ:14- У 15) 


16—15 = 
=60—60+16 V 15 —15 V I5 
=y i5 

æ x=l5. 


4 
EXAMPLE 34. Convert 894311 into an equivalent fraction 
with rational denominator. 
4 


4 
Solution. 39-33117 Зза 
4(313.4. 1) 
“(88811 
23341 
-43-1. 
`В. 
5V2-V/ 3845/3 
Selution. To evaluate the given expression we fits dete: гипс 
Square roots of 26— 154/3 and 384-54/3 
Let V%6-1SV3=Vx vV) then 
26—154/3—x4 y 2 /xy 
х+у=26, 4iy- 675 
G(——(G d y? — xy 676-758 | 
х—у=:1 
ХА yo 


X d 
Hence 4/26—15y3 = wi 60-2 


EXAMPLE 35, Evaluate 


гиц 


Again let 4/38::5/3 — Va 475 then 384-521 


= at+b+2. ab 
> a+b =38 ard 4ab--75 
So (a—5)? == @+4-b)2 --4ab 


= 1444-75--1369 
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poe a-b=37 
This yields that а = i$ апі b=} 


Thus М 3853 =5V 8 +у 
] - 
vi ORED 


1 


1 
V2 (3у3-5 

sy2— A (5V341) 

303—5 _ 33-5 
10—543—1 9—5V3 


_ 6v3-5 (9+ 54/3) 
81—75 


Ё5 2143—254/3—45--45 
6 


Hence given expression = 


ER AMT 

6 \ 
У 
Des 


1 
уа” 


!'x2— 
EXAMPLE 36. Evaluate xi) when Эка 
272:25 


+1 a+ 


Solution. 2x=V а + 72 = UT = х=зү/г 


2 
2, 2 +1-2а 
> 4а 


EXAMPLE 37. Evaluate (44-у 15)%Ї?+(4— У 15m 
(6-4 35p2—(6— V 3597 
Solution. We first determine the values ol 
(4p v15)* and (6+ v35) 
= Sx y then 44/15 9x4. y2V xy 


Let? 22428 võ 
> (x—y)?=16—15=1. 


This gives x+y =4, 4xy=l15 
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+ x—yel. Hence x=§, y=? 
te Vip JiB- 593 
Again let Vg} /35— V atv b 
then 6435 =a+b+2V ab 


> a+b=6, 4ab—35 
> (a—b)?=(a+b)?—4ab=1. 
= a—b=1, so а=}, b=§ 
Le. V 6T v35— > W145) 
1 1 
say (V543) + 577 (5—3)? 
Given expression = к Ce — 
Wr (У7--45)-- 243 (47-45)8 
2[(5)3--34 5(V/3)2] 


= ЭО) 5 3- (V 5)5] 
_ 5454945 — 1445 
721/53 -543 = 2645 


Son ADM 
АЛАВ 


1 
EXAMPLE 38. Express УЛУЗУ into an equivalent frac- 


tion with rational denominator. 
1 < O24-/3— V5 
Seton: IEVA ENS. (У24:03Л:3 
= У2+У3-у5 
2/6 
_(v24+v3-V9Vv6 
12 


_ V124+V18—/30 
ЕА 


2 2/343v2— 30 . 


12 
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EXERCISES 

Express as equivalent fractions with rational denominators. 

i v2 Sex /10--4--5У3- В ET 
V243V—V5 *o3—10—v5 3. Varvbtvatb 
9—8 О See 
49-08 5 HS 

Find the square roots of 

6. 84215 7. ATH2V2 

8. 37—20/3 9.  73—12V35 

10. G) 5v5- Vi20 (ii) 28—5V12 (С.4., November, 1976) 
Find the cubic roots of : 

11. -38--174/ 15 12. 21у6-2345 

13. 19+9/6 14. 1V5+17V2 


15. 992-595. 
Find the square roots of 


16. 64-V/12—V/24— V8 17. 8+2V2+2V 5+ 10 
18. 11+6у2+4у3+2ү6 19. 21-4у5--8ү3-4415 


20. 104+2V/6+2V 102/15 
2 басан BIOS ess 
21. 124 а 221 ENI ---аүд find а 


1+%48 
238 =atby3 find b. 
22. M уз У 108 - V8 +2 AREN m 


23. If x—34-V 18 show that x 2s 


24. И х=3—\/5 prove that x4—x3—20x2—16x+39=15. 
3+V6 
25. Simpli ———— у 
Simplify аот V 32+ ¥ 50 


5 p Cc rU A 
26. Prove that Yie УЕ У тө Yari 
27. И х=7—У48 find the value of 
at ) —5( xt +) ex(eel y 
x 
28. Given V/5—2:23607 find the value of yo T odes, 
10/2 NONE 
Vis-V3tvs V8+V3-V5 
29. Evaluate A gq--x-- ах x 


Mab V a-b 
30. Evaluate aN ace 


where b— Au 
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ANSWERS 


1. З+У6+УВ. 2. _3М30+5415—12—10у2 
6 Ч 7 


aVb+bVa—Vabatb) 
emia). ote we 


3 

4. 17—35'%. 2218-3418. 22—3.26/9--33/3 , 2331/2 тз. 
5. 3(35/0—34/64-38/8—32/6-.316.—.]), 
6 


» (УЗ+У5). . 7. +(3+2V2). 

8. x(5—24/3). 9. (35—27). 
10. (i) +514 (y/2--4/3). (ii) +(5—\/3). 
11. 2tV5. 12. У6-45. 

13. 64H. 14. 5-2. 
15. 3у2-45. 16. + (10-V3—42). 
17. + (1+V2+¥75). 18. + (V24+V3+76). 
19. + (2—V/5+273). 20. + (V2 V34-V/5) 
21. а=41. 22. а=14, b=9. 
25. V3. 27. 0. 


28. 3+¥V5 i.e., 523607. 


2a+x x 
29. +( zf) 30. c. 


CHAPTER 9 


Cubic and Biquadratic Equations 


9.1. An equation in x, in which the highest power of x is 3, is 
called a cubic equation, whereas i! the highest power of x is 4, the 
equation is called a biquadratic or quartic. 

Firstly we find relation between roots and coefficients of a cubic 
and a biquadratic equation. 

Let 2, В, ү be the roots of a cubic арх? --ajx?--asx +a3=0. 

Since x, В, y are roots; x —«, х —В and x—y are the factors of 
a9x? 4- ayx?-- ax -Hag 

Le. agx3--ayx?--a;x --agesag(x —2)(x —B)(x—y) 

zxagx? —(2+B +y)x2+ (28 --By +y2)x —аВү] 
Because of identity, we get 


—a(a+B+y)=a1 or «+8+ү=— 28 


ау 
Also ao (#8+-By+y2z)=a2 
> 2209 
«В--Вү--үх a 
—ao(sBy) —as 
С 
= aBy а 


Thus sı == sum of the roots taken one at a time 
_ _ coefficient of x? 
— 7 Coefficient of x3 

and $9 = sum of the roots taken two at a ume 

coefficient of x 

coefficient of x3 

and зз = product of all the roots 

constant term 
coefficient of x3 ' 
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Next suppose that «, В, ү, 8 are the roots of the quartic equation 
аух“-+аүх3-+ а,х%--азх--а=0 
We can write 
49 + a1x5-+-a5x2-+ agx-+ ag=a9(x—a)(x—B)(x—y)(x~8) 
=at (a--B-y-E3)x9-- (a8--By -.-y8--28-- 83-2) xi 
— (яву 288 + By3+-ay8)x+ afr] 
which in turn implies 
"dr 
40 


REMARK 1. This method can be generalized to give relatiun 
between roots and coefficient of an equation of degree п. 


2. The relations given above are in sufficient for solving the 
equations in general. But when one more relation between the 
Toots is given, it is possible, in many cases, to solve the equations. 


How one extra relation helps us in solving the equations, is 
illustrated by examples. : 


AMPLE 1, Solve 32x3—48x?.-21x 3—0 the roots being 
n A.P, 


а -43 ЁЛ 
= 7 u=, = — and sye“ 
» ia 40 4 40 


Solution. Let the roots be а— В, а, а—1В 


№ ат (0—8) (8) С 
or 3х-- 1- a=} 


Now the roots are 1-8, 1-8 
Ви s= ан СЭ 


32 
Не-а 
7 pt = i-h-4 
> В = +} 


В = { gives the roots as 4—4, 4, 442 


B = —1 gives the same roots but in different order. 


Rule to Choose Roots in А.Р. 


For a cubic, roots should be taken as %—B, а, «+8; whereas for a 
quartic equation the roots Should be taken as 0—36, «—В, «- В 
and «+38, 

EXAMPLE 2. Solve 27x*—192x34-494x3—520x192—0. the 
roots being in С Р, 


Solution. Let the roots be = 


y 2 » ау, ay? 
: 192 64 
= 04—=—2 9 
Their product = с 27 9 
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> а? = 
Now ао pns 
ioe E E ВИРУСУ 
494 8 1 1 
2t-5( исэл dons +2 ) 
1 247 
A = а 
(+ м n :)+ ME 
BI doy 247 
(+ та оет :) ct steed 
-18 +3 PL 
xim 
| 
ie 
QUEE MU 
2 
1 1 1 
4: we Die EX 
As ү?+ 2 >0, y я 5 
or 6y4—13y2+6=0 
or 6y4—91*—41?4-6—0 
or (232 —3) (3y2—2)=0 
- ү?=} org 
2 e 2/2 V3 3 
з= — SS oem 
Lips ace Тун ү а 
s 2У2 М3 _) 
Y Мз V2 
242 V2.4 
| Y TAIME 
and ays = $. 1-4. 
So the roots are 3, 2, $, $. 
у=} give same roots but in Aie order. 
| Hence the roots аге 3, 2, $. $- 
Remark. We could have chosen « and y such' that each of 
18” = ay, ey? is —ve, but in that case, s, would be — ve, whereas 


Rule to Choose Roots in G.P. 


а 
For acubic, roots should be chosen аз КЁ «, 


’ we know that s; is Не. 
оү and for a quartic 
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a a 3 
PE y’ ay, ay”. 

EXAMPLE 3. Solve 2x3+x2—7x—6=0 give that the difference 
of the roots is 3. 

Solution. Let x, «+3 and be the roots of the given cubic. 


roots should be chosen as 


8ь-8--3-53--8----1-2548---4-3-- (1 
3, ="a(x+3)+08-+(2+3) B— —1 

or G--3).(—1—23)-H«43)((—41—23)-—3 — ...Q) 
or а2--35-4 х-23-1 9—20 —243—6a— —1 

> —322—102—7=0 | 
> х=—1ог—{ 

(—6) _ 
Now Sg=a(x+3) B= mcm Em Ж 


In case а--1,8--1-20- —4+2=—{ 

So the roots are —1, 2, and =$. 

Clearly they satisfy (3). 

If we take х= — { then 8——1—2«— —1 4M = 
But then these values of *, B do not satisfy (3). 

As a consequence this value of a i.e.—i is rejected, 
Hence the roots are —1, 2 «nd —3, 


EXAMPLE 4. Solve 2x3 —x*— 22x — 2420, two of the roots being 
in the ratio of 3 : 4 


Solution. Let 32, 4a and B be the roots of the given cubic. | 


Then я = 7х+В=$ > 8—4—7a. 
Also 35 = 1242 +78 — — 22 — —]] 
= 12a2--7a(13— 74) - — 11 
= 74a2—7a4—22—0 
Bk @=—}ог $2. 
А —24 
Finally, 53== 1202 B= — (<= )-2 20 
If «= then 8-4-76-4-43. ==". 
These values do not satisfy (1), so they are rejected. 
When а= — $, 8—14-1—4. 
Evidently 12.1.4—121e. (1) is satisfied 


Hence the roots are —3, —2, 4y. 
EXAMPLE 5. Solve 8x4—2x8—27x246x+9=0, two of the 
roots being equal but opposite in signs. 
Solution. Let the roots be а, —z,Band ү 
Now ti-e-e Hee - (4 + 
BLY-1 20) 
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заг-аВү--аВү--02адүг----4 


> —a:(@+y) = —} 

So by (1), 22 = 3i e. а=+У3 
Without loss of generality we can choose a= 4/3. 
Now s,7(—«) фү= 

=3 
> Brahe ps 
Then (8—0# = (3++Ү)#— 45 
= +=. 
- делш: 
Taking +ve sign, 8— 3, y——1 


{If we choose —ve sign then Ве and = 
Hence the roots are 4/3, — 3,  and—1. 


9.2. We digress for a moment to state two important theorems 
which will be very useful in the solution of the equation of higher 
degrees, 

Theorem 1. In an equati&n with real coefficients, roots of the type 
«+4 (a, ВЕ R, i—4/—] and 0560) occur in pairs. More precisely 
if о 4-01 is a root of such an equation then «—Si must also be one of 
its roots. 

Theorem 2. In an equation with rational coefficients, roots of the 
type a+ УВ (a, ВЕ О, B is not a square of a rational number) occur 
in pairs. More exactly if &«-4/ 5 isa root of such an equation then 
&—4/ В must also be one of its roots, 

. The proofs which are based on Division Algorithm of polynom- 
ials in x, are left to the reader. 

EXAMPLE 6. Solve the equation x*--4x3--5x?--2x —2—0 when 
it is given that —1--i is a root. (C.A., November, 1975) 


Solution. Since —1-Fi is a root of the given cubic, —1--i must 
also be a root. Let the other roots be a, 8 


Then з= atp CIDRE LED) ——4 
«-à— —44-22 —2 

Also s, = «(—1—i)(—1+4i)=—2 

= 2х8=—2 = ap-— —1. 

Then (0—8) = (x4-0)?—4 «8 =4-4=8 

F «—@ = +272 

Hence a = 4/2—1 and B=—v.2-1. 


(Take + ve sign before the radical, since other sign will give same 
values of «, B, but in reverse order.) 

Hence the roots are —1--i, —1-Е+/2. ! 

EXAMPLE 7. Solve x4—8x3—12x2+60x+63=0, one root being 


38-30. 
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Solution, Since one root is 3--4/ 30, there must be а root 


3— 4/30 also. 
Let а, В be other two roots. 
Then sı = 4+8+4+3+4/30 +3— v 30 =—(—8)=8 
a+p=2 
Also з, = ai (3+ V30)(3—4/30 )--63 


--2148--63--аф---3 
Now («—6)2 = («+ В) —4« 


= 4412-16. 
> 4—B = +4 
Hence а--3, В=— | (or «=— 1, 8--3). Consequently the roots are 
3, —1, 3% 4/30, 


EXAMPLE 8. Solve x3--2x2?—17x--42—0 given that —6 is 
а root. 
Solution. Let «, 6 be other two roots 


Then я = a+B—6=—2% 

> «+8 = 4 

Further 38 = aB(—6)= —42 

> $ a7 

Now («—8)? = (a--8)2—428—16—28— —12 
- &—Q =42/3i 

Hence ~ = 2+iV3, -2-113 


Consequently the roots are 6, 2-13. 


9.3. Cardan's Method of Solving the Cubic x3+-ax-+5=0 

ut x —plí3-- q!3 to obtain 

x3 = р+-4-Е3р1\/3 qU3(plf3--g1/8) 
= р+9+3р1!8 gilsx 

о, х°—3р\!3 41[3х—(р--а)=0 

So if x is a root of x3+ax+b=0 aud if x=pll8+q1/3 then we 
must have 

x3 ax +b=x3 —3pl/3g1/3x — (р--а) 

This implies that p+g=—b 2401) 
and —3pl/391/3—a or —27 рд--а3 БОЛ) 

With the help of (1) and (2) we can evaluate р and q. 

Hence x can be determined. 

The three values of x are p1/3+q1/3, 


plSw--gliSy2, pl/3w2+4g1/3 w, where wet У3і 


REMARK 1. w is called imaginary cube root of unity. If x8=1, 
then (x—1) (x?4-x--1)—0 = х=1 or x2-+x-+1=0. If x24+x+1=0. 
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then x= EE we take w a a сахун 


The second root тэ can be easily verified to be и?. Asw 
is a root of x?+x+1=0, w2--w 4-1—0. 
2. This method is applicable to those cubics in which second term 
is missing. (i.e., coefficient of x? is zero). 
EXAMPLE 9. Solve x8—18x—35=0. 
Solution. Неге а= —18 and b=—35 
Let x-pl/3--g1/3 be a root of the given cubic. 
Then р+9 = —b=35 


3 
and ра = — 57 =216 14402) 


(1) and (2) imply р=27, а=8. 
Hence the roots are 
р\/3-Ь 41/3, р1/8 y--g1/3y2, р1/3 ИЗ» 
ie, 3+2, 3w+2w2, 3w? --2w 


e 53( alive? ужу УЗ}, ic) 
2 2 
SUN 
2 
Consequently the roots are 5, is an 


9.4. Roots of a Cubic by Inspection 


It is sometimes easy to find a root by inspection. Then other roots 
can be found, with the help of relations between roots and 
coefficients. We, however, keep in mind 

That whenever т is a root of anx4+a"-lxn_,+...+a)=0 


where Р is reduced to its lowest term, (i.e., p, q have no common 


factor except 1, and ау, 21, s, . . . р, q are all integers (420) 
then p divides ао and q, divides an. 
EXAMPLE 10. Find all the roots of x8+9x?—x—9=' 
(C.A., Mil. 1975) 
Solution. The factors of —9 are + 1, +3, +9. 
We substitute х=1 and see that it satisfies the given cubic. 
Hence 1 is a root of the given cubic. 
Let other roots be в and В. 
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Then sy = a+8+1=—9 = a+3=—10 
and з, = (ар)(1)=(—1)(—9)=9 = «з= 
Solving we get а =—1,B=—9. 

Hence the roots are 1, —1 and —9. 

Aliter x3 -9x2—x—9—0 

59 х (х--19)-1(х--9)-0 | 
= (х2—1)(х--9)=0 

Ex x-1or—1 or—9. 


9.5. Ferrari's Method of Solving a Biquadratic | 
Let x4-+-ax3-+bx?-+cx+d=0 be a given biquadratic. 
Add (^х- №)? to botu sides, such that the left hand side is of the 


type (+ 5 xp? 


Then x1-Fax3-- bx? --cx +d (Ax + p)* 
=(Ax-+p)? 
or x4+ax3+(b+A2) х2--(с4-2А4)х--4--82 


=(Ах-+)? 

ог Qr DT eg Quer)? 

Hence x4-+-ax3+4 (b--M2)x? 4- (c 4- 224)x +4 4-9? 
=(at+ +s Ù 

Company coefficients of x?, x and constant terms we get 


2 
bre =T +28 


c+2Ap = a 

and 4-н03 = 32 
2 
Thus EYES т +28—Ь 
p =—4 
апа Мм. = E 
ie., AX Pe um (ад—с)® 
32: á 


As a result of this we get 


а, 23-6) 
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This is a cubic in $. If we сап find a single root of this cubic 
by inspection, we can get A and №. 


1 2 
But then (Ax+p)2 = (=+ ES +8 ) 


- 4 +8 = + xta) 

and we are left with two quadratic equations whose roots can be 
easily determined. 

EXAMPLE 11. Solve x4—3x*—42x—40=0. 

Solution. Put x4—3x2—42x—40+ Ax +p) =(Ax+4)2 — ...(l) 
where А and p are such that the left hand side of (1) is equal to 
(х2--6)2 


ie., x*4-(42—3)x?-- (2244 —42)x +u — 40x -28x? +p 
we get on comparison, 


28 =A2—3 
p2 = „4—40 
апа 2Au—42 = 0 i.e., 4» —21 
But A? = 284-3 and и2= 624-40 
So (28+-3)(62+4-40) =441 T€ (2) 
Clearly В = 3 satisfies (2) 
Hence № = 9 orA=+3 
and p? = @?+40=49 оги----7 
Since Эд = 21, we take A=3, p=7 
Hence 3+7)? = (x24-3)9? 
ог х2--3 = +(3x+7) 
Le., x2— 3x —4—0 or x2+3x+10=0 
Hence х=—1,40г асул 
EXERCISES 


Solve the equations 
1. 2x8—15x2+37x—30=0, roots oeing in А.Р. 
2. xt415x3+70x2 +120x+64=0 roots being in G.P. | 
3. 6x3—1ix£—3x--2—0, roots being in Н.Р. 


Sep 
LH int. Replace x with бу? 
Solve 2у8—3у—11у°+6=0, roots being in AP] 
4. 6x1—29x'--40x?—7x—12-—0, product of iwo roots being 2 


5. x4—8x3-+21x*—20x+5=0, sum of the roots being eua to sum of other 
two roots. 
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6. 8x!—14x'4-7x—1-0, roots being in G.P. 

7. 16x*—64x?+56x?+16x—15=0 roots being in А.Р. 

8, 33—9x*-4-24x--24—0 roots being in the ratio of 3:2. 

9. x3—13x*--15x--189—0 being given that one ofthe roots exceeds another 
by 2. 

10. 23—15x—126—0 by Cardan's Method. 

11. х3--72х--1720--0 by Cardan's Method. 

12. xib8r349x!—8x—10—0 by Ferrari's Method. 

13. x44-2x8—7x2—8x+12=0 by Ferrari's Method. 

14. 6x!—13x3—35x*—x+3=0, one root being 2—4/3. 

15. x4+-x?—25x2+ 41x+66 one тоо! being 3riv2 


16. The roots of x!—63?--18x2—30x 25-0 are of the form 3418 and В+ 
(х, B € R and non zero). Find 211 the roots. 


17. M the roots of the cubic xM3pxt3gqx-r-—0 (r#0) are in (а) A.P. (5) 
G.P. and (c) H.P. Find a relation between coefficients in each case. 


18. Find k if2 ва root of x?—(k+1)x+k=0. Also, then find the other roots. 
19. Solve 24x3--46x?--9x —9—0 one root being double of another root. 
20. Solve by inspection 
(i) ?—28х+48=0 
(ii) 39 —15x1—33x -847—0 
(iii) x°+63x—316=0. 


ANSWERS 
Lonbs 2.514 2,94, 58 
ео 4 $, 3, 1tv2 

7. -&. 1,3 8. 64,—1 

9. —3,7,9 10. 6, 2352 3i 

п, 1,-537J3; 12 £l 4+5 

5 142. —У 14. —3,-3,24V3 

15. —1,-6,344 V2 16, 241, 142 

17. (a) 2p?—3pgtr=0 ^ (b) prag 


(c) 24°—3 par+r2=0 
18. k=6, other roots are 1, 3 
ТЖ 
20. (0 2,4,6. ` (D 1,1,7 (iil) 4, —2254/3 i 


CHAPTER 10 


Permutations and Combinations 


10.1. Permutations 

Let л be a positive integer and г, а positive integer less than or 
equal to л. The number of different arrangements of r things taken 
out of n dissimilar things is denoted by "Pr. Each such arrange- 
ment is called a Permutation of n things taken r ata time, 

For example, all the arrangements of two letters chosen out of 
(a, b, c) are given by 

ab, ba, ac, ca, bc, cb. 

Thus 3P,—6. 

Again all the arrangements of three letters chosen out of 
(a, b, c. d) are given by 

abc, bac, acb, bca, cab, cba, abd, adb, bad, bda, dab, dba, acd, 
adc, cda, cad, dac, dca, bcd, bdc, cdb, cbd, dbc, dcb. 

Thus 1P3—24. 


10.2. Suppose that Number of Ways of Doing a Work is / and 
Once This Work is Completed, the Number of Ways of 
Doing Second Work is m, then Number of Performing both 
the Works Together is /x m 

Let A and B be the two works. For each way of performing 4;B 
can be completed in m ways. But A itself can be done in / ways, 
so that the total number of ways in which A and В can be per- 
formed together is / X m. 

Similarly if after completing first two works, the number of 
ways in which a third work can be performed is m, then the total 
number of different manners in which all the three works can be 
completed is / Хт xn. 


The above result can be understood by the following example. 


Let A, B, C be three cities and from А to B there. are / different 
routes while from В to C, the number of different routes is т, 
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What is the number of different paths one can traverse in going 
from A to C? Suppose a person goes from Ato В by route no, 1. 


Fig. 10.1. 


After reaching B, he has at his disposal m paths. Thus for every 
choice of path from A to B, he has m paths at his disposal. So 
total number of different routes he can undertake is / x m. 


10,3. To Find the Number of Permutations of r Things Chosen Out 
of n Dissimilar Things 

We consider n chairs in a row and r persons, Clearly the number 
of permutations of r things chosen out of n things is same as that 
ead of ways in which these r persons can occupy these 
chairs. 

We start with one person. Н> has m chairs to sit in. So, he 
can choose any one of them in п ways. Once a chair is occupied 
by him, only n—1 chairs remain unoccupied. So, for the second 
person, the choice is limited to n—1 chairs only. Thus the number 
of ways second person can occupy any chair is zi—1. Hence total 
number of ways which first two persons selected at random from 
the group of given г persons to occupy chairs is n (n—1). Proceed- 
ing in this way, we get that 


^P,—n(n—1)(n—2) ... (t—r—1) 
-—n(n—1)(n—2) ... (n—r+1) 


10.4. Factorial Notation 


The product of all consecutive integers starting from 1 to f£ is 
denoted Буй! or |2 and read as t-factorial. 


Thus tl=1x2x3x...xt. 

In this way 11-41, 21-41х2--2, 3!=1x2x3=6 
4!=1x2x3x4=24 etc. 

Note that for n>1, n !=n(n—1) 1 

Now ^P,—n(n—1)(a—2) .. (n—r+1) e 
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= M1) (п=г+1)(л—г)(п—7—1).... 3.2.1 
(n—r)(n—r—1) ... 3.2.1 pos 


|n. 
5 [aer 
Convention: 
As a convention we take 0! equal to 1, 
EXAMPLE 1. Find the value of *P, 


Solution. "Р зууг 77 28 360, 


EXAMPLE 2. 7/"P4--12"P,, find n. 


n! пі 
Solution. "Ра= (n—4) 1504 "Р (n—2)! 


By hypothesis n Эр one 

> 12(0--4) 1—(n—2) ! 

- 12(n—4) !=(n—2)(n—3)(n—4) ! 
> 12—n?—5n+6 

> n?—5n—6=0 

= (n—6)(n-+1)=0 

> n=6 or n=—1 


Since n is positive integer, ме reject the second value of л. Thus 
n=6, 


EXAMPLE 3. т how many ways 5 passengers can sit та 
compartment having 16 vacant seats? 


Solution. Required number of ways =“; 
ESI IE 
(16—5)! 


_ 1615.14.13.12]11 

= 
—16.15.14.13.12 
524160. 


10 5. To Find Out the Number of Permutations of r Things Chosen 
Out of n Dissimilar Things, When a Particular Thing is to be 
Always Included in Fach Arrangement 

Here we have to consider the number of ways in which r places 
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can be filled up when we have n different things such that in each 
arrangement a particular thing is always to be present. 

Suppose (ац, 45,..., ал} аге п different things. Let a; be a particular 
thing to be included in each arrangement of r things out of n 
different things given. Now ai can occupy any of Ist, 2nd, 3rd,.. . 
rth place. Suppose a is at the first place. Then remaining r—1 
places can be filled up by n—1 things viz. (ai, a», ... di-1, 0141, ---y4n} 
in “ЭР, ways. Similarly, if a; is at the second place, then the 
remaining r—1 places can be filled up by n—1 things, again in 
^-1P, , ways. Thus a; can occupy r places and each position of a, 
gives rise to *1P,_, arrangements. Hence required number of 


permutations is г. "-1Р,-1. 


10.6. To Find the Number of Permutations of r Things Chosen Out 
of n Different Things, hwen a Particular Thing is to be 
Always Excluded in Each Arrangement. 

Here we have to consider the number of ways in which r places 
can be filled up when we have n different things such that in each 
arrangement, a particular thing is always to be missing. 

То 40 зо, we exclude that particular thing. Then we are left 
with n—1 things and г places can be filled up with these n—1 
things in "-!P, ways. Hence required number of permutations 


is "1P,. 


10.7. To Prove that "P, —^-1P,-Fr "ТР, 4. 
Proof. "P. means that the number of ways in which r places can 
be filled up by n different things. This can be done as follows. 
Consider first those arrangements which contain a particular 
thing. By $10.5 the number of such arrangements=r . "ЭР, ;. 
Now, consider these arrangements which do not contain that 
particular thing. By $10.6, the number of such arrangements— "-1P,. 
Each arrangement of r places, either contains a particular thing 
or does not. Hence total number of arrangements of г places by 
n different things—"-1P, J-r^-1P, 1. 


Alternatively. RHS ="1P,  r."1P, 1 
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пјп—1 
ЯГ (п—г) |п—т—1 


= —^P.-LHS. 


10.8. To Find the Number of Ways in which n Things may be 
Aarranged among Themselves, Taken all at а Time. when p 
Things are of One Kind, q of Second Kind, and r o; Third 
Kind and Rest all Different. 

Let x be the required number of permutations. Take any one of 
these permutations. Replace p like things in this permutation by 
p unlike things. 1f we arrange these p unlike things among them- 
selves, we get | P permutations (keeping all other things un- 


changed). So, in all we get x|p permutations in which now 4" 


one kind, r things of second kind and rest of them: 
one of these permutations. Replace q like 
These g unlike things can be arranged 
х | p suck permu- 


things are of 
different. Consider any 
things by q unlike things. 
among themselves, in |4 ways. But there are 
tations. In this way, we get x 1Р |4 permutations in which r 
things are of one kind and rest of them different. Consider any such 
permutation and replace r like things by 7 unlike things These r 
unlike things can be arranged in | r ways. These are х |p| such 


permutations, This gives rise tox | p |4 |2 permutations in which 
all things are different. But, we know п different things can be 
arranged among themselves in | и ways. 


Thus x|p |4 [r 7|. 
[а 
ТР (4 (7 

which is required number of permutations. А : 

EXAMPLE 4. How many numbers lying between 10 and 100 can 
be formed with the help of digits 3, 0, 4, 5, 6? А 

Solution. Each number between 10 and 100 consists of two 
digits. Number of permutations of two digits out of given five 
digits ==5 P2=20. 

But these permutations include numbers of type 03, 04, 05, 06 
which do not lie between 10 and 100. j 

Therefore 16 different numbers can be formed with the help of 
digits 3, 4, 0, 5, 6 lying between ) 

EXAMPLE 5. How many wor he help of 3 

t no two consonants are adjacent? 


consonants and 2 vowels, such tha 
Solution. Let Cy, Ce ©з be three consonants and Их, V; be two 
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vowels. Consider any arrangement in which no two consonants are 
stogether as shown in the figure. 


ЖЕТҮҮ В brc 
217 C; Vp C; 
Fig. 10.2, 


Now vowels have only two Positions to occupy namely, between 
C; and С., С, and Сз. So, cach such arrangements of consonants, 
gives rise to two arrangements of vowels. But consonants can be 
arranged in 3 places in 3! ways so that total number of arrange- 
ments is 2x3!1e. 12. Thus the number of different words formed 
is 12. 


EXAMPLE 6. How many numbers consisting of 2 digits can be 
formed with the help of the digits 1, 2, 3, 4 such that 

(i) each number contains 1 

(ii) mo number contains 12 

Solution (i) By §10.5. the number of 2-digit numbers containing 


3 
l are2x3P4—2x 43-48-8 


- (i) By $10 6, the number of 2-digit numbers which do not con- 
3 
tain 1 are 3p,— Hes 


EXAMPLE 7. How many woras can be formed from the letters 
of VALEDICTORY provided the letters A, E, I, О, Y are not to be 
separated at all? 

Solution. Put together A, E, 1, О, Y and count them as one 
letter, Thus we have VLDE SD SCIT RS (AEIOY). These seven, 
letters can be arranged in 7 ! ways, But the group (AEIOY) con- 
sisting of five letters can itself be arranged in 5 ! ways. 

Hence the required number—5 ! x 7 1—604800. 


EXAMPLE 8. Out of the letters 4, B.C, p, q, r how many 
arrangements can be made (i) beginning with a capital (ii) beginning 
and ending with a capital. 


_ Solution. (i) A capital letter out of Biven letters can be chosen 
in 3 ways. Remaining five letters can be arranged among them- 
selves in 5 ! ways. Therefore total number of arrangements begin- 
ning with a capital=5 !x 3—5 х4х3х2х3--360. 

(ii) Two capitals out of the given letters can be chosen in 3P,=6 
ways. For each choice of these two letters, тстатше four can be 
arranged in 4! ways Hence the requitéd number of arrangements 
—6X41—6x24—144, 
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EXAMPLE 9. In how many ways can 3 boys and 5 girls be 
arranged in a row so that all the 3 boys are together. 

(C.A., May, 1977) 

Solution. We count the 3 boys as one boy so that number of 
persons involved is now 6. They can be arranged in 6 ! ways; But 
these 3 boys themselves can be arranged in 3! ways, Hence required 
number of arrangements is E 

6 ! x 3 !=720 x 6=4320. 

EXAMPLE 10. The letters of the word ZENITH are written in 
all possible orders. How many words are possible? If ell these 
words are written as in dictionary, what is the rank of word ZENITH.. 

(C.A., November, 1974) 

Solution. Total number of letters is ZENITH is 6. So the total 
number of possible words is 6!=720. Total number of words 
beginning with E is same as the number of possible arrangements of 
Z, М, Г, T, H. But total number of arrangements of Z, М, I, T, H 
is 5 1—120. 

Similarly total number of letters beginning with W is 120; with 
I, is 120; with T, is 120 and with Н is 120. 

Thus there are 600 words which begin with E, or М or Г, or T, or 
H. Hence the words beginning with Z will have their rank between 
601 to 720. 

Out of these 120 words, the number of words in which Е is in 
second place is equal to 41-24. (Number of arrangements of N, 
1, ТОНИ 

Thus the rank of words beginning with ZE will be between 601 
to 624, 

Out of these 24 words, 

Words beginning with ZEH are 6, their ranks lie between 601 
to 606. 

Words beginning with ZEZ are 6, ranks lying between 
607—612. 

Words beginning with ZEN are 6, ranks lying between 
613—618. 

And words beginning with ZET are 6, ranks between 619—624. 

We consider words beginning with ZEN. 

According to Dictionary order, the words beginning with ZEN 
and containing, ITH are 

ZEN HIT with rank 613 
ZEN HTI with rank 614 
ZEN IHT with rank 615 
ZEN ITH with rank 616 
ZEN THI with rank 617 
ZEN TIH with rank 618 
Hence rank of ZENITA is 616, 
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EXAMPLE 11. Find the number of arrangement that can be made 
out of the letters of the word ASSASSINATION.” 

(C.A., May, 1975) 

Solution, There are 13 letters in ASSASSINATION out of which 
there are 3 A's, 4 S's, 2 Гз and two №. 

So the total number of arrangements 

m 13! 

2 3141212! 

_ 13.12.11.10.9 8.7.6.5.4.3.2.1 
(321). 4.3.2 1) (2.1) (21) 
= 10810800, 

EXAMPLE 12. Find the number of permutations of the word 
“ACCOUNTANTS.” (C.A., Ent. May, 1976) 

Solution. Total number of letters in ACCOUNTANTS is 1] 
out of which there are two C's, two A's, two N's andtwo T's. 
So the tequired number of permutations 

11! 
721212121 
= 2494800. 

EXAMPLE 13. Six papers are set in an examination of which two 
are mathematical. In how many different orders can the papers be. 
arranged so that (i) the two mathematical papers are together 
(ii) the two mathematical papers are not consecutive. 

(C.A., Ent. May, 1974) 

Solution. Counting the two mathematical papers as one, total 
number of arrangements is 5! 

The two mathematical papers can be arranged within themselves 
in two ways. So required number of arrangements in which the 
mathematical papers are always together 

=2x5! = 2х120 = 240. 

Again total number of arrangements is 6 ! = 720, 

Hence the number of arrangements in which Mathematical papers 
are not Consecutive is 

= 720—240=480. 

EXAMPLE 14. How many different words can be Sormed with 
the letters of ‘HARYANA’? In how many of these H and N are 
together? How many of these words begin with Н and end with 
N? 


Solution. Total number of letters in HARYANA is 7 with Аз. 
So total number of different words 
71 


= 15 = 840, 
l 
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Counting НМ as one letter, we are left with 6 letters having 3 A's. 
H and N can be put together in two different manners namely HN 
and МН. 

Reqd. no. of words, in which Н and N are together 

61 
EX E WE 240. 

Finally the number of words beginning with H and ending with 
М issame as the number of arrangements of ARYAA, which is 
equal to 

5! 
31 =20 

EXAMPLE 15 In how many ways can the letters of the word 
STRANGE be arranged so that the vowels occupy only the odd 
places. : 

Solution. Number of letters in STRANGE is 7 so there are 4 odd 
places namely First, Third, Fifth and Seventh. 

Vowels are only 2. The number of ways in which 2 vowels 
can occupy 4 places is 4P,. For each such way, the remaining 5 
places are to occupied by five remaining consonants. This can be 
achieved in 5! different ways. These vowe!s can be arranged within 
themselves in two ways. 

Hence the required number 15 УР. x 5!x2 


4! 
=2х "Ws 120= 1449, 


EXERCISES 


1. How many words can be formed from the letters of COURTESY ? How 
many of them will begin with C and end with Y? 

2. How many numbers can be formed between 10 and 1000 with the help of 
digits 2, 3, 4, 0, 8, 9? 

3. In how many ways, other arrangements can be 


DOGMATIC? 

4. How many different words can be formed out ofthe letters of word 
"TRIANGLE". How many begin with T ? How many begin with T and 
end with E. 

5. How many numbers can be formed with the digits 1, 2, 3, 4, 3, 2, 1 so that 
odd digits always occupy odd places? 

6. How many arrangements can be made out of the letters of the word 
DRAUGHT, the vowels never being separated? 

7. There are 5 boys and 3 girls. In how many ways can they stand in a row 
so that no two girls are togetber. 


8. How many different words can be made ou 
“ALLAHABAD”, In how many of these will 
places? 


mado out of the letters of 


tof the letters of the word 
the vowels occupy the even 
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9. How many numbers less than 1000 and divisible by 5 can be formed w th the 
digits 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, cach digit not occurring more than once 
in each number? 


10. A number of four different digits is formed by using the digits 1, 2, 3, 4 5,6 
7, in all possible ways, each digit occurring once only. Find (i) how many 
such numbers can be formed and (ii) how many of them are greater than- 
3400. 


11. In how many ways can a consonant and a vowel be chosen out of the lettérs 
of each of the words (i) LOGARITHM (її) EQUATION? 


12. Find how many words can be formed of the letters of the word ‘FAILURE’ 
the four vowels always coming together. 


13, Find the number of permutations of the letters of the word SIGNAL such 
that the vowels may occupy only odd positions? 


14, Find the number of all possible different words into which the word 
INTERFERE can be converted by change of place of letters, it is being 
given that no two consonants are to be together. 


15. How many numbers between 1000 and 10,000 can be formed with the digits 
1, 2, 3,4, 5, 6, 7, 8, 9? How many of them are odd? 


ANSWERS 
1. 40320, 720. 2. 125. 
3. 40319, 4. 40320, 5040, 720. 
5. 18. 6. 1440, 
7. 14400 8. 7560,60 
9. 155, 10. 840, 520. 
11. (i) 18. (ii) 15 
12. 576 13. 144, 
14. 240 15. 3024, 1680. 


10.9. Combinations 


Suppose we are given a number of objects. Each collection of 
Objects which can be made out of the above objects is called a 
combination. 

Thus ifía, b, c) is a given set of objects and two objects are to 
be chosen. The different combinations are given by (a, b), (b, с} 
and fe, aj. Note that permutations are six namely ab, ba, ca, ac, 
bc, cb. Although ab, ba are two permutations yet they form a single 
combination. In combination, the order in which the elements are 
selected does not matter. Similarly the number of combinations of 
three objects chosen from (a, b, c, d) is 4 namely (a, b, c), {b, c, 4}, 
(с, d a}, (a, b, а}. 

Notation: lf O<r<n then the number of combinations of r 
objects taken out of z objects is denoted by "Cr. 


ИН ЧЕ. 
r! — (n—r)!r! 


10.10. To-Prove that "C, = 


PERMUTATIONS AND COMBINATIONS 235 


Proof. Let ^C,—x. So, we get x groups each consisting of r 
objects chosen out of ri given objects. But each of these groups can 
be re-arranged within itself r ! times Hence the tota! number of per- 
mutations of r objects chosen from n objscts is equal to xxr. In 
other words "P=x Xr. ! 


а t 2 P 
ie. x= де : Hence wc, Pte |а. 223) 
5) Hic PIE 
Cor. "Со="Сһ=1. 
! ! 
Pronk anor vrai =] and *Ca= atk pel 


EXAMPLE 16. In how many ways, a party of 4 or more can be 
selected from 10 persons? = 


Solution. We are to calculate 
10C, +100, 4107, + 10C, 4-100, 10, 4-109049 


Now POI ATE Bo ГЭЛЭН 

Dc == 02 876 252 

C= inr 937 210 

ис, т Eres 

cm ITE 79 

nc o ingre 
Hence required шж c sin 1204-454- 104-1 
EXAMPLE 17. If "Ci Ci find "Cy, and ?2C,. 

n! 2 n!. 


Solution, “Сүүл "Ce" Gard apt lata) (eT 


=> (n—8)! 8!2—(n—12) 112! 

=  (n-—8)n-—9)(n—10)(n—11)-12.11.10.9 

= (0-8 (n—9)(5—10)(n—11)--11880 

= (n2—19n+$8)(n2— 19n4-90) = 11880 

>  (x'+88)(x-+ 90)=11880 where x=n?— 191 
= x2-4178x-+-7920=11880 
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=> x*4178x—3960—0 
= (x+198)(x—20)=0 
> х=-198, x=20. > 
In case x=20, n*—19n 20-0 = (n—20)(n+1)=0 
= n=20, n=—1 
In сазех=— 198, п*— 19 198=0 = nis imaginary. 
Since n is a positive integer, we get n—20, 
Hence "Cy,=20C,,— 20.19.18 
= Суу= 7324 =1140 


MC eg 01р 


10.11. Complementary Combinations 
Prove that С" Cn yi 


n! n! 
roof. "C,— РГ” Р-р! 
п! 
3s (2—r)! [n—(—7)] ! 
| ="Cn_r. 


Two combinations С, and "Cy are said to be complementa; y it 
x+y=r. Thus "С, and "C, , are complementary combinations. 


10.12. To Prove tnat "С»="С, > either х=у or x - y—n 
! 
Proof. "Ca="Cy > т 
=> (n—x)! x! = (n—y)!y! <. i) 
Suppose xz£y and let xy. 
Now (i) = (n—x)! x(x—1) ... (У-Е1)=(п— y) 
> х(х—1)... 0+ D-—(n—y)(n—y—1) ... И д 


Suppose further that х+узп. 
Then either x+y>n or х+у<п. 
If x -- yn, we have x>n—y, x—l>n—y—1, ..., 
У+1=х—(х—у—1у>п—у—(х—у—1)=л—х+1 
hence the product оп LHS+product on RHS of Gi). 
This is absurd ! 
If x-- yn, we have x«n—y,x—l«n—y-— 1, ... 


Jd l—x—(x—y—1)«n—y—(x—y—1)-n—x 41. 
Thus LHS <RHS of (ii), which is again absurd. 
Hence if x>y, then we must have x 4- y—n. 


PERMUTATIONS AND COMBINATIONS 237 


It cán be similarly shown that if x «y, then also x+-y=n. 


REMARK. The above result helps us in solving many problems 
in combination theory. Consider Example 17. We are given that 
"Cy "Cg 


Then 12--8--n so that n=20 and now rest of the problem can be 
done by usual eaiculations. 


10.13. То Prove that "C,--^C,-,—"C,, 


A n! n! 
Proof. LHS И 12:55:51) т 


0:22 WL E 1 
~ (3 ar! r + n—r+] } 


ea п! In 
О g—D!(n—rp! no] 


(n 
T or(r—1) (иг 
-o НИ 
ТРЕ! 


HC, 


10.14. To Prove that "Co--?C; -"Cs-F... ...4-^C,—2^. 
Proof. For п=1, LHS=1C9+10,=14+1=2=21, 
So, our result holds fo. w= 
Suppose the result is true for n=k 


i.e. *Cot*C +... += ТА) 
Now put n—k-4-1 
By $ 10.13, АС: о 


КСС, 
IC, tC, EC, 1. 
Adding we get 
MIC EEHC, +... FHC, 
Со... na HC) +С 
Thus АСС, +... есь 


=C Co 4-203 HCH.. ii Ci) HCH Cr 
=2(*Со-+*С1+... ... 3*Ci) 

as H1Cy—]—*Cy -and C41 =C 

Using (i) we get 
Сос... ... HC. 2.2: 2H1, 


Hence the result holds for n=k+1. Thus, by Principle of 
Mathematica! Induction, result is true for al! positive integers. 
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10.15. To Find the Number of Ways in Which m-+ Objects can be 
Divided into Two Groups Containing 7: and n Objects 
Respectively 

Let the required number of ways be equal to x. This is same as 
number of combinations of m+n objects taken m at a time, for cach 

combination of т objects gives rise to another combination of n 

objects. 3 
! 

i hus x=" ic te 


5 ix Ч от! 2 T 
Ввмльк. In case т=п, we shall EUX— DES But in this 


counung, all ways are not different. Since it is possible to inter- 
change two groups without obtaining a ncw distribution. So, in 


. " H " 2 
such cases, the number of different combination is E Dr 
е. (m i)i 


EXAMPLE 18. Suppose we want to divide the collection {a, b, 
c, d} into two groups each having two elements. В 
Solution. Possible groups аге (ab), (са) ; (cd), (ab); (ac), (bd) ; 
(bd), (ас) ; (ad), (bc) ; (be), (ad). 
But if we look carefully, we note that first two groups, second 
two groups and third two groups are actually the same, placed in 
different order. So, number of different groups is 3. 


: 4! 4! 
ie. Tey ang not Gyr 
REMARK. The above result can be generalised as under, 
: The number of ways, ay tad. ss +a: objects can be divided 
into groups of ац, a;, ... ... » a objects respectively is equal to 
(a,+a,+.. Ta)! 
aa lagl.. аі. 
Further, if a1—a,—... ... =at, the number of different groups 
aires (ay+ao+... ... a)! (t.a) ! a 
11 (аг!) t! (ay Ne 


EXAMPLE 19. If ¥C,=1C,..0, find "Су. 
Solution UCC, = 145542: or r+r+2=18, 
Since rÆr+2, we get 2r=16 ie. r=8. 

8.76 


Hence Оо =56. 


fox E boat is to be manned by 8 men, of whom 2 can 
nly w side and 1 can only row on stroke side; in how man 
ways can the crew be arranged? : a 
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Solution. Let A, 8 be the men on bow side and C be on the: 
stroke side. On bow side two more men are to be selected out of 
remaining 8—3—5 men. This can be done in 2С» ways. Once this 
selection is made, the remaining men are to occupy the stroke side. 
Further each combination of a side can be made in 4 ! ways. 

So, required number of arrangeruents-4 ! x4 !x5C,=5760. 

EXAMPLE 21. How many triangles can be made by joining the 
vertices of decagon? How many diagonals will it have? 

Solution. A triangle is obtained by joining any three vertices of a 
decagon. Thus number of triangles obtained from a decagon 

10.9.8 
33; 20. 

Now a diagonal is obtained by joining any two vertices which are 
not adjacent. 

Tota! number of ways in which two vertices of a decagon can be 


joined="9C, = 199 45, 


-40Су- 


Number of lines obtained by joiniag two adjacent vertices 
: =number of sides of decagon=10, 
Hence number of diagonals —45— 10—35. 
EXAMPLE 22. А committee consisting of 5 members is to be 


formed out of 6 mien and 4 women. How many committees can be 
formed so that at least one woman is always there in the committee? 

Solution. Total number of committees="C;=252, 

The number of committees ín which no woman is there—"Cs 
201-6. 

Hence the number of committees in which at least one woman 
is included =252—6=246. 


EXAMPLE 23. In an examination a candidate is required. to 
answer 6 out of 10 questions which are divided inta two groups 
each containing 5 questions and not permitted to attempt more 
than 4 questions from each group. In how many ways, can he 
make up his choice? 

Solution. The candidate can have following three choices: 

(i) 2 questions from group A and 4 from group В. 

(ii) 3 questions from group A and 3 from group В. 

(ii) 4 questions from group A and 2 from group В: 

Now fitst choice can be made up in 5C,x*C4, i.e. 50 ways. 
Second choice сап be made up in 5C3 x 5Cs ways i.e. 100 ways and 
third choice can be made up in 5С, x 5C. ways i.e. 50 ways. 


So, total number of ways, he can make up his choice 
= 50 4- 100--50— 200. 


EXAMPLE 24. Find out the number of ways in which a cricket 
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team consisting of 11 players can be selected from 14 players. Also 

find E peg s P these (a) will include captain (b) will not 
include captain? \ 

Solution. The number of ways in which 11 players can Бе 

selected from 14 players is 

14.13.12 

CHA заат. 

(a) Here we have to select 10 players from remaining 13 players 

as captain is to be included in each solution. Therefore, required 


number of жаз =18з= 131211 132 1136 11 =286. 


—14x2x13—28x13—364. 


(b) Here we have to exclude captain in each selection. In other 
words, we have to select 11 players from 13 players. This can be 


done in 13Си ways= 30 s Ways. 


10.16. To Find Out the Number of Combinations of r Things Taken 
Out of n Given Things when the Given Things are not all 
Different. 

A general formula for such a case may be quite complicated, but 
a particular case can be solved by methods discussed in following 
examples, 

EXAMPLE 25. How many combinations can be made by taking 
6 letters out of the word PROPORTI. ON. 

Solution, There are 10 letters. in PROPORTION. consisting 
of (P P), (R R), (ООО), T, I, N. Thus two. P's, two R's, and 
3 O's are similar. In all thc. required combinations some may 
contain all dissimilar letters, some may not contain all different 
letters. Following cases arise: 


(i) All the letters are different, 
(ii) 4.letters are different and 2 are similar. 
(iii) 3 letters are different and 3 are similar. 
(iv) 2 letters are same, 2 letters are same and remaining 2 letters 
are different. 
(v) 3 letters are same, 2 letters are same and one letter’ different 
from the others. 
(vi) 2 letters are same, 2 letters are same and remaining. 2 
‚ letters are also same, 


Case I. There ate six different letters. The required number of 
combinations 5C,— 1, 


Case II. There are three pairs of similar things (PP), (RR) and 
two O's from (000). One раїт can be chosen in 3 ways. Remain- 
ing-4 diffreent letters are to be selected from remaining 5 different 
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letters. This can be done in 5C,—5 ways. Hence the number of 
combinations of this type=3 x 5—15. : 


Case 111. The oaly letter which occurs 3 times in ‘proportion’ 
is O. So three similar letters can be chosen in one way only. 
Remaining three different letters are to be chosen from the remain- 
ing 5 letters. This can be perfound in 5Сз i.e. 10 ways. Hence 
the number of combinations of type Ш is 10x 1—10. 

Case IV. Two pairs of similar letters can be chosen in 3C i.e. 
3 ways and remaining 2 different letters can be chosen in 4С i.e. 6 
ways. Hence the number of combinations in this case is 3x 6—18. 

Case V. 3 similar letters can be chosen in one way, 2 similar 
letters can be chosen in 2 ways (either PP or RR) and the remain- 


ing one letter can be chosen in 4 ways. So the required number of 
combinations is 1 x 2x 4—8. 


Case VI. Three pairs of similar letters can be chosen only in 
orie way i.e. (OO), (PP), and (RR), 


Hence the total number of required combinations 
=1+15+10+18+8+1=53, 
EXAMPLE 26. From 6 boys and 4 girls, 5 are to be selected to 
admission for a particular house. In how many ways can this be 
done if there must be exactly 2 girls. (С.А., November, 1975) 


Solution. Two girls can be selected out of 4 girls in AC == E 


=6 ways. 

The remaining three are to be boys. They are to be selected out 
of 6 boys. 

The number of ways in which 3 boys can be chosen out of 

6.5.4 
is *C4— 20. 

6 boys is ‘Сз 321 20 
Required number of ways =6 х 20— 120. 


EXAMPLE 27. Out of 10 consonants and 4 vowels how many 
vords can be formed each containing 6 consonants and 3 vowels. 


Solution. 6 consonants can be selected out of 10 in 10C, ways 
xh le'3 vowels сап Бе selected out of 4 is n 4C3 ways. 


.l'otal number of letters in each choice of 6 consonants and 3 
vowels is 9. i 
So each choice can bz arranged in 9 ! different ways. 
Hence total number of words 
=10C,x 4 Cs x9! 
_ 10х9х8х7 
7203011 
= 304819200. 
EXAMPLE 28. In how many ways can 12 Science students and 


х4х9! 
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9 Commerce students sit-in a row зо that no two. Commerce students 
may be together? 

Solution. Let the Science students be arranged as 

—-$—8—$—....— 

($ standing for position occupied by a science student.) In 
order that no two- Commerce students may be together, they must 
occupy odd positions which are 13 in number. 

Hence we are to select a position out of these 13, which can be 
done in 13С, ways 


But асус, ZLS Lis. 


Consequently required number is 715. 
EXAMPLE 29. Find the number of combinations if the letters of 
the word EX AMINATION taken our at a time. 
Solutiem. There are 11 letters in EXAMINATION consisting of 
(A A), (11), (N N), E, X, T, О, M. Following cases arise: 
(i) All the four letters are different. 
(ii) two are.different two are alike. 
(iii) two pairs of alike letters. 
Case I. There are 8 different letters, we are to choose 4. Number 
of combinations formed in this manner —*C4—70. 
Case 11. One pair of alike letters can be chosen in three ways and 
the remaining two different letters are to be chosen from 7. 
Number of such combinations=3 x *C9—3 x 21=63. 
Case III. There are three pairs of alike letters: 
$o the number of combinations having two pairs of alike letters | 
=9C,=3 
Consequently total number of combinations 
—70-4-634 3 
=136. 


EXERCISES 


If *5 C, —1^Cr.s, prove that r—n—1. 

. If т="С›, prove that ™C2=3"*'C4. 

. 1£?8C2,—' Ca, ,—125: 11, find г. 

. Find the number of combinations of 50 things taking 46 at a time. 

- In how many ways can 12 things be divided equally among 4 persons? 

А From 4 officers and 8 privates, in how many ways can 6 be chosen (i) to 
include exactly one officer (ii) to include at least one officer? 

How many combinations of the letters of the word ALLITERATION can 
be зу four letters are го be taken at a time? 

Find thé number of combinations of the letters of the word COMMERCE 
taken four together. 


> м Auavwne 
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9. 
10. 
и. 
12. 


13. 
14. 
15. 


How many words can be formed by taking three consonants and two 
vowels from a set of 10 consonants and 4 vowels? 


How many words formed by taking 6 letters from CENTRIFUGAL wilt 
contain C, T and F? 


How many words can be formed out of the letters of EXAMINATION 
taken 4 at a time. 


How many words can be formed taking 2 consonants and 2 vowels of the 
word ‘DEVASTATION?’ In how many of them will both T's will be 
together? 
How many combinations can be formed taking 4 letters at a time from the 
word SUCCEEDING. X 
How many words can be formed from the letters of CIRCUMFERENCE 
taking 3 consonants and 3 vowels? 
A question paper contains 6 questions, each having an alterna tive. In how 
many ways can an examinee answer one or more questions? 

ANSWERS 
7, 14. 230300. 
369600. 6. (i) 224, (ii) 896. 
160. 8. 26. 
86490. 10. 40320. 
2454. 12. 1638, 39. 
113. 14. 221000. 


CHAPTER 11 


Binomial Theorem 


11.1. Any expression of the type xy is called a Binomial expres- 
sion, x is called first term and У, second term. Ву elementary 
algebra, we. know that (SA Y)P= 2+ Ixy 4 y2 (х +y) =x34+3x2y 
+3xy2+y3. In this section, we develop a formula for the nth power 
ef x+y, п being a positive integer, We shall make use of Principle 
of Matheùratical Induction in proving the expansion of (х), 
BINOMIAL THEOREM, If nis a positive integer, then 
: т "Сутту а Сука see "Спр", 
Proof. Clearly for n=l, LHS=x+y, 
and RHS=x-+1C,y=x+y, 30 that result is true for n=l. 
Let n+1>1 and the result be true for л, 
і.е, (Œ +у)у"=х"--"Сүхл-1у- ese "Cyn, 
Consider (х--уулЧ--(х +y)"(x+y) 
"+" Ср"... "Су" (ху) 
=х"*1 FOCIE YHX) (^C Туа nC n-1yr) 
+... + C Cn-ix y" -^Caxyn) "Сут 
НСО" Стул" 
HOCH” Ca)x"-2y34 р 
rupti Tr Co 1"С,)ху +"С»„у"+ї 
But "Cr" C, =G, for all 1 &r«n, 
Hence we get that 
CPi prc ny ныс еа Ие А 
rut EM IC xy" p Силу", 
Consequently Віпотіл! Theorem holds for 4-1. 


. Thus by Mathematical Induction, it is true for ali positive 
integers л, 


REMARK. The expansion of (x — у)" is given by : 
PAE" y Cu ууу... OC» 
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ehh Cyr y eC mmy Cye-3yS 40-17 
"оу" 
EXAMPLE 1. Expand (x-r)*. 
Solution. (x 4-))9-5--9C,x*y 4-5 Cax5y? -*Cgx*y3-FSCax yt 
Сре 


Now ^ всвн, IC Ci 51 10. 


Hence (x +y) =x5 + 5xty + 10x3y*4- 10x2y34-5x yt уе. 

EXAMPLE 2. Expand (x--1)'. 

Solution. By Binomial Theorem 

(x— 1)! ox! 4 C,x(—1) 4-1 C:x5(—1)8 4-7 Cax*( — D! H Cax9( — Df 

HCx (= 5 Cer — 1*4: C C D* 
=x? xt 4-21x5—35x14-35x3—21x14-Tx—l. 

EXAMPLE 3 Expand (3x—}y)* with the help of Binomial 
theorem. By giving suitable values to x and y obtain the value of 
(29'5)4 correct to fourth decimal place 


Solution. We have 


3x—3- Y = t4 (3х) —2- | 446,6)? 
2 2 


-2 ) 
+4/С(3х) (- 2) "m (- 


2 
(33): 4x9 2- 62922 12x 


ус 


27 3 »* 
- - -Ї-хдуд--1-ху8--5- 
81xf—54x3y-- -x1y?— yx» 416 


| Now we can write 
(29:5)4—(30—0:5)4 (3 x 10—} х 1)* 
Thus if we put хэв10 and у=1 in the above expansion, we get 


(29:5) —81 x (10)4— 54(10)3 +2700) Es 4 10445 
=810000— 5400025. x 100-15 + 


=810000— 54000 + 1350—15+ is 


7513350625 
EXAMPLE 4. Show that (\/3+V2)3+(V3— //2)3==18/3. 
Solution. We have 
(V3-1- V2) (399 -E3(/ 39 V 2--3(/ 0 29 (V D 
(у3- A28—(/3)3 —3(/38 V 2--3(/3 (2) — VD 
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Addition gives 
(V/3-- 4/2) (V/3— 4/2) —2(4/3)3 -6(4/3)(/2)? 
—64/34-124/3 
—184/3. 


11.2. To Find the General Term in the Expansion of (x--y)" 

Let Т, у be the (r+ 1)th term in the expansion of (x+y)". Now 
Ast term=x"="Cox"y0="Cox"-0y0. second term="Cx"-ly; third 
term—"^Csx"-2y?. This gives that (r-+1)th terme * C,x"-ryr, 

Thus Traí—"Cixn7ryr, 

Also, it can be easily seen that number of terms in the expansion 
of (x+y)" is n--1. 

EXAMPLE 5. Find the 9th term in the ex pansion of (/a—24/Dby1*. 

Solution. The general term in the expansion of (x+y)? is 

Тна="Сьхт-гу" 

We want to find Т,, i.e., r=8 

Now. 7,=12C,x12-8y8 

> T,="C,(/a)* (—24/b)* 

= 10:90556 
= 126720 a2b'. 

EXAMPLE 6. Find the coefficient of x* in (x +2)%, 

Solution. Let x* occur in 7744. ) 

Then Tr41=9C,x*+*2r, Since xê is to occur in this term, 9—r=6 

> r=3. 

Hence the term containing x* is given by 9Cgx*23. So, the co- 
9.8.7 
3.2.1 


EXAMPLE 7. Find the term independent of x in the expansion of 
(я), 
Y ЖЕР 
х 
Solution. Suppose the required term is (7+1): term 7,1. 


Then T-4;=10C,x10-r (- ўа Т 


х 


ч 


efficient of x* is 9C,.225— 


х8=672. 


The power of x present in 7,41, is 10—2r. 

Since there must be no x in Тусд, 10—2r—0 -» r=5. Hence Тв 
is the required term, 

Now Тв--10С,(-1) 


dà 199876 (—1)=9.4.7. (—1)=—252. 
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EXAMPLE 8. The first three terms in the expansion of a bino- 
mial are 729, 7290, 30375. Find it. 
Solution. Let the binomial be (x +a)". 
Then it is given that 
х"==729 

"Сух"-1а=7290 

"С„х”-?а?-—=30375 
i.e., x"=729 -440) 

nx" 1a=7290 ... (i) 


MON yn-152—30375 Лаг 
(i) and (iii) on multiplication give 
MRD ганса 92729 x 30375 


Also square of (ii) is given by 
n2x2n-2 42-7290 x 7290 
Dividing these two results, we get 
n(n—1) _ 729x30375 
2m 7290х7290 
= n-6 (оп simplification) 
Hence, from (i), x^—x*—729 
= х=3 
Again (ii) gives 6.(3)°.а=7290 
> а=5. 
The required binomial expansion is, therefore, 
(34-5) 
EXAMPLE 9. If the 21st and 22nd terms in the expansion of 
(1+x)"4 are equal, find the value of x. 
Solution. 21st and 22nd terms in the expansion of (14-x)** are 
given by 


Тә 544 Сохо 
Toa t Cai? 
By the given condition 
44 C, 0x20 —44C их 
440. 44! 23 1211 
Тав HO = 541201 ^ 441 
23121! 723120 1. 21 


241201 231201.24 


which is the required value of x. 
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EXAMPLE 10. If the absolute term in the expansion of 
19 
(ух- =) is 405, find the value of К. 


x* 
Solution. By the absolute term, we mean the term independent 
of x (also called the constant term). 
So suppose Тууу is the absolute term in the expansion of 


| k M0 
( Mua ) 
№ kW 
Now T,4-19C,(4/x)19-7 (- x 
--10С,х( 1077/2 x-2r kr( —] y 
—(—1)r 30€, kr (10-572 
3 р : 10—5г 
Тил will be independent of x if ЖАЛУ m si 
Le; if r—2. 
Thus T; is the avsolute term. 
Now Тз=(—1)2 10C, 42, 


Also it is given that Тз=405 
> (1)? 9C,k2=405 


405 
2— M — 
> k 45 9 
> k=+3 


These are the required values of k. 


EXERCISES 
1. Expand the following: 
(9 (2х—3у)5 (ii) (1—2)19 (ш) (2- zx) 
1 гр ув Aves 
6) (х+1- 1) © GERD Gi A/ 921)". 


2. Find the 8th term in the expansion of (x*/2 y/s— ул!з y3/2)10, 
- Find 19th term in the expansion of (2x1/2—yt/3)30_ 


4. (i) Determine the coefficient of x15 in the expansion of (x— х?)!®. 
. 1) 
(ii) Find the coefficient of х78 in the expansion of (# + x) ^ 


в 
5. What is the term independent of x in the expansion of (Чэ ps 


у 5 19 
6. Find the term independent of x in the expaosion of ( хз ++) . 


- 
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7. If x^f is present in the expansion of (4-4). then show that its 
E Ў 
Coefficient is т 
E (n—r) ] ! [св ] ! 


8. If in the expansion of (x4-y)^, sum of all odd terms is а and sum of all 
even terms is b, prove that (x2—y2)n=g2— 52. 


9. Use Binomial theorem to evaluate 


(i) (98) (ii) (999) 


10. The first three terms in the expansion of a binomial are 32, 240, 720 res- 


pectively. Find it. 


11. The first three terms in the expansion of a binomial are 1, 10, 40, Find it. 
12. If the second, third and fourth terms in the expansion of (x--a)^ are 240, 


720 and 1080 respectively. Find x, a, n. 


13. In tbe expansion of (1--20H, the fifth term is 24 times the third term. 


Find the value of x. 


14. If three successive terms in the expansion of (14-x)" are 8064, 13440, 


15360, find the values of n and x. 


15. If in the expansion of (1+x)", the fifth term is four times the fourth term 


and the fourth term is six times the third term find the values of n and x. 


12 
16. If the absolute term in the expansion o ( 24 £) is 495, find the 


value of &. 


15 
17. Find the coefficient of x* in the expansion of (= +4) . 


(C.A., November, 1976) 


ANSWERS 


«(0 32x5—240x4y+720 x8y8—1080xty?-+-810xy!—243y5, 
(if) 1—20 x+180x2—960x*+ 3360 x*—8064 х54-13440 х6—15360 х? 
+11520 х8—5120х9--1024 x10, 


ЭРХЛЭН TERRE бене чт 
(00 ag 57 tg h-or са 28 645 


6: 905 710,99 6.1 
(iv) х5--6х5--9х3--10х3-30х24-6х--41-- ЕЕ uy TM ic 
(у) 2x (64х9-4112х34-56х3--7). 


. —120 х8у18, 3. 760xy*. 
. (i) —252. (ii) 924. 
7 
“18 6. 495. 
. (1) 92236816. (il) 996, 005, 996, 001. 
10. 12--335 11. (1+2)8, 
12. x=2, a=3, n—5. 13. +12. 14. н=10, x=2, 


x=2, nil. 16. 1. 17. "C, 
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11.3. To Find Out the Middle Term in the Expansion of (x+y, 
Case 1. nis even. 


Number of terms in the expansion of (х--у) is n+1i.e., an odd 
term. 


So, the middle-term will be ($+ )* term hess (Тула: 


Hence middle term—"Cy, x"-("/2) ут 
"Сыз х" yn 


= п! х"% yn 


Case II. n is odd. 


Number of terms in the expansion of (х--у)" is n4-1 i.e., an even 
number. 


In this case there are two middle terms, namely, ntl th and 
n+3 
2 


th terms. 


atl 
+ th: term=T 44/377 Труа = "Сала x"7(071)2 (70/2 
=n Caah *(»+1) /2 "71/8 
and ^ i 3 th term —7(,3)/3— аул =" C (44/4 X" (1*1)? yit) 


"Сич x12 3092 
Note that coefficient of both the middle terms are same ! 


11 4. To Find the Greatest Term (Numerically) in the Expansion of 
(x+y)" 

Let rth term be Т, and (r+1)th term be Гал 

Then Try = "Сех" 


` and T, = "C, 4x" rHyrt 
So Tra e КУ: 9 n! (п-гг--1) 14-13 1-1 
Tr "Cry x. г! (и! n! x 
329 (nort) x. 
r y 
Thus Т.Т, = (n—r--l)yzrx 
28 2: pem 


etia) 


r 
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(ntl). 
> x+y 


(Note that y>0 as we are interested only in numerically greatest 
term.) 


> I. 


(1-0). б 
Case I. If Payal is a whole integer, say m. 


Then for all r varving from 1 to m—l, T.,,7T;, i.e. each of 
Ti, Ta... Tw. Tm is greater than its preceding term. For 
r—m, T;.,=T, and for r»m, Tr41<Tr i.e, each of Tmig, Тт. .., 
Tn, Tnx, is lesser than the preceding one. 


Hence Tm and Tm are equal and are of greatest value among 
all terms of (x--y)^. In other words mth and (m+1)th term are of 
numerically greatest value. 


Case II. If ттл, is not a whole integer, let m be the integral 
part of ЕУ, For all r=1,..., m; Tra, > T, and for all 


гет, „п, Taa <T. 


Hence Т»+ is of greatest value, i.e. (m+1)th term is of greatest 
numerical value. 


EXAMPLE 11. Find the middle term in the expansion of 
(xy). 


Solution. In this case there are two middle terms viZ., Т,, Тв. 
Now T, cti OSTIO 
=1716x*y? 
Та '8Cpx°y? —13C.x5y7— 171 6x8y?, 
EXAMPLE 12. Find out the term of greatest value in the ex- 
pansion of (4--3х)85 when x—4. 


5 S—r+t 
Solution. Du. Е (*) 


r r 4 
= 25—г+1 (2) asx=4 
r 4 
4 18у-3/. 
IE 
78—3r 


So, Тат, € 


21 


r 


252 BUSINESS MATHEMATICS 


<> 78—3r2r 
+ 7824г. 
4390027 < 8191. 
Thus Тод is of greatest value. 
EXAMPLE 13. Show that the middle term in the expansion of 


Ayxan ig 133. - - (2л--4) =. Enc) Zayn, 


Solution. In the expansion of (1-- x)?" there will, be 2n+1. (i.e. 
odd number) of terms. The middle term will thus be the (n+1)th 
term, 


Now Та = "Сх" 


Qn! 
Salni * 
== 2n2n— DOn—2)2n—3).. 4321 ., 
nini 
_ [2n(2n—2)(2n—4). . . 4.2] [Qn—1)2n—3). ..3.1] №: 
ES nin! 
 2^In(n — 1)(n—2). . . 2.1] [2n—1)n—3). . 3.1] 22 
i3 "S nin! б 
= 2Qn=1)(2n—3) . . 3.1), 
^ Wt: n! 
22222338 „бар P 
EXAMPLE 14. Prove that the middle term їп the expansion of 
(х+ 2 ym уте Qn (C.4., May, 1976) 


Solution. Here again the middle term is the (n+1)th term. We 
ave 


2 KNS 1 
Tig = "Coe x) -эсд 
_ (2п)!. 
прп! 28 


(35... Qn- Dp T (As in the previous example) 


ы 1.3.5... (2851) 
—— ч таний 


11.5. Binomial Coefficients 
The coefficients "Co, "Сү, "C, . . . in the expansion of a binomial 
are called Binomial coefficients. 
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We state and prove a few properties of the binomial coefficients. 

(1) Sum of (һе binomial coefficients in the expansion of 
(1 +x)” is 27. 

Le., we want to show that 

"Cot Cyt. . ph s 2n 
We know 
(1--x)n—" Cp 4-^Cyx "Сх. + ot"Cax” 
Put x—1 to obtain 
27—^C, 4C, ^C, +... EC. 

which proves the result. 

(2) The coefficients of the terms in the expansion of (1+х)", 
equidistant from the begianing and end are equal. 

The general term Т from the beginning is "C,xr 

‚= its coefficient is ^C, 

Since total number of terms is n+l, the (r+1)th term from the 
end has (n+1)—(r+l)=n—r terms before it. 2 


Те, (r--1)th term from the end is (n—r-4-1)th term from the 
beginning and 


Тт-т+у=”С»—,х"-т 
= its coefficient="C,_, 
But "С,="С„_, 
Hence the result follows. 


(3) In the expansion of (1 +x)", the sum of the even coefficients 
is equal to the sum of the odd coefficients. У 


Put х= —1 in the expansion 


(1) —"Co--^ Cax "Сухо. n Caen 
We have 


—"Co—"C 4-^C3—^Cs4-. (рс, 
ES "CoT^C3 -^C,4-. й "Ci -E"C8 +" C+. +; 
which proves our result, У 
Note that the sum of each=},2"—2n-1 
EXAMPLE 15. If (1+x)"=Co+Cyx+Coxt+ | „+ Cax^; 
I2n 
prove that Соса C1Cg--C4C44-. . . Hn E 
Solution. Since (Lx)^— Co-- Cx - Cox? 4. „АКС“ 
1 ус, Sp Spy 4S 
we get (1+ x = Ci Xu LAUR 


x 
Multiplying these two expansions, we have 


(4a(14 x J - (Co Cet ШЫ 


Сі C. С" 
тм +бх®(со+ S a. ae 
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Ir. 
Clearly CoCa +C1Cs+ . e+ +Cn-2Cn==coefficient of zz in the 


›храпзїоп of RHS. 
Thus 
1 n 
CoC. +C1Cs +.. +CntgCn=coefficient of 2 in (1-+x)” (14 +) 


=coefficient pe ? in (14-x)?^ 
Suppose х"-° occurs in Tr,1—?^C,.x* 
Then r=n—2 
Hence coefficient of x"-? in (1--х)27 is 2^C,—1"C, з 
[рл 2n 
рп 

ЕХАМРГЕ 16. buceo dU i +i.. +H Ca", 
2п—1 
(=; 1) 
Solution, Now Cia -Е2С›х?-Е3Сзх?%-+...-ЕпС„х" 

= nx fita 1)x+ em +, eni) 

= пх(1+х)°-1 
Changing x into 4, we get 


Consequently CoC,+CyCg+. . .+Cn-:Cr= 


prove that Cy?+-2C,2+3C,2+...+nCnt= 


2. 2С» ха, ge += z( x) = (14-x)*71 ...(1) 
Mer Со-+ЕСух-+С,х%+.. +Cnx"=(142)" .402) 
Multiplying the expansion (I) and (2), we note that C;?4- 208 


T3038 dS is term independeat of x in LHS of the pro- 
duct of 0) and (2 


Hence лое ..+nCn?=term independent of x in 
zx bx) (Lex) 
= coefficient of x^ in n(1--x)2^-1 
= n times the coefficient of х" in (1+x)?"-1 
Suppose х" occurs in T. ,, —?^-1C,x7, then r—n. 
As a consequence, coefficient of x^ in (Lxi is ?-1C5 
[2—1 


Thus СИЧ 20-34 "СИТ 
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[2л—1 


“тар! 


Ёл-1 
(9—1) 


EXAMPLE 17. If а аз, аз, аз, are the coefficients of the second, 
third, fourth and fifth terms respectively in the binomial ex pansion 
of (1-х)", prove that 

41 


as _ 24 
а +аз аа а, фаз 


Solution. We know 
(+x) = "Cat" Cix "Сх... "Сах? 


Thus а = "Ci 
a, = "С, 
аз = "C3 
аа = "Cy. 
ay Gz.) "C3 165 
ED {а deba "OCT %+"б, 
"Cy "Сз 


Buc is CN 


= + — 
© (nt Dn” (п+1)т(п—1)(л—2) 
ГИК ОРО ДЫДА 


io Beiden 6+ 
= n+l' ntl в ...@ 
2.n(n—1) 
: dg 16 2ЛС ул! 72 
Again а+а rere ОЗЫ "HOS 

Runs Ty SH MP 

ИЕ) nasi) nti 210) 
6 

(i) and (ii) give the result. 


EXAMPLE 18. If the coefficients of х? and x3 in: the expansion 


of (3--kx)? are equal, find the value of k. 
Solution. Coefficient of x? is the expansion of (3+4x)9 is 
°C, (3)*k* = (3)? 3643, 
Whereas coefficient of x? in the expansion of (3--kx)? is 
ЭС (3)*k* = (3)* 8443 
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By hypothesis (3)? 36k? = (3)* 84k8 
336 9 ; 
> k=0 or kei. 


k=0 will imply that 3--kx is no more a binomial expression, so 
we reject this value of k 
Hence k=}. 


EXERCISES 


1, Find out the numerically greatest term in the expansion of 
5 
o(i- zy when x=8, y=9. 


(D (2439? when х= 2, 
(ii) (3—5y)1 when y= i. 
хз үн 
2. Find the middle term in the expansion of (1 T 
3. If (1+x)"=Co+ Cix+Caxat ... +Cyx", find the values of 
Cot2C1+3C2+ ... +(n+1)C,, and CoC1--C1C2- C1C 3 - C 1 Cn. 
4. If Co, Су, Cs, . . . Cn denote the coefficients in the expansion of (1+х)”, 
prove that 
(0 Cr+2C24+3Cst ... +nC,=n.2"-2, 


Naver rot Cn any, 
M Ta Tr 


5. In the expansion of (1-+x)43, the coefficients of the (2r+1)th term and the 
(r+2)th term are equal. Find r. 


6. In the expansion of (1--x)**, the coefficient of the rth term is to that of the 
(r+1)th term іп the ratio 1: 2. Find r. 


7. In the expansion of (1-+x)", the coefficient of (2r+1)th term is equal to the 
coefficient of the (4r--5)th term. Find r. 

8. If three successive coefficients in the expansion of (1-4-x)" are 210, 120 and 
45 respectively. Find n. 


9. Prove that if x lies between —№ 
ntl 


ntl М 
апі бар этэ the greatest term in tne 


expansion of (1 +x)2» has the greatest coefficient. 
[Rint, Greatest coefficient in the expansion of (1+x)" is ^C,,,, when m is 


even and it is ^C, where r— E чь ‚ when n is odd 1. 


10. Find the middle term/terms in the expansion of 


(0 ( 2e – aa). an (+ riy aH 


BINOMIAL THEOREM 257 


ahy 5 ЕЕ J^ 
(ш) (6-2) 15) (2+ 2 
ANSWERS 

1. юа term (ii) 8th term (iii) 3rd and 4th > 

. хм, . 2n-1(m42); — S= 
2016" т т 
5.14. 6.7 
RA 8. 10 
10. (i) e (ii) € s, 61656 

17 
(iii) *C435. T (iv) 19.17.13.11.3%0,218, 


11.6. Binomial Theorem (Any 1ndex) 


We have already found out the expansion of (x J-y)^, when n is a 
Буе integer. We now give the expansion of (1--x)", where n can 
be negative integer or fraction. 

Binomial theorem for any .ndex: 


If|x| «|, then 


- —1)(n—2 
падка Lene Па M DO Ma. ш 
I= — 
where n may be negative integer or fraction. 
The following examples will illustrate the use of the above 
expansion. 
EXAMPLE 19. Expand ( 1- 2) Voting the first four terms. 


Solution. We have | 
х үз ZN CS CO ee 
(:- 2) -1н-8(-2)8 22 ( >) 


HIENE) -5) 
Е Бас 2 +...0 


SON HE 5 


melee жез Ж үр n 
bv art рр 


EXAMPLE 20. Expand (5—x)-! up to terms containing x3, when 
xo 
Solution. We have 


-1/2 
(5—x)1/2—(5)12 (= 3) 


Since |x| < 5 HE ‹ 
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Thus by Binomial Theorem for any index 
1/2 = p 2 
G 5 (- 6964-31-51 


ааа C- E a- i E 


and thus 


1.3 1.3.5 x3 
11444 ysl it: 3 3C ae ma 2 
EXAMPLE ын Using Binomial Theorem, find the value of 
4/128 io four decimal places. 
Solution. We have 
4 128-- pis doo sua 


1/3 
=(125) Br + 3 


55114024) 8 
es =s[ аах. 024.4, 8-0 m D x (02424- . sas} 


=5{1+.008 ее, 28) 
==5,0397 correct up to four places of decimal. 
EXAMPLE 22. Find the Miei negative term in the Боот of 
(1+ }x)19'8 where 0<x <4 
Solution. Suppose 
n(n— BC =2). . (n—r- +1 
T; NOD. 48:13 
is the first negative term. As (2377 is positive for 0<х< 4. 
Теа will be the first negative term ifr is the least integer satis- 


fying MY i es 
ie. j y rp 
= 23 


Least г greater than 5? is 6. 
Hence value of r is 6 
Thus T7 is the first negative term. 


Now 
Ao 13 — 1), 133 13-43 13 —4) ды 
T2 US C3 e „—3)(\ : 305 5) (үх 
B 3: 
736864 ` 
EXAMPLE 23 Find the first three terms of 
1 


ҮЛЕП с> 
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assuming the validity of the expansion in ascending powers of x. 
Solution. We have 
1 


HA EL ёл», ee Эд j-2 -1/2 
(123)? /1+4e GTO Sene 


Now (1-bx)-2=1-++(—2)x- шингэнэ z 


pes 2)(— 220—2 2—2) +з. 


and (1--4x)-12—14-(—14)4x4- CO a... 70 
Непсе 
(14-х):2(1- 4х):182:-401--2х--3524-, 4(1--2х--6х3--....) 
Hence first three terms in the expansion are 
1—4x + 13x?. 

EXAMPLE 24. Product in thousand kilograms ofa certain firm 
in the first, second, third, etc , weeks is the same as the coefficient 
of the first. second, third etc., powers of x in the expansion of (1--x) 
(1—х)-2. Find the production in the sixth week. 

Solution. The expansion of (1+x)(1—x)* is given by 


@+х) Ї +(—2(—х)+ 969 DC yay 


ВЕСЕ 


4 (= 22 2000—23). < Л 


=(1+2x)[1 42x +3x?+-4x8-+ 5x44 6x. 7x84. . «J 
= (142x+3x24+4x3 + 5x3 + 6х8 7х‘ +...) 
H(x+2x2 E33 5x84 бк. 5) 
=1--3х-+ 5х? 7х? -9x15-- 11x54 -13x*4-. . 
As the coefficient of the sixth power AAT is 13, the required 
production in the sixth week is 13 thousand kilograms. 


EXERCISES 

1. Expand the following 7 

(i) (4—33?3 , 1х1 < 3 

(И (еу Iz «1 

Kus duo 548: P zi 

[D 

ea Шуа (1—2х)-08, [x | «Min (4, $). 
2. Find 


= 16) 2-2 
(i) the 8th term of (1—3а%)!6', lai «7; 


(ii) the Sth term of (1—2x33) 8? , [x] < = 
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(iii) general term of (2—3x)*/ 1х1 «р 


(iv) general term of (1--2x)-!/ |x] < 
3. Find the first negative term in the expansion of 
4 з 3 
(i) (4 x ) where 0<х<-у- 
(ii) (1+3х)8? — where0c x«i. 
4 194 AU 3 
ci (1x ) where 0«хє-1- 


1 
4. Find Var correct to four decimal places. 


1 
5. Find 4630” correct to five decimal places. 


Find the coefficient of x^ in the expansion of 


a 


(+x)? 
<i. " 
NEST 1x| «1 
Find the cocfficient of x" in the expansion of 


n 


CUNT S 
(2 6-1" 1511. 
8. What is the value of л Гог which the coefficient of х? in the expansion of 
(1+ x#)(1-+ х)" is six times the coefficient of x ? (| x | <1), 
9. Use Binomial Theorem to expand (14-х--х3):3, 
| нм. ха Ех 
10. Expand (х-+ у)" when п is not а positive integer. 
11. Find the ccefficient of x! in the ехра‹ sion of 1—x4-xt—x3)-1 
12. Show that T 
Ven 21 үүмт-1 MU 
xia (a> 1). (1-1)... 
13. гта the value of 1126) ° correct to 4 decimal places, using Binomial 
Theorem. 
(C.A., Noveniber, 1976) 


ANSWERS 


27 
1.@) 8—-9x-- ext... 
(i) 1—4x+10x2—20x3+, 
(iii) \—2х+3х%—4х%+... 
(0) 14+-x4+x2+37+... 
w) I+ By E Saee. 4 
1155 


2. 0) E Gn nox 
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m EGA), 


3557.5 (27-1) 


вә нии Pep 


—1463 x 


6. 4n 
7 (cunt ян 4 
ИЯ Т7 
8. 7 or —4 
9. 1—3х+3х%+2х%—9х!+... 
nn—1) in—1Yn—2 
10. e[re 2+ Vis п таай, ie ri ] 


| 
when |х| > | y! 


xq ma-D ха) macia © 
rei XEM Mar: Ft] 
when [x| < |y i 


11. 1. 
13. 5.0133. 
11.7. Application of Binor .: Th. «m 

We illustrate below by means of examples how the Binomial 
Theorem is used in the summation of infinite series and certain other 
types of problems. 

EXAMPLE 25. Sum the series 

3.35.4157 
AGT S83 4*2 a 
Solution. Comparing the given series with the expansion 
nN oy cid 29 


оздер 
we find nx =} МО) 
м0), -16 . + fii) 


(i) gives х= 


Putting in (ii), we get - 
a(n—1) . 9 35 
2 16n? 4.8 
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= (:- =}= 3.5=15 
п 
> п= —$ 
and, therefore, = Eq 


Hence the given series is ХЭЙМ to 
(1-37 82 =()- 3/2—23/2—2,/2, 
EXAMPLE 26. Sum the series 


5 5.7.9 
ЗЕ 335* 329 - 


ШЕЕ The given series сап be written as 


35,357, 3.5.7.9 
[+ 30912572) | 


азл 
ж +553 + -2| 
I rM 35. 357 
= E nga Ч 


The series inside the bracket will be summed up by means of 
Binomial Theorem for any index. 

Comparing this series with the expansion 
ane Dat 


(1+х)"=1+лх+——-—х°+..., 
we get пх=| or х= 
щп—1)х% —35 5 
and EE ПЛ Ыб. 
mn—1) 1 5 lis adr. 
OR 2 m-6 ЕЯ 


This implies that х=-} 
Consequently the series inside the bracket 

= СЕЕ 

= ($7 9/2 38/2= 34/3, 
Hence the given series = —$--3(34/3) 


= 4/3 —§. 
EXAMPLE 27. If y = 4 $34 Be 
prove that y?+2y—2=0, 
Solution. We have 
1.3.5. 


уне! + +37 4 ITE. 
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Comparing the series on the RHS with the binomial expansion 


(payer tae Dae, 
we get A 
mx =} 
n(n—1) 9 1.3 
p * 3 


giviog thereby, п=—$ and х=—} 
Thus = y4i-(1—3) 12— (4) 12—312 
Squaring both sides, we get 
у2--1--2у = 3 
> p2+2y—2 = 0. 
EXAMPLE 28. If p=q nearly and n1, show that 
(п4-2)р+(н— 9 _ (2 P: 


(n—lpr(ntlq \q 


Apply this rule to find approximately the seventh root of ЗЭР, 


1337 
Solution. It is given that p=q, nearly, 
so let g=p+h where Л is very small. 
Then LHS = (Тур C (n E IPA) 
_ 2np+(n— ПА 
~ Inp+(n+ 1h 


I UTE TOX 
= np Pprox. 


КМ DEA dest 

Again RHS — (55) = Xp 
=(1= +) 18 = A approx. 

= LHS=RHS. 
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To do the second part, let p=131, g=133,n=7. 


131 Чи p nu 
Nm wes rea) 


_ (7++1)131++(7—1)133 
—Q—DIBIT((1I33 


_ 1048+798 
— 7862-1064 
_ 1846 
771850 
923 
SEL -9978 nearly. 
EXERCISES 
1. Sum the series 
EEREN M ee 
01758430: 512 tasers 
: AE 134 
an rex 44 (EY wa y+. 
ONI E E PS EUM 


4 48 48.12 


15.21 15.21.27 
e» 1445 ut de 846 ^ 8:6:34577: 


2. Prove that 


4 дее 
3. Show that 
15 0:5 АП ад 
1, 2. 12558. E 
ў em "612a 
4. Show that 


7 E onset n 
s i tis “1047 :1.23 gets + )7 V2 


5. Identify with a binomial expansion and find the sum of the series 


6. If x is so small, that its Squares and higher powers can be neglected, then 
show that 


a C3 sx) 1 989 
Чех — + 9 
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ахаха _ 
(12-x08/84-(1— x)! /8 


eE m VO 1 
A ү. 
(4+х)*13 


1 
ACE 


(ii) 6 


ANSWERS 


1. (i) 3 


5, (1 - уу" 4a 


GD уз (01044 (iv) 32 
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CHAPTER 12 


- Sequences and Infinite Series 


12.1. Sequence 


A sequence is an endless succession of numbers placed in a certain 
order so that there is a first member, a second and So on. Consider, 
for example, the array 

Pe ил. 
12251337 ДЛТ cubes 
This is a sequence where nth member is obtained by taking the 
reciprocal of n. We can have many more examples, such as 
За, 
1 
223 747 ... nir ... 
albe. (ore. etc., etc. 
So, in general, a Sequence is of the form 


27 
= 


all the members of the sequence be distinct (as is otherwise clear 
from the above examples). 


12.2. Convergence of и Sequence 

Consider the sequence 

НАР. 1 
bos x rdi dr" а 

In this we see that as we go along the members of the sequence, the 
members come closer and closer to zero. Thus as n becomes larger, 
the members come nearer to zero. In such cases we say that the 
Sequence converges to the limit zero. 

Consider now the sequence 41, d», ds, . .., dn, .. . WE Say that 
this sequence converges to a number /, if it is possible to make 
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|a&—1| as small as we like (by making п sufficiently large) which, 


in other words, would mean something like saying that the sequence 


<an> converges to lif after a certain. stage, all the members of 
the sequence are very near tol. To give a precise shape to the 
above discussior, we state : 
Definition. A sequence «алт is said to converge to a number 
I; if given any =>0, there exists a уе integer m, such that 
| 24—1] <=, хуу эт 
This number / is called limit of the sequence. 
Also in this case we write 
lim an=} 
п-» 00 


It can be easily shown that a sequence cannot converge to more 
than one limit. 


If we use the definition to find limit of the sequence 
1 1 1 
1, 


Seige ine tne 
we note that here а„= i we claim that / is zero. So if £20, is 
any given number, then we wish that 
ШЕ 
which will be true if al. 


3 ] 
So if we choose m to be a -- ve integer greater than Eve find 


ро | y n>m 
and thus, zero is the limit of the sequence. 
then 


1 1 
As a particular case, let us suppose that we take є==—түу› 
if we chocse m=1001 
then т> -1-—1000 
апд 1.-0|« 1 хєл эт. 
п 171000 


So we find that the value o^ m depends upon the value of є, the 
smaller the value of e, the larger the value of m. 


Divergent Sequences 

Let «ас» be a given sequence and suppose К is any large 
number. If we find that except for a finite number of elem 
the sequence, all members are greater than K, we say that the 
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sequence has +co as its limit. In such a case the Sequence «ас» 
is said to diverge to 4-co. 

Definition. A sequence <an> is said to diverge to +20, if for 
each positive number K, (however large), it is possible to find a 
rye integer m, such that 

>К n> т. 

Similarly, a sequence <an> is said to diverge to — оо, if for each 
ne ative number K (however small), it is possible to find a +ve 
integer m, such that л 

n<K vnm. 
In the notation, the above two are expressed as 
lim an= To 


п» о 
lim = — со 
noo 
As an example the sequence 15:23, о. яу З diverges to 
+20 and the sequence ЕО Sasi, —n, 2 diverges to 


—со, 


.A sequence is thus convergent if it has a finite limit and is 
divergent otherwise (Ge, when the limit is infinite or it does not 
exist). 


(Nore. Many authors follow the definition thus: 
A sequence is convergent if it has finite limit, 


It is divergent if it tends to + о or — œ and the sequence is called oscillatory if 
the limit does not exist. Thus the sequences — 24.1, 1.1. ua (15, 


S 11572, 573,4. Жени 7,... > are oscillatory.) 


12.3. Bounded Sequence 
A sequence «Саа is said to be bounded if there exist numbers k 
and K such that 


К< а<К, v n 


€.g., the sequence <у > is bounded as 


1 
0 << M п. 
12.4. Monotonic Sequence 
A sequence <an>-is said be monotonically increasing if 
аһ Pan жп 
and it is called monotonically decreasing if 
апа» Ул 


Also if any, >an, %ё n we say that the sequence <a, > is strictly 
monotonically increasing and if ау <аь M n it is called strictly 
monotonically decreasing. 
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I : А 
The sequence < Wes clearly strictly monotonically decreas- 


ing, whereas, the sequence <n> is clearly strictly monotonically 
increasing. 

A sequence which is either increasing or decreasing is called a 
monotonic sequence. 


The sequence <1, —1, 1,... > is not monotonic as it is neither 
increasing nor decreasing. 


12.5. Infinite Series 


We have already considered arithmetic and geometric series etc., 
which are formed by a certain rule. We shall now consider an 
infinite series, which has infinite number of terms and there may 
not be any definite rule to determine its terms. Such a series is 
denoted by an expression of the form 


uztu, Риз... Hunt... ог X us or Zun. 
n=1 
12.6. Convergence of an Infinite Series . 


It might be remarked here that throughout this chapter the word 
series would mean an infinite series. Suppose we are given the series 


Хиһ=и +... out... 
Let us denote by 54—4u; 
$5—114-us 
$4—u1--u,-ug 


=u +u, + .. Fun 


In this manner, we get a sequence <(Sn> which we call the 
sequence of partial sums of the given series Хип. 

Definition. A series Xun is defined to be convergent or dive; gent 
according as its sequence of partial sums <Sn> is convergent ог 
divergent. If «S,» converges to s then s is called sum of the 
series Dun. 

The foliowing two results are direct consequence of the definition: 

(a) Addition or omission of a finite number of terms in a series 
does not affect its convergence or divergence. 

(b) Multiplication of all the terms of a series by a non-zero cons- 
tant does not affect the convergence or divergence of the series. 


12.7. Positive Term Series 

If all the terms in a series are positive we call it a positive term 
series. We shall, in major part of the chapter bz dealing with series 
of positive terms We have defined convergence of a series in terms 
of its sequence of partial sums. In general practice it is found that 
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it may not be always easy to write down the sequence of partial 
sums. To avoid this, we have a few tests which can be applied 
directly to the series to see whether it converges or diverges, Before 
giving the list of these tests, we give below a few important limits 
which will be useful in the application of these tests. 


12.8. Some Important Limits 


(a) lim (1+ уе where 2<е<5. [See Chapter 13] 
no 
(b) ит ni^—l. 
ne 
(c) іт log г п=ео 
noo 
lim loge n=— о. 
n0 


12 9. Tests to Examine the Nature of a Series 

Some preliminary tests. Suppose we have a positive term series 
Хи», then the following tests can be applied to determine the nature 
of the series: 

Test 1. V lim ин 0 then Xun is divergent. 

п» = 

Test 2. Sun is convergent if and only if, there exists а number К, 
such that и, 4-0... Ius К, for all n. 

Test 3. Eu» is divergent, if each term after a fixed stage is greater 
than some fixed positive number. 

Test 4. Comparison tests. 

Form 1. Af Eun and Xr, are two positive term series such that, 
unc Куз n, where k is some fixed positive number, then Хи» divergent 
> Xv, is divergent and Xv, convergent => Xu, is convergent. 

Form 2. И Хи» and Худ are two positive term series such that, 
kvn<un<Kyatn, where К and К are some fixed positive numbers, 
then Хил and Ху» converge or diverge together. 

Form 3. If Xu, and Ev, are two series of positive terms, such that 


u Дд mi. 
— =], where / is non-zero finite real number then Zu, and 
E? 


tim 
поо 


Eva converge or diverge together. 
EXAMPLE 1. Show that the series 
ЕРЫ 
is divergent. ' 
If un is the nth term of the series then clearly 
lim u,—1 (as un=1) 
п-- оо 


which is non-zero and thus by Test 1. the series is divergent. 
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EXAMPLE 2. Test for convergence, the geometric Series 
I+r+rP+r4,.., (r>0). 
Case I. 0<г<1. 
If Sn denotes p sum of the hrst и terms of the series, then 
= lfr- one Уо ea 
1-7 
LE 


< 1—— for all n. 
Ei 


If we write K— г we have Sa<K4n and thus by Test 2, the 
Series is convergent. 
Case II. г=1. The series beccmes 
14-1--1-- 
which by example |, is divergent. 
Case III. >l. 


Each term of the series is 
series is divergent. 


Thus we conclude that the abovi 
and is divergent if r>1. 
EXAMPLE 3. Test for convergence, the series 
1 1 1 1 
1+ 29 РЗ» + pr: 2 “+: shy 
1 


Solution. Let S= Ie. 3t ids 


greater than 1 and so by Test 3. the 


series is convergent, if 0<7<1, 


Case I. Let p>1 
Then 


T (zou) ет). 


where we bracket the terms (leaving me me term 1) such that 
the brackets contain 2, 4, 8, ...terms. Then 


$<1+ (5+ ын CE wat) 


=l+5 ясан 


=] Жср pat. 


1 
5<1— ZI qd un Try 1103 
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Now RHS is а geometric series with common ratio xu <1 and 


is, therefore, convergent by Example 2. 
So by comparison test the given series is also convergent (when 
p>!) 
Case II. When p=1, we have 
1 1 1 
$ = (x ЕР ИСАН ipaa 
1 1 1 1 1 1 1 
=1+ at (++ 4 ) (++ ЄТ at +)+ а 
where we bracket the terms (leaving the first two terms) such 
that the brackets cortain 2, 4, 8,... terms. 
1 


Thus 521+ ++ (4+ i ) (3*3 T +) qe 


223. A) 

or Seid И 
1 1 1 

wlikat zt zt: ds 


1 1 1 
zt 5+ +: А 
But RHS is a divergent series (Test 1). 

Hence by comparison test again the given series is divergent. 
Case 111: When p<! 


> S> 


Here —>— yn 
But Z + is divergent by Case 11 
ЛИ: f “ҮСЭГ” : 
БА Lu 1. e., the given series is divergent by comparison test. 


We thus conclude that the series D i is convergent when p> 1 


and is divergent when p« l. 


This series is called Auxiliary Serres and proves very helpful in 
the solution of many problems. 


EXAMPLE 4. Test for convergence of the series 
1 1 1 E v 
13375246) 352 1468 5 — 
Clearly the nth term of the series is 
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1 1 
Un = nint+2)(n+4) уа TES ES 
n n 
= 1 
Take Шэн 
ип 1 


then рр, 
Yn 2 4 
(1+ ze +) 
Now lim =I, which is non-zero and finite. 
ч 

Also since the auxiliary series у= Ih is convergent (ps), it 
follows by comparison test that the given series is also convergent, 

EXAMPLE 5. Examine for convergence the series | 


© 


Spe- 


1 (C.A., May, 1977) 
Solution. Let un denote the nth term of the series, 
then иһ = үл2 41 —п 


обат 
1 1 
CU287738 5 a 
BENA ee Sy 227 
BP вна" 
1 
Take Yn-—. 
n 
Then шэг нэ вл terms with higher powers of n 
2 8n я 
ш “t= 7-540, finite 


= Eun and ув converge or diverge together by comparison test 
(form 3). 
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But Буд is divergent (example 3). 
Hence Zun is divergent. 
Aliter. We have 


un = М'п?-Е1—п 
ars pa кый 
TIL. ^ (n2-+1)+n 
e n2--: —n? 1242 1 


n 
Cea NP A 
Vn 1 
Дд 
Нина. 17:21 
үзе TFL 12 


= Хи» is divergent as above. 


EXAMPLE 6. Test for convergence the series 


1 а ae 
У (ап) п). р. а being positive. 
a=] 
Solution, We have 
1 


h = (аи) — G Py em ў 
VARAAN 1 
neve L4 Jer Ji 
Take Jin = sh 
Then “= : 


=> lim 


no '" 


Which is non-zero finite 


= Zun and Ху» converge or diverge together by comparison test 
(form 3). ; 
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But Хул is convergent if р+42>1 and divergent if р+9<1 
(auxiliary series). : 

Hence the given series is convergent when р--д2»! and divergent 
when p+q<l. 

EXAMPLE 7. Test for convergence the series whose nth term is 

(па) —n 
Solution. We have 
и» = (n3 -1)1/3—m 


Se а 
=it+ + E wt -1| 
: 1:14-1) 1 

=n ЕРЕ + 2 mt ] 


= 3 + terms with higher powers of n in the deno- 


minator. 
Take уһ = de 
n? 
и 1 { 
then NOT ane terms with higher powers of m in the de- 
Л 
nominator 
ne Un 1 $ 
> lim —=-— (non-zero finite) 
Yn 8 
= Zun is convergent (as Хул is convergent). 


EXAMPLE 8. Show that if Sun is a convergent positive term 
series, then lim un=0. Does the converse hold? 

Solution. Let Хи» be a convergent positive term series. Then 
<Sn> the sequence of pirtial sums of Хи» is convergent (by 
definition). 1 


Let lim 54-45 
no 
Now Un = (ши, +... Ни) (uyt u, H. sb uu-1) 
= Sn— Sn 
=> lim un = liM(Sn— Sn) 


= lim Sn—lim Sa_,=S—S=0 


which proves our result. 
This is called a necessary condition for convergence. 


E 
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The conyerse of this does not hold. Consider, for instance, the 
series 
1 1 1 
Vt РА. 
which, we know by Example 3, is divergent although 


: 1 
lim иһ = lim —=0 
1 no n 


See Problem 12 also, In fact the Test 1 follows from this result. 


EXERCISES 
Test for convergence, the series 
1 1 Я 13 2t 33 
БҮЗ qu занан 
1 V2 v3 
3. ПЕ їз Күз +... 
ec PHAR Шинэ 
CMIBV3 C V34V4 " VATVS `` 
1,2 E 1 
$m 5-46 | нь. Take ул = +] 


· Test for convergence the series whose nth term is 
6. V m1— V m-i 


7. Ут 
8. Vn +1—Уп 9. Мт+1—Ул%_ 
10. Show that the series with nth term Var is not convergent. 


(Hint, Find lim ш] 

11, Show that the sequence of partial sums of a positive term series is mono- 
tonically increasing. 

12. Does the result of Example 8 hold even if the series Бид is any convergent 


series? 


ANSWERS 
1. Convergent 2. Divergent 3. Convergent 
4. Divergent 5. Divergent 6. Convergent 
7. Convergent 8, Divergent 9. Convergent 
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12.10. Some More Tests 
Test 5, Cauchy’s Root test. If Жи» is а +ve term series with 


lim (u5)!/^—1, then 
n> 


(i) if 1-1, Фил is convergent, 

(ii) if J>1, Eun is divergent, 

If J=1, the test fails. 

Test 5 D’Alembert’s Ratio test. If Zu. is а --ve term series with 
lim 

nro Uny 

(i) if />1, Xun is convergent, 
(ii) if 1<1, Хип is divergent 

If /=1, the test fails. 

Test 7. Raabe's test. If Zu, is a +ve term series witu 


lim [^ аы + then 
nc Ман 
(i) if 12 1, Eun is convergent, 
(ii) if I1, Sun is divergent 
If /—1, the test fails. 
Test 8. Logarithmic test. If Zun is a -- уе term series with 


lim = н), then 


п =], then 


‘no 
(i) if 121, Eun is convergent, 
(ii) if 1<1, Хи» is divergent. 
If /—1, the test fails. 


[ReMARK: For logarithms and their properties, see next chapter]. 


EXAMPLE 9. Test for convergence the series 2, tune ee 
(37 


Here the nth term of the series is 


1 
un = (em 
ps 1 
Then (us)! (+ т ) 
€: Jim (us)! n = tim ire 1: UNI ee НЫ! (as e>2) 


So by Root test, the given series is convergent. 
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EXAMPLE 10. Test for convergence the 
х9, х3 xt 

х+ ge at corte 4% (x>0) 


Series 


n 
The nth term of the series is u, =% 


th LEADAN atl _ m ЫГ 

e Ung] n xen ЫГ ics INC Ae 
Then lim ^... lim ( T =) n Es 
noo Un n = X 


eal Зул TEE 
So if E te., if x «1, the seriss Is convergent 
and if tai ie., if x>1, the series is divergent by Ratio test, 


If x=1, the Ratio test fails, but in that Case, we note that the given 
Series reduces to the auxiliary series ТЕН... which we know is 
divergent (р= 1). 


Hence the given series is convergent if x«l 


and is divergent Их>1. 
EXAMPLE 11. Test for convergence the series 


135. (2n—1) |. 
У 246. Zn 1620). 
n=] 
If un is the nth term Of the series then 
1.3.5.. (28-1) . 
е о Ту xo 


1.3.5... (2n— n; (2п+1) 
Unyy = Gb) WSS ure pee = 


aem 
4.6... 2n. (24:52) 
1 
г] 
and thus EL da EA A Drs 2 
Wn 28-41 x Е E 
2n 


This gives lim 281 


no Ип x` 


So by Ratio test iri P if x«l, the series is convergent 
and if xb. Le., if x3, the series-is divergent. 


When x=1, Ratio test fails, 
We then use Raabe’s test, 


= 
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By putting x—1, in the given the series, we get 


ün _ 2142 
ил 21-1 
Le. 82 -1) (жт!) ! г 
ип 2п+1 (2+ 5) 
п 
Sí Dm В-ар у s Нил ан el 
n Vna 


mre (2+ ap 
B б 
thus by Raabe’s test the series is divergent. 
Hence the given series is convergent if х< 1 
and is divergent if x21. 
EXAMPLE 12. Test for convergence the series 
22x2 | 33х3, 44x4 


ит 
Let un be the nth term of the series then 
иһ _ AMX? ja+1 п" (n+1) 
vM d 


(п-Е1)"*1 хн Их 
288030) | | 
y ГҮ 7 
ү 38) 
> lim A ах as Lo 7) =e 
Ungy ех n 


. ! 
So by Ratio test the given series is - convergent if no 


ежа L and it is divergent if x. 


] $ , Е 
If irapa. Ratio test fails. In this case 


Un e 


Wan (Lx y 
n 


Now loge ЯХ = 108 e—n log ( + 23| 


+1 


1 1 1 
^ о +... ) 


4 
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1 
Е mpr 


n 
oe 
> n log. 23 ын 23 5 other terms with higher powers 
of n in the denominator 
thus lim (^ log. Хан z <1 


Hence by logarithmic test the series is divergent, 


EXAMPLE 13. Prove that the series У па is convergent 
"la 


л=0 
by using D' A lembert's Ratio test. : 
(C.A., November 1975) 
Solution. We have 


Ye uma. atta арка en Eg 
Unio 27а“ ара © (ОЗ а^ 2"+а 


1+5 + ж 

1 \3 a а 

(7-5) 2 Lt 

= lim eN ДЕН) 240 ^1 


no Шар 1-0 $i T+0 
= by Ratio test, that the series is convergent. 
EXAMPLE 14. Tes Sor convergence the series 
QT 1) 
GHD 3", C20 


n-l 
Solution. We have 
ün _ (ntl) xn C3)n-4) _1_ 
Uha (N+2)(n+3)°~ ^ ^ (n42) ytd 


LED) 1 _ (14 hits) I 
(+3: (1+ 2 - 


> lim ng 


SEQUENCES AND INFINITE SERIES 281 


So if тъ, i.e., if x«1. the series is сопуегвепі 


and if 1а, i.e., if х2 1, the series is divergent by Ratio test 
If x=1, the Ratio test fails. The series then becomes 
n+1 
Au (13-2) (n-4- 3) 


40 n+l 1-1 
pos "7 Иез) 7 аа”) 


Take yaa: 
n 


1-1 ЫН 
Tees (non-zero finite) 


Thus lim 4". == lim 
no Vn 


So Хил and Хул converge or diverge together. But Жу» is divergent 
(example 3) 


Hence Zun is divergent when x—1. 
EXAMPLE 15, Show that the series 


15:54 1 
1+ 5+ pat ас 


is convergent. (С.А., May, 1975) 
Solution. We have u»— En 
n^ 
siae IN © 
n 
> lim unl™=0<1 
n 


15, Хил is convergent by Root test. 
EXAMPLE 16. Test for convergence the series 
1 


Solation. We have un= ie 


> Ж и» is divergent (by Ratio test) 
EXAMPLE 17. Show by means of examples that the Ratio test 


fails when lim —“™ = 1. 
Io Unit 
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Solution. Consider the series 


1 1 1 
Eb du VIE 


1 
Неге u,— — 
n 
ое га 
Ung n n 
а оа иа 
Unii 


Also we know that the series is divergent. 
Again consider the Series 


1 Dor 1 
ГЕ + ap. ен... 


un _(n+1)? _ 1M 
Here "wat art (rs x) 
Gus ir MR NNI 

и 


But this series, we know is convergent (example 3) and thus 


u ' MSA 
lim —"~ can be equal to unity in case of convergent as well as 
n>a и 


divergent series, 
Hence the Ratio test is not applicable in this case, 


12.11. Alternating Series * 
A series of the form 
и ии фи... 
where иас»0 xy п, 18 called an alternating series. 
Leibnitz's Test. The alternating series ` 
и — Ug-+Ug—ug+.., 
is convergent if (0) wie un Уп 


апа (ii) lim u,—0, 
n>a 
EXAMPLE 18. Show that the series 
1 1 1 
Ie te eu: 


is convergent. 3 
Clearly шил un for all n. Also lim un=0, Thus by Leibnitz' 
n o 
test the series is convergent. 
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EXAMPLE 19. Show that the ze 
1 
n 23+ 343. Wit p. 
is convergent. 


The result is evidently true by Leibnitz’ test; since here the 
numerica] values of the terms go on EM as 


for ail n 


tinge Wa 
Tae 


and also lim un=lim 
n> ә ny 


EXAMPLE 20. Test for convergence the series 


ye m| vaiva | 


n=] 
Solution, We have 
Vatl уп ak 
шм уп B+] -Vn y LM 
VERD (Ул--! n) 
nil-n ^ ] 
Шар" мп+1+®\ n 


Thus 

Mer nes 1 
Vnt2+Vntl уп+1+М п 
БУ пуп ynt Vnt 
ОУ) СНУ) 


Ungi 


Esas Мп n2 Vint. nl 
(0424 и“ n4-i-FA/n ) X nva n42 
n-—(n4-2) 
SA REZE RED. MIE. X ий) 
-2 
ууп REDE (s na n2) 
«0, vn 


as the denominator will always be positive. 


Hence Ung < Un vn 
Note that when we check the above property we take the tering 
us and uns, with tbe positive sign [see statement of Leibnitz" test.} 
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1 
i lim us—lim ——— — 
Again Dd x ма 


ш Vx ен ЇР 


and hence by the Leiboitz test we observe that the given series 
is convergent. 


EXERCISES 


Test for convergence the series 


п"? 
7 ys +1 
X irent У dei) 


n=l 


- 


2 3 4 
3 vx Ge txt... (хх) 


1 


1 1 1 
(loge 295 og, 3)** (loge gut. + (loge wet ELS 


CE E э А 
CETE ASEE ЕН 
1 2 3 
Кто НЕ я ТҮ 
2 3 4 
7. т &+ eer 975+ + (x>0) 
1 x xi xt 
5 Wai + tay t 
5 
1 
9. тупл 
n-i 


10. 14 [2 E37 Га t (хэд) 
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* att ү ntl j—n 
о. NF) e 

xt) E 
13. х+ Гэто ЖД +. «2 (х>0) 


14. Show that for a>0, the scies 1 [а а" converges ог 


: 1 
according as а« T or a> Us 


e í 27.42.67... (2n 2? 
Я -E x2: 
15. Show that the series 1 XA iitap cs (x20) 


is convergent if x1 and divergent if x<1. 
16, Show that the following series are convergent 


Yes 
nè 


18. us 


п=1 
19. Test for convergence the series 
2 


У л үе 
Мет х" for positive values of x. 
1 


Y 13.5... (2-1) 1. 
20. Show that the series Yun o. „в convergent. 
21, Test for convergence the series 


2x Gut 4% 
1+/2+73 +7 4 +... (x>0) 


22, Show by means of examples that the Root test fails 
when lim ua! n1, 


n 
ANSWERS 

1. Convergent 2. Convergent 

3. Convergent when x«1 4. Convergent 


Divergent when x21 


285 


diverges 


13. 
21. 


Divergent 


Convergent when x<1 
Divergent when x>1 


Convergent 


Convergent when x«1 
Divergent when x21 


Convergent 


Convergent when x«&l/e 
Divergent when x >1/е. 
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Convergent 


Convergent when x?«| 
Divergent when x2>1 


Convergent when х“ 1/г 
Divergent when x>1/e 


Convergent 


‘Convergent when x«1 
Divergent when х? 1 


CHAPTER 13 


Logarithms 


13.1. Definition 


[f а®= №, then x is called the logarithm 0f N to the base a and is 
written as loga М. 


Thus a* = № <> x=loga N: 


For example 8=23 => logs 8-3 
64=2° => log, 64=6 
01=1072 => logy ‘01=—2, 
Note 1. Since а0--1, loga 1=0 , 


Thus, logarithm of unity to any base is zero. 

Note 2. Since al—a. log, а=1. 

Thus, logarithm of any number to the same base is 1. 
Note 3. Logarithm is defined only for positive numbers, 


13 2. Properties of Logarithms 


(1) The logarithm of a product is equal 10 the sum of the 
logarithms of its factors. 


(In other words, log. mn--loga m--loga'n) 

Proof. Let loga m=x and loga n—y. 

Then a*—ni and ауп. 

This gives that mn=a*®.av=atty 

Hence logs mn=x+y=loga m 4-log, n. 

REMARK, logs (m+n)4loga m--logs n 

For, let 71-41, n=1, а=2. 

We have log; (тп) 210g; (1+1)=loge 2881 
and —logam--logan--log; 1+log, 1 —0. (Note 1) 
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(2) The logarithm of a fraction is equal to the logarithm of the 
numerator diminished by the logarithm of the denominator. 


(v other words, юь(Т ов, m— loga 2 


Proof. Let logam=x and logan=y 
Then, a*—m and av—n. 


This implies that = Z mat» 
n a 
m 
Thus o я =x—y=loga m — loga n. 


REMARK. loga (7-1) 5 ойа m—loga n. 
For, let m=2, n=1, a=.. 
We have loga (m—n) =logs (2— 1) —log; 1=0 
and loga m—loga n=log, 2—logs 1=1—0=1. 


(3) The logarithm of the pth power of a number is p times the 


logarithm of that number. 
(In other words, loga m’=p loga m.) 


Proof. Let loga m—x. Then a*—m => m?—(a*)?—a", 


Thus loga m?— px =p logs m. 


13.3. To Transform a System of Logarithms having a given Base to 


a New System with a Different Base 
Let loga N—x be given. To find log, N. 


Let y-—loge М so that bv--N 
е Іова (29) = logaN 
P Y loga b = loga N 
1 
= quem ТТЕ А loga N. 
c 1 
неше LU SS тест gab Х!#& М. 


Thus, to transform a logarithm from base a to base b, we have 


only to multiply it by ———. This is known as Base changing 


1 
loga Б 
formula. 


1 
REMARK. If N=a, we get log, Я 


EXAMPLE 1. 7f а?- 52 —7ab, prove tha! (log(}(a+h)] 
=3(108а log) (C.A., May, 1976) 
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Solution. a? | b? —7ab 


2 


> (a+b)2=9ab = (543) =ab -» 2406 Ya +b) 


=loga+log b 
= log } (a+b)=3(log a+log 5). 
EXAMPLE 2. Ifa, b, с, агет G.P., show that logan, logs n, 
log. n are in H.P. 
Solution. log, n, log, n, loge n will be in Н.Р. 
1 1 1 3 
logon fü Toren are in A.P. 
< log» a, logs b, logn c are in АР, 
< 2logsb—logs a--logs c 
<> 2 logn b=logn ac 
<> logn D*—logs ac. 
Since a, b, c are in С.Р, > 5?—ac, hence log, n, logy n, log. n are 
in H.P. 


EXAMPLE 3. Show that logio 4 is negative where n2. 


Solution. Now log;o3- = 10210 1 —logig n-—logio n 


which is — ve as logio x>0 for ail хэ, 
EXAMPLE 4. 7f loga m—n, show that 


log џат= —n. Hence, find log 14273 
Solution. loga т=п > a"—m 


7 log yam=—n 


Let x=logg 274/3 = 9*—2743 
= 9:—9x343 
= 97-1—34/3 
= 322-2314, 
= 2x—2=1+4 
> 2х-4 
= x= => logg 2743-t 
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Since 1089 27\/3=1, we'have log} 27/3=—1.. 
EXAMPLE 5. Determine logs 2401 when 327: 
Solution. Let y=log.2401 

ХУ = 2401=7х 343 

ХУ = x3x 343 

хУ-3-- 343 

xv3—T 

xv-3— x9 

3325.9 

У —12 
ў Іор: 2401 = 12. 


EXAMPLE 6. Find the value of the product log, 3 logs 4 log, 5 
108; 6 log, 7 log; 8. 


Solution. By Base Changing formuta 

108: 3 1085 4 = log, 4 

1084 5 log, 6 = logy 6 

logg 7 log; 8 = logg 8 

log, 3 logs 4 log, 5 logs 6 logg 7 log; 8 

= log, 4 log, 6 loge 8 
= log; 6 logg 8 (By Base Changing formula) 
= log; 8 (By Base Changing formula) 
= log, 23 
= 3 log, 2 
=3 (See Note 2, § 13.1) 
EXAMPLE 7. Find the value of 


log V 27 --log 8—Iog ^/ 1000 


2494954 


So, 


log 1.2 
Solution. log v 27 +log 8—10 y 1000 
log 1.2 


— log 33/2--log 23—]og 103'2 
log 12—log 10 
— ł log 34-3 log 2—3 log 10 
log (3x4)—log 10 
= 3 log 3+log 2—1 log 10) 
log 3--106 4--log 10 

_ 3 (8 log 3+ log 2—1 log 10) 
72 (1108 3+ log 2—1 log 10) 
=з; 
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EXAMPLE 8. Prove that 
log x—log[1—(1—(1—32) 11] 4, 


Solution. 
RHS 


EXAMPLE 


Solution. LHS 


Therefore, 1 
> 
> 


9. 


(.C.W A., December, 1973) 


=} log [1—01 — (1—x2)71) 1] 


—1 log ре {i EST 
EN 
-4 юв [1- Ш 


x? 
—1 log [1+ EZ “| 
24) 18 

—4 log PE] 
1 

— log x 

=} log (x*)1 

1 log x? 

log x=LHS. 


- If log, x+log, x +logig x=% find x. 


(1.C.W.4A., December, 1974) 


+1082 x, log. x 


t door log;4 10р; 16 


= log; x ой? 412 Xx 
1logox 
РЕ х=?! 
log, x=3 


x=23 = х=8. 


EXAMPLE 10. Find the simplest value of 


Лов, 4/729 WX 27413 (I.C.W.A., January, 1972) 
Solution. logs 4/729 4/931 27-73 


= log; 4/3* 4/9-1 27-418 
= log; 4/3* 4/3-2 3-4 
= log, 4/33 37 
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= logs 4/34 
= log; 3=1. 


EXAMPLE 11. Solve Jor x, logs (8x —3)— logs 4— 2. 
(С.А., May, 1977). 


Solution. Іор: (8x—3)— log: 4—2 


- 108: (22)- 
E хаш 8-3 
4 
> 4х2-48х--3--0 
й: xt GR 
85:43 11:03) 
8 29 


EXAMPLE 12 (i). Prove that 


log 23-16 log +12 log E + 7 log ar zl 


(assuming that base is 10 in each logarithm) 


Solution, LHS—log 2+16 log 18412 log 3+7 log 8 


=log 2+16 log 16—16 log 154-12 log 25 
—12 log 244-7 log 81—7 log 80 
=log 24-16 log 24—16 log 3x 5--12 log 5: 
—12 log 22x 34-7 log 34—7 log 24x 5 
=log 24-64 log2 -16 log 3—16 log 5+24 log 5 
—12 log 3—36 log 24-28 log 3—28 log 2—7 log 5 
=(1+64—36—28) log 2+(28—12—16) log 3 
+(24—16—7) log 5 


—log 2--log 5 
=log 2x5 
=log 10 
=]. 
“XAMPLE 12 (ii). Гас: and 5?==ас prove that 
ESINE : 
РЕ (C.4., May, 1976) 
Solution, Let ае Бу —c:—y (say) 
A x= 108 u y-logu lor u 


loga  logb log c 
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= 2xz=2(log u)?/log a log c 
Іор ас) logu 
and (х+®у = log 27 Jug с) Жо b 
= (log и)? 2 log b/log a log blog c 
- 2xz=j(x+2z). 
EXAMPLE 13. Prove that 
1 1 
loga (ab) раву (aby 
Solution Let x = loga (ab) 
у = log» (ab) 
Then, by definition 
a*=ab, bv=ab 
> a=(ab)1/=, b- (ab)! 'v 
25 аб (аби 
> gs 
ax лу: 
1 1 


ҮЕ овон (ab) ` 


EXAMPLE 14. Show that, if the logarithm of а? to the base 
59 is equal to the logarithm of 63 to the base а1?, then each loga- 
rithm must be equal to $ or —%. 


Solution. Let x-slog s a*—log 163 P 
a 


Then, by definition 
(b3)*—a* and (а1°)== 6% 


So. px Үй а!2^ 
Therefore, ee 58 
= 18x2 = 8 
= x? = 4 
> x = +3. 


EXAMPLE 15. Prove from the definition of logarithm that if 
m, n, x are positive numbers, 


_ Говь х 
122422 YE LEID ES 
Solution. Let a = logmn X 
b = lognx 


с = logam 
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Then, by definition 


(тт)"=х, =x, п-т 
Therefore, (mn) = m 


< n^ = m°, па 


> n^ = п" х: n" 
zs n> = peta 
T b = acra 
= b = a(l +c) 
= plies 8 
1--с 
А lagoon ce logax _ 
(1+ logs m) 
EXA 16. e any three consecutive integers, | 
Phe. ia tee Aa 2 17 и (С A., May, 1975). | 
Solution RHS — 2 log b 1 
= 2 log (a+1) 
log (a+1)2 


= log (a*--1--2a) 
= log (1--а(а--2)| 
= log [l+ac]=LHS. 
EXAMPLE 17, Simplify Гара logsc Vie Сэ маны 1974) 
Solution. logad logoc loged logaa 
logib logic logd logia 
. logra logib. logic logd 


EXAMPLE 18. Given log 2--:3010, log 3='4771, find the value 


of log 065 SY. 


1/5 (5) 
Solution. log Oo 

(2)15 (уг 

(22 x 33)3 

24/5 (10) (2)? log (53 ie) 


=log 


=log 


(28x 39) 28x 39 
=log 215-Flog 10? —log 23—1og 59 
=4/5 log 24:2 log 10—8 log 2--9 log 3 
-4/5х:3010--2--8х 3010--9х 14771 
='2408+2~%4080—4:2939 

= —44611. 


| 
| 
| 


| 
| 
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EXERCISES 


1. Express logarithm of Кг in terms of log a, log b, log c. 


2. Find x from the equation aec^?z— фе, _ 
3. Find the value of logs 128. 
4. Express log ( V 2209) in terms of log a and log 5. 


5. If log (х3у3)=а and log 375 find log x and log y. 


6. If a*--53—0, prove that log (a--5) —i(log a+log b+log 3) [given a+b#0 
7. If a, b, c are in G.P., prove that logs a, log, b and log, c are in A P. 
8. Prove that log; aXlog, bxloga с=1. (C.A., November, 1976) 
9. If logega=x, logsa 2a=y, 10 4а 3a=z, show that xyz--1—2)z. 

10. Prove that log,x х log;y—logy x X logay. 

11. Prove that log (1+2+3)=log 1--log 2+log 3. 

loga 7 abc) ds logy ть ICM 1. 

13. Show that loge 3 х10рз 8=1. 

14. Find the value of log4 2 logs 6 loge 4. 

15. Prove that Іова log,? Ь= Пов: а. 

16, Find the value of 


12. Prove that 


Ў 3108 1728 _ 
Li 14-4 log °36+ log 8 
17. If the logarithm of 64 is 4, what is the base of the logarithm. 


18. The first term of an А.Р. is log a and second term is log b. Show that the 
sum of first n terms is 


Ч 22055 
8 р 


19, Find the logarithms of 
(i) 525 to the base `5 
(ii) 243 4/9 to the base 34/3 
(iii) 256 4/8 to the base 84/4. 
20. Find logs 25 given that logio 2="3010 
21, If a—logs4 12, b=logss 24, c=logąs 36, 
prove that 1--abc—2bc 
22. Find the value of 
logs [loge {logs (10827531 
23. Find the value of ; 
logrty (95/2+7/2) + logge (179 1179/8) 


(L.C.W.A., June, 1975) 
(I.C.W.A. January, 1973) 


(Т.С.И/.А., July, 1970) 
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-Flogzss (81 15/4427-4419 7442174) 
-Flogzes (24323:5:25:5 ^02 1542954315) 


(Т.С.№.А., July, 1971) 
24. Find the value of 


eif) 9— Es y ) 
101213 ши p 525) }+ 102243 (53 a) 


C I.C.W. A., July, 1968) 
25. Prove that 
loge (1#)—2 loge [E xam) 
EG 
+4 loge (215 * 3:35)-41, Q.C.W. A., July, 1972) 
26. Evaluate log.s 256 and logs '015625. 
27. Solve for x, log;3--log,9--10g,729—9. 
£28. Solve for x, log:o' (x—9) *logio х=1. 


ANSWERS 
1. 3 log a—5 log с-2 logh. Eos CETT оо 
2 log а—2 log c—3 log b 
Ч, 
3, 187 4. 6 log a+9 log b. 


5. log i (36+a) and log yet (a—2b) 


ZI. T E Y 
141 16 —- 17.2 17.(02 (и) g (ЧЮ m- 
20. 15482 22.0 23. 42 24. 24 
26. —8, —6 27. x23 28. x—10 


13.4. Common Logarithms 


-The logarithms to the base 10 are called Common logarithms. 
For all numerical computations, the base 10 is used. Now onward, 
whenever base is omitted, the base 10 is understoad, 

Consider 101—10 = 10210 10 =l 

103—100 = logy 100 =2 
103—1000 = Іорло 1000—3 and so on. 
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We observe from the above that logarithm of a number between 
10 and 100 wil! be between 1 and 2, It is, therefore, equal to 1--0 
where a is a positive proper fraction. Similarly, logarithm of a 
number between 100 and 1000 will be between 2 and 3. It is there- 
fore equal to 2-+b where b 15 positive proper fraction. 

Again 101=1 = Іор `1 ——1 

103-01 = 1020 '01=—2 and so on 

We observe that logarithm of a number between `1 and ‘01 will 
lie between —1 and —2. It is therefore equal to —2+a where a is 
positive proper fraction. 

Thus, we have the following 

“The logarithm of a number consists of two parts 

(i) an integer positive, negative or zero 

(ii) a positive proper fraction.” 

The first part is called Characteristic amd the second part, 
Mantissa. 

Thus, characteristic of logarithm is an integer while mantissa of 
logarithm is a positive proper fraction. 


EXAMPLE 19. The logarithm of a number is 5'673. Find the 
characteristic and mantissa, 

Solution. Let log N=5°673=5+°673. 

Here integral part is 5. 

So characteristic is 5 and fractional part is 7673. 

Thus mantissa is 7673, 

EXAMPLE 20. The logarithm of a number is —3:153. Find the 
characteristic and Mantissa. 


Solution. Let log N=—3.153 
=—3—*153. 


Here fractional part is negative. So, we first make the fractional 

part positive by adding and subtracting 1. 
log N=—3—1-++-1—"153 
=—4+°847 

Now characteristic=—4, and mantissa —'847. 

Мотв 1. In example (20) above, characteristic is —4. It is also 
written as 4 (Read 4 bar). 

Note 2. 4:847 denotes — 44'847 while —3:153 means --3—"153. 


Students are advised to be very careful while making use of these 
bar notations, 
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EXERCISES 


The logarithm of a number is 
(i) 7123 (i) —4°356, find the characteristic and mantissa. 


ANSWERS ` 
(0 7 and “123 (ii) characteristic is —5 and mantissa is `644. 


13.5. Rules for Finding Characteristic 

(1) For numbers greater than or equal to one: 

Since 100=1 = logy 1=0 
and 101—10 = 10210 10=1, we get that for numbers lying 
between 1 and 10, the value of logarithm is 0--a, where a is posi- 
tive proper fraction. Thus, characteristic of numbers lying between 
1 and 10 is zero. 

Again 102—100 = [ору 100=2. 

Therefore, for numbers lying between 10 and 100, the value of 
logarithm is 1--a where a is positive proper fraction. Thus charac- 
teristic of numbers lying between 10 and 100 is one. 

Similarly, characteristic of numbers lying between 100 and 1000, 
is two and so on. 

Thus characteristics of log 5, log 12, log 125'5 are respectively 
equal to 0, 1and2. . 

Thus we have the following rule for finding characteristic of 
numbers greater than or equal to 1. 

“The characteristic of numbers greater than or equal to one, is one 
less than the number of digits contained in its integral part.” 

(2) For numbers less than one: 

Since 100 =], logio 1—0 
and 101--41, logy 1——1. 

Therefore, for numbers lying between `1 and 1, the value of 
logarithm is —1--a, where a is proper positive fraction. Thus, 
characteristic of numbers lying between ‘1 and 1 is —1. 

Again 10-2—'01 = log.) '01——2, 

Therefore, for numbers lying between ‘01 and -1, the value of 
logarithm is —2--a where а is the positive proper fraction. Thus, 
characteristic of numbers lying between ‘01 and *1 is —2 and so on. 

Thus, we note that : : 

If a number has no cipher immediately after decimal, characteristic 
of its logarithm is —1, if a number has one cipher immediately 
after decimal, characteristic of its logarithm is —2 and so on. 
Hence we have the rule: 
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“The characteristic of numbers less than unity, is negative and is 
one more than the number of ciphers immediately after the decimal 
point before any significant (i.e. non-zero) figure." 

EXAMPLE 21. Find the characteristic of the logarithms of 
following numbers (i) 196458 (ii) 84043 

(18) 001203 (iv) “1002. 

Solation. (i) Here, number is greater than unity and its integral 
part 196 contains 3 digits. Therefore, characteristic == —3 —1 2. 

(ii) Here, number is greater than unity and its integral part 8 
contains one digit. Therefore, characteristic -- 1— 1-0. 
_ (iii) Here, number is less than unity and the number of ciphers 
immediately after decimal point before significant figure 1 are two. 


Thus, characteristic=—(1-+2)=—3 or 3. 
< (iv) Here, number is less than unity and the number of ciphers 
immediately after decimal point before significant figure 1 is 7ero. 


Thus, characteristic——(1+0)=—1 or 1. 


EXERCISES 


Find the characteristic of the logarithms of following numbers: 
1.77576 2. "0757 3. "00102 4. 000075. 


ANSWERS 
LO Ziad 3 048 


13.6. Calculation of Mantissa 

Mantissa is calculated with the help of logarithm tables given at 
ihe end of the book. We give below the method of reading loga- 
rithm table and rule to calculate the mantissa. 

(i) Neglect the decimal point of a given number (e.g, Read 
43-57 as 4357). If number of digits are not four after neglecting 
decimal point, then make them four by inserting ciphers to the right 
of given number accordingly (e g., Read 108 as 1080, similarly, read 
5:7 as 5700). If number of digits after neglecting the decimal point 
are more than four, then neglect the digits after the fourth digit 
(e.g., Read 56 789 as 5678; similarly read 5048'81 аз 5048). 

(ii) Take first two digits obtained from (i) and run the eye down 
the extreme left hand column and stop at the number consisting of 
first two digits (e.g., In the number 4357, the first two digits are 43. 
In the extreme left hand column of the table run the eye cows s 
the number 43). 
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(iii) Take the third digit now. In the example given above, 
(4357) the third digit is 5. Read the intersection of horizontal. row 
beginning with 43 and Vertical column headed by 5, the number 

6385. 


in 

(iv) Now take the fourth digit which is 7 in the example (4357) 
aud read the intersection of horizontal row beginning with 43 and 
vertical column headed by 7 in the mean difference column. The 
nrmber is 7. 


(v) Add the number obtained in (iv) to the number obtained in 
(ii), we get 6385 4-7 —6392. 
(vi) Prefix the decimal to the number obtained in (т) and the 
mantissa of number 43.57 will be 6392. 
REMARK, Consider the number 15:83 
Let log 15:83—4:B 
Again, consider the number 158:3 (Here the digits and the order 
of digits are same as the first number 15°83. The only difference is 
that decimal Point is shifted). 
Now log 158:3—1og (15:83 x 10) 
=log (15:83)--log 10 
=log (15:83)--1 
=AB+1 
—ÀA4 B4 
—(AT10)4-B 
] ==(А+1)В 
80 that mantissa. of log 158:3 is `В which is same as that of. 
log 15:83. 
So, we make the following observations: 


If the position of the decimal point is changed without changing 
the digits and order of digits, the mantissa of logarithm of a number 
remains unchanged. 


13.7. To Calculate Logarithm of a Namber 

Find the characteristic from the Tules given before and then 
calculate mantissa with the help of logarithm table, Then the value 
of logarithm is (characteristic-+ mantissa). 


EXAMPLE 22. Find the values of the following, using logarithm 
table: 


(1) log 5137, (2) log 2, (3) log 1367, (4) log “006503. 
Solution. (1) Here, the number 51377 contains three digits in its 
integral part 513, therefore, characteristic is 3—1=2. Mantissa as 
calculated from tables is “7107. Thus log 513:7—2-1-7107 —2-7107. 
(2) Here, the number 2 contains one digit in its integral part 2, 
therefore characteristic— 1— 1—0. Mantissa is "3010. 
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Thus log 2—04-:3010 —:3010. 

(3) Here, the number of digits are four in the integra: part 1367. 
Therefore, characteristic-4— 1 —3. Mantissa is *1357. 

Thus log 1367—34-:1357—3:1337. 

(4) Here, the number is less than unity and the number of ciphers 
immediately after the decimal point and before significant figure 
6, are two. Therefore, characteristic — (24-1) = — 3, 

To find the mantissa, we first shift the decimal Point and read 


the number as 76503. Now, mantissa as calculated from the table 
is "8132. 


Then log (7006503) =—3+:8131=3'8131. 


13,8. Antilogarithm 


If loga N —x, then М is called the antilogarithm of x to the base 
a and is written in short as antiloga x. 

At the end of book, a table of antilogarithms is given. To read it, 
we take following two examples. 


Find the numbers whose antilogarithms are (1) 176078, (2) 2:5832. 


(1) We are given that log N=1°6078. We want to find the 
number № using antilogarithm table. Consider the decimal part 
"6078 and read the tables of antilogarithm in the same manner as 
we did for finding the mantissa from logarithm tables. Take first 
two digits 60 and run the eye down at the extreme left hand 
column. Look for the number *60. Consider the third digit 7 and 
read the intersection of horizontal row beginning with *60 and 
vertical column headed by 7 (from left). The intersection number 
is 4046. Now, consider the fourth digit 8 and again read the inter- 
section of horizontal row beginning with 760 and vertical column 
headed by 8 (in the mean difference column). The intersection 
number is 7. Add this to the number obtained above, we get 
4046--7=4053. 

Now consider the integral part. If itis greater than or equal to 
Zero, then add | to it. In the present example, the integral part is 1. 
Adding 1 to it we get two. Then prefix the decimal point after two 
digits in the number obtained above i.e. 4053. Thus the required 
number is 40°53, 

(2) Consider the decimal part ‘5832. Find the number as above 
with the help of antilog tables. The number is 3830, 

Since the integral part is negative, subtract 1 from the number 
under the bar sign viz. two—1-—1. Attach one cipher to the left 
hand side of number 3830 and then prefix the decimal point, 

Thus the required number is. 03830. 


MISCELLANEOUS EXAMPLES 


EXAMPLE 23. Given log 2='30103, find the number of digits 
in 294, 
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Solution. Let x —294 
Then log x —64 log 2 
764 "30103, 
—19'26592 
As characteristic of log x is 19, number of digits in. 2% is 194- 
120. 
EXAMPLE 24. Given log 3—4771. Find the position of first 
significant figure in 3-55. 
Solution. Let x—3-55 
Then log х= —65 log 3 
—=—65х 4771 


z-—31—'0115 
-—31—14-1--:0115 
=—32+1 9885 
=32 9885 
Thus, x has 31 ciphers immediately after decimal point so that 
first significant figure is 32nd in 3-55, 
EXAMPLE 25. Find the 71h root of 142.71. 
Solution. Let x—(142 71)17 
Then log x=+ log (14271) 
7:1(2:1545) 


73078 nearly. 
Thus х=2`032 by using antilog tables. 
VASA э 
EXAMPLE 26. Find the value of (6 299 3/524 
#005 


а 1 
бошоп. Let x= nS Son 
Then log x—3 log 6284+} log 624—1 log `005 
=3 x (7983)-- x (277952) —1(3:6990) 
=3 х(7983)--1(2:7952)--3(-- 3+ 6900) 
--2:3949--:9317--:7500--11748 
—=4*0766—*1748 
=3*9018 
Hence x—7979 using antilog tables. 
EXAMPLE 27. Solve 7:17:32. 250. 
Solution. LHS—72.- 72+2 
—7*(14-72) —7«(1-E49) —7* x 50 
Then . 77x 50—250 
= 7*—5 => log 7*—log 5 
> xlog7-log 5 
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= x( 8451)—:6990 
"6990 


> x= 8451 —'8271 nearly, 
EXAMPLE 28. Solve the equations 
2035—44 
22424374277), 
Solution Let a—2*, b—3v 
Then given equations become 
a+b=44 
4a+9b=221 
which imply а =35, 5=9. 
Now 25-35 = x log 2=log 35 Ї 
баллын log 35 
log 2 
1.5441 
= 3010 
=5.1299. 
Also 3-9: = 3-33, > ye 
So, x=5'1299 and y—2 is the required solution. 


EXAMPLE 29. Solve the equation 
logio (х— 14) +1080 (x —5) —1 
Solution. The given equation may be written as 
10810 (x—14) (x 5) = 1 =10в1010 
=> (х — 14) (x—5)=10 
=> x?— 19x +60=0 
= x=4, 15. 

The value x=4, is not possible for log is not defined for negative 
numbers. The value x=15 does satisfy the given equation. So, 
the only solution of the given equation is x=15. 

EXAMPLE 30. A tree, in a period of 20 years of its growth, is 
found to grow in any one year to Г02 times its height in the previous 
year. If it was 3 ft. high at the end of the third year of the. period, 
how high will it be at the end of the fifteenth year. 

Solution. At the end of 3rd year, the height of the tree=3 ft. 

At the end of 4th year, the height will be=3 x (1°02) ft. 

At the end of Sth year, the height will be=3 х (1°02)? ft. 


At the end of 15th year, the height will be—3 x (1:02)? ft. 
Let x=3x (1'02)2 
Then, log x=log 34-12 log 1702 
=log 3+12 (log 102—log 100) 
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="4771+12 (2:0086—2) 
= 4771 4-"1032 
= "5803 
Therefore, x-—antilog :5803—3 805. 
So. height of the tree at the end of !5th year will be 3:805 ft. 
EXAMPLE 31. The first and tenth term of a G.P.are respectively 
3 and 65. Find the common ratio, 


Solution. Let a, ar, ar?. . .ar? be first ten terms of a С.Р. 


Then а=3 and ar*—65 
65 

So, r9 ЧЫ Ө 

> 9 log r=log 65—log 3 
—[8129—:4771 
=:1°3358 

> log r = 1484 

=> r=antilog *1484— 1:407, 


: 24395 х (3:16)3 
EXAMPLE 32, Evaluate UCET СА, July, 1965) 


24:395 x (3:16)3 
Solution. Let AFD 
Then log x—log 2439543 log 3°16—log 8:79 
—13874--1:4991 —:9440 
—1:9425 
So, х=87:60. 


EXAMPLE 33. Use log tables to find the value of x if x satis- 
fies the equation, 


7 (оиз ура 


7 oes) 
U.C. W. A., June, 1973) 
20 :0613 1:32 
Solution. йр -( ba 


$ 


log 20--log 14:7— 1-32 [log *0613—log x] 
> 1°32 log х--1:32 log :0613—1og 204-log 14:7 
№ 108 хе СЭВХ C2 0804). 1 3010-11673 


40:32) x (—2)--(1:32x 77874) -1:1673 —1'30}0 
r32 
> X—'049 (using antilog). 
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EXAMPLE 34. Evaluate 


7 af КОШЕ ita 
8176x3621 
(I.C.W.A., July, 1972) 
peop 
Solution. = TEENS ban us 
мж Ч “8176 х 36-21 


1 
Then log x=3| log 1—log *8176—log 3621 | 
ir 
= т9-а *9125)— (1:5588) ] 


1 i 
=7[ -1713] 
_—7+1—1-4713 

n 7 

1 7455287 

T 7 

= — | +7898 

= 17898 
So, х='616. 


EXERCISES 


. Find the number of digits in 255. 
. Having given that log 3—'4771213 find ‘the number of digits in 


(0) 33, (цуз, (ш) зе, | (С.А., November, 1976 


. Find the position of first significant figure in 


(i) 3718, (И) 3718, (НИ 37% given that log 3=°4771213. 


4. Find the fifth root of *0011. 


7. 


8. 


. Find the seventh root of .00001427. 
. Find the approximate values of 


@) 46453 (8) 482360 
nuca 3:142]? х(:078) 13 
(iii) n 2074x0137 on 9 cog 


‚ Solve the голата equations having given log 2= "3010, log 3 = '4771 
and log 6="8451 


(i) 35-1«5 (1) 52-109 (ili) $3739 201 
Show that (33)19? is greater than 100. 
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16. 


19. 
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Solve the equation 
За За 4. 
Show that there is only one real value of x which satisfies the equation 
23:--6,25--5 and find it correct to four significant figures. 
Find the value of x from the equation 181752—(544/2)3z-2 
Solve the equation 
327—292 =10, 2/—323-2 


Solve the equation 


Vts + ү525-9-- Узи 


. Find two numbers x and y such that 7, x, y, 100 form a GP, 


S olve the equation 
logs *+logs (x  1)—logs (2х—7)=4. 


If log 2—'3010 and log 3='4771, find log (0005) and log ( 405)!/2 
. Evaluate 
{17'5)4-+(15:24 _ 
(563)*18—(12:4) 4 (C.W.A , January, 1969) 
Evaluate 
3 /irexiré 
i V 5626 (С.Р. А, June, 1967) 
Evaluate 
61:92 x 07046 
401:535 (Г.С.И/.А., January, 1975) 
Evaluate 
2°389 х 004679 
"00556 x 52:14 (LC.W.A., July, 1972) 
ANSWERS 
rd 2. (0 21, (i) 13, (iii) 30. 
(i) Tth, (ii) 21st (iii) 32nd. 4. 72561 nearly. 
2032. 


(i) 87642, (ii) 9618, (iii) 70003408, (iv) 49:83. 
(D 3467, (ii) 429, (iii) 1206. 


1262 10 —"4312 

14/17 12. x=13°166, y-2485 
х=108: 5 14. x—1698, у=4121 
33! 16. 4 76990, 1 8037 

д 31 О 


“469 "2617 
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13.9. Natural or Naperian Logarithms 
Consider ( i+ ep where л is a natural number. 


By Binomial Theorem for positive index, 


ESS 1 үл(-1) 1 n(nT)m) 1 
во а 31 е 
=1+1+ oe + 3! a pagine 
Thus im (1 + 11+ Rs CMS 
LE Bi ERES TER o 
We call lim (1+ zi Exponential Function 
no n 


and denote it by e. 
Thus е=1+1 + эг i3 ta arte 


Clearly from definition e>2. 

metuis. d (200941 1 ilh 
Also ditt Cai firi: nd "AST 
1 


Le. < +a +: 


2.2.2 1123 


1 1 1 


Thus implies күн +. © 
< (рг + чт) 
їе. жи + + 
зо Чел. ез ie 
Lip lige th 


ье < bbb tt 


This implies that e<3 
Hence 2<е<3. 
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13.10. Exponential Series 
Again for any real x, by biromial theorem for any index and n>2, 
we have 


iv 1 үпх(пх-1) 1 
(i3) EUM ii» gt? 


х(х—1/п) ү x(x—1/n)(x—2/n) E 
2! т 3! ү 


Ах! 


т 2 3 
so tim (14 +)” = bx EE. = 


no 


ы tee ан 7-6 


Thus for any real number x, 
лаар eo 
2553.17) >, 


This is called Exponential series. 


Let а be any positive real number then log, a is called 
Natural or Naperian Logarithm. 


Remark. Whenever we write log 2, log 15 etc., and no base is 
mentioned it is understood that base is 10 and we are talking of 
common logarithm, whereas we write log a, log x etc, the base is 
understood to be e. 


13.11. Logarithmic Series 
For any positive a and for any real number y, аУ--еу 199 ? (this can 
be seen by taking logaritbm of both sides with respect to base e). 


So 88-14 1ов 210 108 02. Org ah, 
Putting a=1 +x, we get 


(ху log i 4) 4-05 ЮР, 


SUR 2 
Suppose |х | <1 then (1+x)y=1 + ye 4207 D EY, ч 


2х3 32x 


ы x? 
RESI. (x- 331 “ү ЇЕ. 


xt xd head 
So ty (x FHE 
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This equation is valid for each value of y, Hence coefficient of y 
on both side must be equal. 
Thus for | x | <1, 


xt xs хе 
log (1-х) =х—55 э + Pte: 
This is called Logarithmic Series. 
Replacing x with —x we get 


ELL Ыы 
log (ха а: 


So ^ log (2 ) ов (1+x)—log (1—x) 


CHAPTER 14 


Interest and Annuities 


14,1. When A borrows money from B, then А has to pay certain 
amount to B for the use of the money. Tbe amcuit paid by A is 
called Interest. 

The amount borrowed by A from B is calied Principal. 

The sum of the interest and Principal is usually called the 
amount or the total amcunt. The rate per cent per arnum 18 the 
interest payable on Rs 100 for one year. For example, the rate 
Of interest is 5 per cent per annum means the interest payable on 
Rs 100 for one year is Rs 5. 


When interest is payable on the principal only, it is called Simple 
Interest. For example, simple interest on Rs 100 at 5 per cent per 
annum will be Rs 5 cach year i.e., at the end of one year, total 
amount will be Rs 105, at the end of second year, it will be Rs 110 
and so on. 

When interest is calculated on the amount in the previous year, 
then it is called Compound Interest. For example, interest on 
Rs 100 at 5 per cent рег annum compound interest at the end of 
Ist year will be Rs 5, at the end of second year it will be Rs 525, 
at the end of third year it will be Rs 5'5125 and so on. 

When a given amount is due after a Specified period of time, its 
present value is that sum wi.ich together with interest for that 
period produces the given amount, For example, Rs 100 at the rate 
of 5 per cent per annum compound interest will become Rs 110 25 
at the end of 2 years. We say, Rs 100 is the present value of Rs 
110725 in 2 years. 

A sinking fund is the money accumulated at compound interest 
by setting aside a fixed amount at regular intervals. For example, 
a company buys a machine whose life is 25 years, Since it has to 
buy a new machine after 25 years, the company sets aside every 
year Rs 100. The sum of money accumulated at the end of 25 years 
is the sinking fund. 

When a loan is repaid in equal instalments, then each instalment 
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«onsists of interest and repayment of capital. The difference 
between amount of instalment and interest is called Amortigation. 


14.2. To Find the Interest and Amount of a Given Sum in a Glven 
Time at Simple Interest 

When money is put out at simple interest, the interest is payable 
for each year. but is not added to the principal. 

Let P be the principal aad и, the number ot years Гог which the 
principal is lent, rz. r*:z-rate of interest per annum. 

The amount at the еп of one year is 

=Р+Р P (1+ 106 ) 

In other words, the interest at the end of one year will be 

ER Since the principal is lent at simple interest, the amount 


ria will be added to the amount at the end ofeach year. So, that 


the amount at the end of n years will be 
(P+i%)+ PE. aT us Pr 


100) ^ 100 100 
r r 
=P+P( то 07) 
——-—-—————— 
n times 
nr 
=P(1+ m] 


The interest so obtained after n years will be 
nr nr. 
(1+ 00) нийг! 
Nore. The amount at the end of each year constitute a series in A.P. with 


А Рг 
common difference 100 


14.3. To Find the Interest and Amount of a Given Sum at 
Compound Interest 
If the money is lent at compound interest the interest is added 
each year to the principal and for the following year the interest 
is calculated on their sum. 
Let P be the principal and л. the number of years for which the 
principal is lent at r per cent per annum compound interest. 


The amount at the end of one year will be 


r Хү 
=P+P Р (1+ бо) 78: 
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The amount at the end Of two years will be 


100 
The amount at the end of three years will be 


=PR® ais 
PR®+ PR 100 


=PR(1+ 00) = PRE 


-Рв( 1+ 155) = РЕ? 


Arguing in this way, the amount at the end of n years will be PR". 
If A denotes the amount at the end of n years, then 

А= РК" 
Thus 


A 
Р=ў; 


This enables us to find the sum of money which will produce 
amount А in n years 


Also R= EE 
P 


from which the rate of interest can be discovered, 


Again Ап 4- n log R=log 4—log Р 


log 4—log P 
a= —2— 
log R 
from which the time taken for P to amount 4 can be found, 
Note. The amount in each year constitute terms of a G.P. with Ist term 
PR and common ratio R= 1 2: ў 


EXAMPLE 1. Prove that in order that а sum of money may 
double itself in 10 years by investment at compound interest, pay- 
able annually, the interest should be approximately 7:2 per cent per 
annum. 

Solution. Let the amount P be invested. This will become 
PRY in 10 years j 


> 


Ж. 
where R=1+ i00 


nt that this amount should the 27. Therefore, 
sab 2P=PRI > R= 21/10 


1 
log к=ту log 2 


1° 
= 1003010) 
=0301 
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> R=1°072 
072=1+ — 

> 1°072=1+ 100 

> (1072) x 190—100 Fr 

- 10722100 --r 

- T2-r. 


EXAMPLE 2. A man invests Rs 100 at the end of 1971, Rs 200 
at the end of 1972, Rs 300 at the end of 1973, Rs 400 at the end of 
1974, Rs 500 at the end of 1975. If all interest accumulates at а 
percent per annum, what do his investments amount to at the end 
of 1976. 

Solution. Rs 100 is invested for 5 years Rs 200 for 4 years and 
soon, The total value at the end of 1976 is 


100(105)-+.200(1-05)4-+300(1"05)-+400(1°05)2-+500(1-05) 
ДАРАН Ла en О5О н 

(Here R=1+ 499 7 171007 100. гоз) 

—=105[(1`05)44-2(1°05)5-+-3(1:05)#--4(1:05)--5] 


Now, let x=(1°05)4 

Then log х=4 log (1°05) 
=4 (0212) 
—'0848 

So, x=1215 


Similarly, (1:05)3— 1:158 
(1:05)2— 1103 
(1:05)--1:050 
Therefore, the total value of at the end of 1976 is 
=105 [1°215+2°316 +3'309-+4°2+5] 
=105[16°04] 
= А8 1684°2. 


EXAMPLE 3. Mr Samy invests іп а 
1966. Іп the subsequent years on i 
money double that of the money deposited in the previous year after 
withdrawing the interest oni y on the same day. It was found that 
balance in his account on 2 January 1975, was Rs 2046. It was 
requested to find the amount he deposited on 12 January 1 966. 

(C A., May, 1975) 


Solution. Let the money invested on 1 January 1966 be x, 


bank Rs x on the Ist day of 
he Ist of January he deposits 


then 
х+2х+4х+... +10 terms=2046 


> x(2°+2!4+28+... +29) = 2046 
QD 
» х1 2046 
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> 1023x =2046 

= x=2. 

EXAMPLE 4 Shri V.M. Vardyn's son Varen has just completed | 
5 years of age. In order to provide a sum of Rs 50,000 when Varen 
completes 21 years, Shri Vardyn has decided to invest a fixed sum 
of money every year beginning immediately and the last payment 
will be when Varen completes 21 years. Find the fixed sum of 
money assuming money earns interest at the rate of 8 per cent per 


annum. (C A., November, 1974) 

Solution. Let the fixed sum be Rsx After one year, it will be 
108 
100 


NUR 108 ү 
After 2 years, it will be= (18 х. 


In this way, we get 


108 108 y 108 ve 
x+ (io + (16 ) x4... Ч 8) x=50000 
(l087—] . 
So, x 01508) 1 = 50000 


> х=-— [(1.08)"=3.70 
using log tables)] 
- x—Rs 1481 approx, 
EXAMPLE 5. Find the interest on Rs 1000 for 10 years at 4 
per cent per annum, the interest being paid quarterly, 
Solution. The amount at the end of one quarter of a year will be 


1000-1000 1. 


100 
1000 (1 1 1 101 
+ 100 71000 R, where 8-1-1007- 00 


Similarly, the amount at the end of the first half year will be 
=1000R? 
Arguing in this way, the amount at the end of 10 years will be 
=1000 R40 
Let A=1000 R40 
Then log 4—3--40 log R 
101 
=3+40 log “100” 
=3+4-40(log 101—log 100) 
=3+40( 0043) 
=3+°172 


INTEREST AND ANNUITIES 315 


=3:172 
Therefore, A=1486. 
Sc, required interest =1486 —1000=486 
(Note that rate of interest 4 per cent per annum means 1 per cent 
per quarter of a year.) 


EXAMPLE 6. A man pays his savings which amount to Rs 25 
every six months, into a bank which allows him interest payable 
quarterly at the rate of 24 per cent per annum. Find the sum which 
will stand to his credit at the end of 10 years from his first payment. 


Solution. The first instalment of Rs 25 lies in the bank for 10 
years and interest is added quarterly. 


Therefore, this will amount to 
21 үд 
25 ( 1+ x») 


The second instalment lies in the bank for 9$ years aud will 
amount to 


The third instalment lies in the bank for 9 years and will amount 
to 


21 үз 
25 (1+ ax) 
The last instalment lies in the bank for 3 year and will amount to 
21 ү} 
| 25 ( + ) 
Thus, if S denotes the total amount 
1,123 
and R=1+ 300" 
then S=25[R404 38+... + R3] 
=25R{1+R?+ ...+R*] 
This is a С.Р. whose common ratio is А®, there being 20 terms in 
the series. 


1— R40 
Thus S=25 r| Tie | 
20126 
= pe (R01) 
Naw “ва P= 100625 


>> R* =1'0125 
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Now log R4=40 log R=40 x (0027) 
='108 
Thetefore R10—1:2823 


Hence $= ud ee =Rs 572 approx. 


14.4. Annuities 


An annuity is a series of equal annual payments extending over a 
specified number of years. 

If P is the amount which produces M in n years at the given rate 
of interest, then we know 


МРК" or pat 
P is called the present value of M inn years. — 
Suppose А is the annual payment and P be its present value, then 
for the first payment due in 1 year 
A 
P= R 
For the second payment 


Tod and so on. 


Therefore, the total present value 


К-1 
This is called present value of annuity A in n years, 


. 145 Perpetuity Е 
An annuity which is payable for ever is called perpetuity. ln this 


case п-> 00 and so total present value is A : 
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_EXAMPLE 7. A man borrows Rs 1000 and repays the loan by 
yearly instalments of Rs 100, the first instalment being paid one 
year after the loan. After how many years will he be out of debt, 
interest being reckoned throughout at 4 per cent per annum. 

Solution. Suppose n is required number of years. 
The present values of the instalments are 


100 100. 100 
L04' (104)? ^^ (104)^ 
100 100 
Hence, 1000—- д + DU KEA 
100 1 1 
= roe + qo 7” qui] 


100. 1—(1:04)-" 
“1:04 ^ 1-104)1 


Thus 421—(104)4 
i.e. (1"04)п= $ 
log 5—log 3 
Therefore n= Tog (1:04) 
= 6990—4771 
“0170 


13:05 approx, 


Thus by slightly increasing the last payment, the debt would be 
discharged in 13 years. 


Alternatively. The first instalment of Rs 100 will amount to (inn 
years) 100 x(1°04)"-4. 
The second instalment of Rs 100 will amount to 100(1.04)^-* 
and so on, 
The last instalment of Rs 100 wili amount to 100. 
So, total money accumulated at the end of n years will be 
100x(1:04)n-1-- ... +100 ] 


pios 1130 1 
—100 x (:04)^ Е Е" “Каярч | 
Also, the amount Rs 1000 in n years will become 
=1000 x (1:04)^ 
Theretore, 
1 
Dane -04)"-1 EB АК 
1000 x (104)*—100xx (1:04) 1+... + -ттдуст ] 


100 1 1 
On ан" TM: aroma 
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which is, the same equation as ob'ained earlier. Now proceed as 
before. 


EXAMPLE 8. А man borrows Rs 20000 and agrees to pay the 
borrowed amount in 10 equal annual instalments at the rate of 6 
percent per annum. Find the amount of each instalment, the first 
being paid one year afier the money wai borrowed 

Solution. Let x be the amount of each instalment. Then as in the 
previous example. 


x ! 1 
20000— тб! + (rog; +: ot (1:069 ] 
Therefore, ‘ 
1 
ve (1:06)10 
ны 
(1:06) 


=—*_ 11 (1-06)-10 
557706 [1—(1:06)-10] 
Now log 1:06--.0253 
log (1'06)-10=— 2531 = 1:7469 
Thus (1:06):190:-:5584 
^d 1200 
'4416 
log х=3'0792— 1:6450 
=3:4342 
Therefore, х=2718. 
EXAMPLE 9. A man puts Rs 10 at the end of every year.in the 


Savings Bank at 2} per cent compound interest. How much will his 
savings amount to, in 15 years. 


Solation, At the end of one year he has saved Rs 10. 


At the end of second year, th: amount of his savings will be (in 
Tupees) 


Hence x 


104-10 х (1.025) = 
At the end of third year, the amount of his savings will be (in 
rupees) 
104-10(1:025) 4-10 x (1:025): 
Proceedings iu this way, the amount of his savings in 15 years 
will be (in rupees) 
10+ 10(1°025)+10 1025): . ...--10(1:025)14 
(1:0255— 1 


би 


(1:025)-1 
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0 (1:025)15— 1 
025 
= 400 ( (1'025)15—1} 

Now, (1:025)15— 1:447 (using log tables) 

Hence, the required amount is 400 x (4470) —178:8 approx. 

EXAMPLE 10. A /oan of Rs 1000 is to be paid in 5 equal annual 
instalments, interest being at 6 per cent per annum compound interest 
and first payment being made after a year. Analyse the payments 
into those on account of interest and on account of amortization of 
the principal. ^ Q.C.W.A., January, 1970) 

Solution. Let 4 be the annual instalment. At the end of Sth year, 
A will amount to А (1°06)4. 

When the second annual instalment А is paid, it will amount to 
A(1 06)3 at the end of Sth year. 

The third instalment will amount to A (1'06)? at the ead of Sth 
year. 

The fourth instalment will amount to A (106) at the end of Sth 
year. 

The fifth instalment will be A. Thus total money accumulated 
at the end of 5th year will be 

A(1'06)4+ A(1:06)3-- 4(1:06)? + (1:06) 4-4 
=А[1-+ (106) (1 06)* + (1706)3-1- (06)3] 
But total money at the end of 5th year is 1000 (1:06)* 
So, (1000) х(1°06)5== A[1-- ... +(1'06)4] 


=1 


_ , 1-(06)5 
=A 1—(1`06) 
_ (1000) х (06) _ 60 
* 4 = -]-(106)5 = 1-(r06)* 
Now (106)-5—:7473 
$60 . 

=> A= 7333; 231-44 
Thus A=Rs 2374. 


At the end of Isi year, the interest will be 6 per centof Rs 1000 
i.e., Rs 60. So, amortization = Rs (237:44— 60) =Rs 177:44. Therefore, 
(Rs 1000—177.44)=Rs 822 56 is the loan amount at the end of Ist 
year. At the end of 2nd year, the interest will be 6 per cent of 
Rs 82256; i.e, Rs 49°35. So, amortization=Rs (237:44—49 35) 
Rs 188:09. The loan amount at the end ot 2nd year is. Rs (822 56— 
188:09)—Rs 634°47 At the end of third year the interest will be 6 
per cent of Rs 634.47, i.e. Rs 38:07 and amortization —Rs (237'44— 
38:07)—Rs 199:37. The loan amount at the end of 3rd year will be 
Rs (634.47 —199:37) - Rs 43510. At the end of 4th year, the interest 
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will be 6 per cent of Rs 43510, i.e. Rs 26:10 and amortization— 
Rs (237:44—26:10) —- Rs 211:34. The loan amount at the end of 4th 
year will be Rs (435:10—211:34)—Rs 22376. At the end of Sth 
year, the interest will be 6 per cent of Rs 22376 i.e. Rs 13:43 and 
amortization=Rs (23744 —13'43)—Rs 224-01). 

EXAMPLE 11. A company sets aside a sum of Rs 20,000 annu- 
ally to enable it to pay off a debenture issue of Rs 230,000 at the 
end of 10 years Assuming that the sum accumulates at 4 per cent 
per annum compound, find the surplus after paying off the debenture 
stock. (1.C.W.A., July, 1970) 

Solution. Rs 20,000 will amount to (at the end of 10 years) as 

Rs [20,000 x (1°04)?! 
The second sum of Rs 20,000 will amount to Rs [20,000 x (1*04)*] 
In this way, total money at the end of 10th year will be 
20,000[1+-(1°04)+- . .. 4-(1.04)9] x (1:04) 
NN 1—(104)00 ... 
= 20,004 a oa x (1°04) 
= 20900 1 04) §(1-94)10_ 1) 
= 70,000 108 y (147991) 
= 20,000 x 1°04 
04 
= Rs 249,080 
Thus, the required surplus 
= Rs (249,080—230,000) 
= Rs 19,080. 


EXAMPLE 12. 4 machine costs a company Rs 52,000 and its 
effective life is estimated to be 25 years. A sinking fund is created 
Sor replacing the machine by new model at the end of its life time, 
when its scrap realizes a sum of Rs 2500 only. The price for new 
model is estimated to be 25 per cent higher than the present one. 
Find what amount should be set aside every year, out of profits for 
the sinking fund, if it accumulates at 3} per cent per annum 


x (4790) 


compound. Q.C.W.A., July, 1971) 
Solution. The cost of new machine at the end of 25 years will be 
Узб 25 


52,000 +52,000 x 10055000 


Since scrap of old machine realizes a sum of Rs 2,500, the 
amount of sinking fund is—65,000—2.500--Rs 62,500. If A is the 
amount set aside every year, then A set aside at the end of Ist year 
will amount to (in 25 years) 4(1:035)24. 
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Similarly A set aside at the end of 2nd year will amount to 
(1:035)33, Ё 

In this way, total money at the end of 25th year will be 

A(1°035)24+ 4(1:035)98-- ... +A. 

This should be 62:500 

So, 62:500— 4 11--(1:035)-- . . . 4-(1.035)24] 


_01:035)2%—1 i 
035 
= A-Rs 161082. 


EXAMPLE 13. А lends B. Rs 320. B is to pay interest on what. 
ever amount he has not paid back at the rate of 5 per cent per annum 
for the first year, 6 per cent for the second year and 7 per cent for 
the third year. B pays А Rs 100 at the end of first year, Rs 100 at 
the end of second year and enough to pay off completely the debt 
and interest at the end of the third year. How much is the last 
payment. Q.C.W.A., July, 1971) 


Solution. Rs 320 will amount to (at the end of Ist year) 
=320 (1:05) = Rs 336. 


Since B pays Rs 100 at the end-of Ist year, the amount outstanding 
at the end of Ist year—336— 100 — Rs 226. Rs 226 at the end of 2nd 
year will amount to 226 x (1.06) —Rs 239 56. Since B pays Rs 100 
at the end of 2ad year, the amount outstanding at the end of 2nd 
year = 239:56—100 = Rs 139:56. 


Now, Rs 139:56 will amount to (at the end of third year) 
—139:56 (1:07) - Rs 149:33 
Thus, the last payment is Rs 14933. 


EXAMPLE 14. A man buys a car for Rs 16,000. He estimates 
that its value will depreciate each year by 20 per cent of its value at 
the beginning of a vear, Find the depreciated value (Rs x, correct 
to the nearest rupee) of the car at the end of five years. If the 
man sets aside at the end of each of the five vears a certain fixed 
sum (Rs y) to accumulate at 4 per cent compound interest in order 
to be able to buy at the end of the five years another car costing 
Rs 22.000 (after allowing the above depreciated value Rs x for the 
old car in past exchange), find to nearest. paisa the value Rs y of 
each payment. ; (1.C.W.A., January, 1972) 


Solution. At ihe end of Ist year, the depreciated value of car 


— 80 s 16000 


100 
4 
(87 2 х 16000 
At the end of 204 year, the depreciated value of саг- (4) x 16000. 


=A 
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In this way, at the end of Sth year the depreciated value of car 


= ($)5 х 16000 
So x = ($)5x 16000 
log x = 5 log $ 108 16000 
= 37196 
> x = 5247. 


Now y invested at the end of Ist year will amount in 5 years to 
у (1.04)4 
In this way, total amount accumulated at the end of Sth year 
= y (1°04)4+y (1:04)34-» (1°04)? -y (1:04)4-у 
= у [14-(1:04)+. .. +(1°04)4] 


_ 01:04)5—1 
шанг 


:04)5— 
Therefore 22000—x — y [a | 


1:2168—1 
> 16753 = y rd 
2 :2168 

t 16753 = y (587) 
= 16153— 54 y 

16753 
Id Quee “рд 7310 41 
> y = Rs 3102-41. 


EXAMPLE 1$. A person desires to create an endowment fund to 
provide for a prize of Rs 300 every year. If the fund can be invest- 
ed at 10 per cent per annum compound interest. find the amount of 
the endowment, (LCW A.. June, 1976) 

Solution. Let P be endowment fund. Atthe end of one year, 
interest on P at the rate of 10 per cent per annum should be Rs 300. 

Therefore, PX 1 Хүү--300 

> Р--3000 

Thus, endowment fund should be Rs 3000. 

EXAMPLE 16, A person is entitled to receive an annual payment 
which for each year is less by т1л of what it was for the year be- 
fore. If the first payment is Rs 100, show that he cannot receive 
more than Rs 1000 however long he may live. 

(1.C.W.A., December. '975) 

Solution. The first payment-- Rs 100 

The second payment = 100—0; x 100 
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= 9= 7, x (100) 
The third payment = 90—1 x90 
= 81=(%)2 x 100 
In this way, ntb payment=(1%,)""1 x 100 
Let S=100+ 7% x 100+ (74)? х 100+... 
=100 [12-54 (%)2+.- 1 
100 
= ——,- =1000. 
1-й 
In other words, h i 
lang he eats e cannot receive more than Rs 1000 however 


14.6, Discounts 


. Suppose P is the sum which is due after m years at the simple 
interest r per cent per annum. Let A be the amount which will 
become P after n years. Then 


P-4( L 


and so, A= Р 
1+ T00 
Let D=P—A 
=p — P = 
14-19 
nr 
P (№) а 
nr 
100 


= [nterest on A for n years. 


D is called True Discount. 

(Note that interest cán also be compound interest) 

Ifa sum of money P is due after m years, then the interest). 
(simple or compound) oa P for n years is called Banker's Disccunt. 


s À : r 
If the interest is simple interest, the Banker's Discount=Pn 100 


Banker's Gain is defined to be the difference between Banker's 
discount and true discount. 
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Clearly, Banker's Gain— 


100 
=Interest on True Discount. 


When a bill is presented to a banker for payment and the banker 
makes payment before it is due, then he deducjs the banker's dis. 
count from the face value о! bill. The value so payable is called 
discounted value of the bill. 


Tothe due date of bill, banker generally adds 3 days (called 
grace period) i.e. if bill is due on 10th August, then it is considered 
to be actually due on 13th August. 


EXAMPLE 17. If a ЫП of Rs 1000 is due after 10 years at 
simple interest 5 per cent per annum, what is true discount, bankers 
discount? 


Solution. We first calculate interest on Rs 160. 
Interest «-100х 10x 1$; —50. 
So, Rs 160 will become Rs 150 in 10 years. 
Therefore, true discount on Rs 150=interest on Rs 100 for 10 


years--Rs 50 
Thus, when bill value is Rs 1000, true discount 
50 à 
“Зар * 1000— Rs 333-33 
Banker's discount — —Interest on Rs 1000 for 10 years 
=1000 x10 x 1$; 
, =Rs 500. 
EXAMPLE 18. Establish the formula: 
_ BV x (ni)? 
vii I+ni 
where BV — Bill value (i.e. face of the bill), 


BG=Banker’s Gain 


n=number of years between the date of discounting 
and date of maturity of the bill 


i=simple interest of Re 1 for 1 year. 
(1.C.W.A., December, 1975) 
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Solution. Let P denote the bill value. Now i=simple interest of 
Re 1 for 1 year 
=> rate of interest =100i 
Therefore interest on Rs P for n years 
100 i 
100 


So, for a bill of Rs P+ Pni, the true discount=Pni 


=Pxnx =Pni 


Banker's discount =(P-+ Pni) Хпх ХОГ ва +ni)ni 


100 
Thus, BG= Pni[1-4-ni —1] 2 P(ni)* 
when bill value is P J-Pni. 
Therefore, when bill value is P, 
__P(ni)? 
Bo aT rpg 
LPx(n? _ BVx(n) 
Ian Пт 


EXAMPLE 19. А bill for Rs X was drawn on 1 April 1970 at six 
months and discounted on 23 July 1970 at 2Y per cent per annum. 
If the Banker's discount was Rs 80. find the value of X. How much 
more would the bill owner obtain if it were discounted on 24 July 
1970? (.C.W A., July, 1972) 

Solution. The bill is actuaily due on 4 October 1970 (including 
grace period of 3 days). It is discounted on 23 July i.e, 8+31+ 
30--4--73 days=} year, before it is due. 

Banker's discount —Interest on X for $ year at 25 per cent 

per annum 
5 (aoi ^ ARR 

So, 80—':005 X 

> X —16000. 

If the bill is discounted on 24 July then it is discounted 72 days 
before its due 

te di 99 (25) 

So, Banker’s discount= 365" (02): 007 

_ 18X. 
3650 
_ 18x 16000 
223650 
_ 28800 
365 
= 7800, 
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Thus, the additional amount bill owner would obtain 
= Rs (80— 78:90) = Rs 110. 

EXAMPLE 20. The Barker's gain on a certain bill due б months 
hence, is Rs 10, the rate of inteiest being 10 percent per annum. 
Find the face value of the bill. 

Solution. Interest on Rs 100 for 6 months at the rate of 10 per 
cent simple interest 


1 10 
= 100 x > x Too = Rs 5 


So, when the bill is Rs 105, the true discount is Rs 5 
Banker's discount on Rs 105 
1 10 
= 105 x US x 100. 
= Rs 5:25 
So, Banker’s gain on Rs 105—Rs(5:25—5)—Rs :25 
Therefore, when Banker's gain is Rs *25, the face value of bill 
= Rs 105 
Thus, when Banker's gain is Rs 10, the face value of bill 


= 195 х100х I0—Rs 4200 


Hence, Rs 4200 is the required face value of bill. 

EXAMPLE 21. 4 bill was drawn on 14 April 1970 at 8 months 
after date and was discounted on 24 July 1970 at 5 per cent per 
annum. If the Banker's gain on the basis of simple interest is Rs 2 
Jor what sum the bill was drawn. (1.C.W.A., July 1971) 


Solution. The bill is due on 17, December (including the grace 
period of 3 days). The bill is discounted on 24 July i.e., 7--31--30 
7-31 7304-17 —146 days before it is due. 

Interest on Rs 100 for 146 days at simple interest 


146 5 
= 100 X365 x 100 
L2 
Thus for a bill amount of Rs 102, the true discount —Rs 2. 
mus + 146 Sam 
Banker’s discount =102x 365 * Too 7? 04 


So, when the bill amount is Rs 102, the banker’s gain 
=Rs (2:04—2) — Rs 0°04 
Therefore, when Banker's gain is Rs 2, the bill amount is 


2x102 20400 
d = зд = 5100 


Thus Rs 5100 is the required sum. 
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2: 


10. 


Р 


14. 


EXERCISES 


Find in what time a sum of money trebles itself at 5 per cent per annum 
compound interest. 

The sum of Rs 20,000 is borrowed at 4 per cent per annum compound 
interest. Principal and interest are to be repaid in 25 equal annual 
instalments beginning one year hence. Find the yearly payment. 


‚ If Re 1 was deposited in the Post Office Savings Bank on 1 April 1903, 


what would it amount to on I April 1933 if compound interest at 3 
per cent per annum was allowed? 


. An Officer drawing a salary of Rs 1500 per month in pay scale of 


Rs 130J—100—1800 borrowed from his employer on 1 January 1964, 
a sum of Rs 15,000 for the purchase of a car. The money is to be 
recovered by making a deduction of 20 per cent from his salary every 
month. If the interest is calculated at the rate of 5 per cent on 31 
December, each year on the highest amount due on any day in the 
preceding year and added to the balance due, when will the Officer 
receive his full salary? Note that first deduction is made from the salary 
of January paid on 1 February 1964 and his increment falls due on 1 


July. 


. А sum of money invested at compound interest amounts to Rs 21,632 at 


the end of 204 year and to Rs 22,497°28 at the end of the third year. Find 
the rate of interest and sum invested. 


. To accumulate a fund for his son's higher education, a person invests a 


sum of Rs !00 on the son's first birth day and an equal amount on cach 
of his subsequent birth days. If the interest is compounded half-yearly 
at the rate of 6 percent per annum, find the amount accumulated iust 
after the investment has been made on the 18th birthday. 

Calculate the present value of ап annuity of Rs 5000 рег annum for 12 
years, the interest being 4 per cent per annum compounded annually. 

The accumulations in a Provident Fund are invested at the end of every 
year to earn 10 per cent per annum. A person contributes 124 per cent 
of his salary to which the employer adds 10 per cent every month. Find 
how much the accumulations will amount to at the end of 30 years of his 
service, for every 100 rupees of his monthly salary. 

A machine costs a company Rs 100,000 and its effective life is estimated 


` to be 20 years If the scrap is expected to realise Rs 5000 only. Find 


the sum to be invested every year at 5 per cent per annum compound 
interest for 20 years, to replace the machine which is expected to cost 
them 25 per cent more over its presentcost. Assume that the sale of 
scrap would be utilised for meeting the cost of the machine, 

A machine depreciates in value each year at the rate of 10 per cent of its 
value at the beginning of a year The machine was purchased for 
Rs 10,009. Obtain its value at the end of 10th year. 


ГА sinking fund was formed by setting aside Rs 1,000 at the end of Ist year 


and then at the end of each of the following years an amount 10 per cent 
more than that set aside at the end of the immediately previous year. 
Find the total amount of the fund at the end of 10 years reckoning 
interest, at 5 per cent per annum compound. 

The difference between the true and the Banker’s discounts on a certain 
bill due 4 months hence is 5 paise. If the rate of interest is 6 per cent, 
find the amount of the bill. 

What is the face value of bill discounted at 5 per cent per annum 73 days 
earlier than the date of maturity, the banker's gain being Rs 10 only. 

A banker discounts a bill, which has to run 73 days before it is legally 
due, at 5 per cent and the banker's gain is Rs 15. For what sum the bill 
was drawn? 
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A man holds a bill for Rs12,000 which is due for payment after 8 
months. After 3 months, however he sells the bill to a broker who 
charges 5 per cent per annum. The man then invests the discounted 
value of bill in a security whose rate of interest is such that he does not 
suffer any Гоѕѕ"оп discounting the bill. Find the rate of interest per annum 
of the security. 


Calculate Banker's Gain on a bill of Rs 37,500 due in 8 months at 8 
per cent per annum. 


. A bill for Rs 3,225 was drawn on 3rd February 1965 at 6 months date 


and discounted on 13 March 1965 at the rate of 8 per cent per annum. 
бо е sum the bill was discounted and how much did the banker gain 
in this? 

The difference between true discount and banker's discount on a bill of 
Rs 1500 legally due in 4 month's time is Rs 750, on the basis of simple 
interest. Find the rate of interest. 


12, A bill drawn on the 10th May at two months afier sight was accepted on 
the 14th May and was discounted on 204 July at 8-1-9 per cent. If the 
banker's gain be 6 paise, for what sum was the bi!l drawn? 

20. A fixed royalty of Rs 150; per annum for 20 years in guaranted to the 
author of some textbooks by a publisher: The right of rccciving the 
royalty is put up for auction after 12 years have already passed. Find the 
price at which it may be sold, assuming the money is worth 8 per cent per 
annum compounded annually. 

ANSWERS 

1, 22°52 years 2. Rs 1271 

3. Rs 27421 4. 1 April 1968 

5. 4 per cent, Rs 20,000 7 6. Rs 3112'46 

7. Rs 46926.25 8. Rs 44,407 

9. Rs 3630 10. Rs 3487 

11. Rs 19288 12. Rs 12750 

13. Rs 101,000 14. Rs 151,500 
Soper cent per annum 16. Rs 104 

17. Rs3121:80 18. 5 53 per cent per arrim 

19. Rs 10,067 20 8626 


| 
1 
| 


. tion QD, it has described an angle 


CHAPTER 15 


Measurement of Angles 


15.1. Introduction 


Trigonometry is that branch of Mathematics which deals with mea- 
‘surement of angles. It is derived from two Greek words ‘Trigonon’ 
(a triangle) and ‘metron (a measure), meaning thereby measure- 
ment of triangles. But now this definition has-been modified to 
include measurement of angles in general, whether the angles are 
of a triangle or not. The plane trigonometry which we are going to 
study, is restricted to measurement of angles in a plane. 


15.2, Angles 

An angle is defined as the rotation of a line about one of its extre- 
mities in a plane from one position to another. Two lines are said 
to be at right angles, if a revolving line starting from one position 
to another describes one-quarter of a circle. If the revolving line 
moves in anti-clockwise direction, the angle described by it, 
issaid to be positive. It is called negative otherwise. There is no 
limitation to the size of angles in trigonometry. 


Consider the coplanar lines Y'OX 
and YOY' at right angles to each 
other. If the revolving line starts 
from OX and reaches the position 
OA, in the anti-clockwise direction, 
it has described a positive angle less 
than a right angle. If it continues 
to move in the same direction, then 
in the position OB, it has described 
an angle ХОВ, more than a right 
angle. In the position OC, it has 
described an angle ХОС more than 
two right angles but less than three 
right angles. Similarly in the posi- 
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XOD less than four right angles but more than three right angles, 
Now, if it continues to revolve in the same direction, then in the 
position OA, it has described an angle equal to four right angles+ 
ZXOA_ In this way, angle of any size can be described. Thus, there 
is no limitation to the size of argles in trigonometry. 


15.3. Quadrants 

The four portions ХОУ, X'OY, X'OY' and XOY' into whicha 
plane is divided as in §15.2 are called first, second, third and fourth 
quadrants respectively. 


15.4. Measurement of Angles 

To measure angles, a particular angle is fixed and is taken as a 
unit of measurement so that any other angle is measured by the 
number of times it contains the unit. For example, if we call Z XOY 
one right angle, as a unit of measurement, then Z XOX' is equal to 
two right angles, as it contains two units, А 


We study the following three systems of measurement: 


1. Sexagesimal System (English System) 
2. Centesimal System (French System) 
3. Circular System. 

(1) Sexagesima/ System. In this system, a right angle is divided 
into 90 equal parts called degrees. Each degree is divided into 60 
equal parts called minutes and each minute is further, sub-divided 
into 60 equal parts called seconds, 

Thus | right angle- = 90 degrees 

| degree = 60 minutes 
1 minute = 60 seconds. 


In symbols, a degra., a minute and a second are respectively 
written as 1°; |’, 1”. Thus, 40° 15’ 20" derotes the angle which 
contains 40 degrees 15 minutes and 20 seconds. The unit of 
measurement in this system is degree. The system is called 
Sexagesimal because cach unit is divided into 60 parts (Sexagesimus 
means sixtieth} so that number 60 comes in marking the divisions. 


(2) Centesimal System. |n this systeni, a right angle is divided 
into 100 equal parts called grades. Each grade is divided into 100 
equal parts called minutes and each minute is divided into 100 
equal parts called seconds. 


Thus lrightangle = 100 grades 
1 grade = 100 minutes 
. 
1 minute = 100 seconds 


The symbols 10, 1", 1* stand for a grade, а minute and a second р 
respectively in this system. Thus 20? 12° 85, denotes the angle 
which contains 20 grades 12 minutes and 85 seconds. The unit © 


| 


MEASUREMENT OF ANGLES 331 
measurement here is grade. This system is called Centesimal sys- 
tem because the number 100 comes in marking the divisions (cen- 
tesimus means hundredth). 


{Nore. The reader should observe the difference in notations of minutes and 
seconds in the Sexagesimal and Centesimal systems.] 


(3) Circular System. In this system, 
the unit of measrrement is Radian. It is 
defined as the angle subtended at the 
centre of acircle by an arc equal to 
radius of the circle. А 

Consider a circle with centre О. Take 
any point A on it and cut off an arc AB 
of length equal to the radius of the 
circle. Then / АОВ is called a radian, 


The symbol 1° denotes a radian. Fig, 15.2 


15,5. It is well known that 


“The circumference of a circle bears a constant ratio to its dia- 
mieter.” 


This constant ratio is denoted by Greek letter л (pronounced as 
“pie”), 

The value of « correct upto two places of decimal is 44 and 
upto six places of decimal is $$. 


15.6. Radian is a Constant Angle 
Consider a circle with centre О. Let А be any point on it. Let АВ 
be an arc equal to radius OA. Then 


е. ZAOB _ Arc AB 
LAOA Arc AA’ 
| a e» Radius 
3 Circumference 
Diameter 
Circumference 


1 
д = 
Fig. 15.3 


Therefore ZAOB= 4: 1404 


T 
-4 x2 right angles 
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180° 


V which is constant as x is a constant. 


jo 
Thus a radian = 25 5 


Hence п radians = 180°. 


15." Relations between the Three Systems of Measurements 
Since 1 rt, angle=90° and 100°=1 rt. angle 


we have 90°=1009 so that —180?—200» 
But 180?—z radians ($ 15.6) 
Hence 180* =200:=т°. 


ПМотв, Sometimes the super script ‘с’ is omitted while writing the angles, so 
that angle 0 rheans, an angle of magnitude 0 radians. Therefore, we shall be 
writing т both for an angle as well as number so that angle т stands for x 
radians and number = stands for ratio of circumference of a circle to its 
diameter]. 


15.8. To Prove that the Number of Radians in an Angle Subtended 
by an Arc of a Circle at the Centre is Equal to ES 


radius ` 
Proof. Consider a circle with centre O. Let A be any point on it, 
Let arc AB—radius OA. Let C be any 


ji 3 point on the сїгсїе, Then 
/ АОВ —1 radian 
ZAOC Arc AC 
M AUS 2408: Arc AB 
Are AC " 
= ZAOC= ATOR X1 Radian 
So the no. of radians in / AOC = EICAC, 
radius 
Fig. 15.4 
(Note, If 0 i 


s number of radians in an angle; |, the length of are of the 
ing the angle 9 at the centre of the circle and r, the radius “of 


circle, шеп б= L, ] 


circle subtendi 


EXAMrut 1, Express in terms 0) right angles and also in grades, 
minutes and seconds, the angles 


(i) 30°, (ii) 138° 30', (iii) 35° 47’ 15". 
Solution. (i) We have 90°=1002,) Also 90°=1 rt. angle 


so 1°= 190 so  30^—i rt. angle 
=0°33 rt. angles 
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so that 30° = 2900 
=33}9, 

Now 19=100' 

кл j-1i)-33p 

Also 1'—100* 

> p-1)7—333* 

> 30°== 332 33:33:33, 


(ii) We have 30'=}°="5° 

=> 138° 30'=138:5° 

Now 90° =1 rt. angle 

- 1*—j rt. angle 

= 3851385 1t. angle 

—1:5388888 rt. angle. 

Now I rt. angle=100¢ 

=> 1°5388888 rt. angle=153°888889. 

Also '88888«—88:888* 


and *888'== ((888 x 100)“ 88:88“ 
> 138:5—153» 88' 88:88", 
(11) We have 15% = 18--11--225” 
aad 47 1544725 = 27:25" 8757, 
60 
> 35° 47° 15* = 35:7875° 
| 35:7875 
ATO) rt. angle 
= '3976388 rt angle 
= 39:763882, 
Now 0.763889 = 76:388" 
0.388' = 38:88", 
= 35° 4 15% = 39» 76* 38.88", 


EXAMPLE 2. Express in terms of right angles and also in 
degrees, minutes and seconds, the angles. 


0) 1200 (ii) 459 35\ 24*. 


Solution. (i) We have 17= 36 . Also 100¢=1 rt. angle. 
So 120°=108°=$ rt. angles. 

(ii) 24° = ‘24° 

> 35* 24% = 35.24'=.3524#. 


Thus 459 35° 24* 45.3524» 
= ‘453524 rt. angle 
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= (453524 x50)° 
= 40:81716°. 

| Now :81716° = (81716 x 60)" 
= 49.0296 

and :0296) = (0296 x60)" 

= 1-776° 
Hence — 45035 24^ = 40° 49" 1:776". 


EXAMPLE 3. Convert 5° 37' 30" into radians. 
Solution. We have 30'—1 


DRIN, CUN PEDI SD C 
> 37’ 30" 2371 -Т-(28) 8 
Then 5° 37' 30"= 58° = 4°. 
a 
Now 1 7180 
= S (is л. 
8 180^ 8 32-— 


EXAMPLE 4. Convert 1° Г into radians. 


AUA V 
Solution. We have 1 7100 


EE: 
> 121 “1100 100: 
nme 
Now 19 = 500 
101 ях 10 y... < 
> 100 ( Sun ) — 00505 n°. 


EXAMPLE 5. 7f D,G, C are respectively, the number of degrees, 
grades and radians in an angle, prove that 


Sefution. The given ang'e=D degrees у of a rt. angle. 

Also, the given angle— С grades 0 ofart. angle, 
further, the given angle—C fadians 2С of a rt. angle. 

Hence 30710) z^ 


EXAMPLE 6. The number of degrees т a certain angl. 
e added to 
the number of grades in the angle is 152. Find the ШҮР" 
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Solution. Let x be the no. of degrees in the angle. 
Then no. of grades in the angle will be 42x. 
So х+10х=152 
19 152x9 
or эх =15 23 
9х 2ie X 19 


EXAMPLE 7. The angles of a triangle are т AP., the number of 
ra ji 
5 E Ho jd UNA 2. M ck of radians in the greatest as 40 
Solution. Let the angles of a triangle in A.P. be 
(a—d)°, в’, (ad). 
Since the sum of angles of^a triangle is: 180°, 
> (a—d)+a+(a+d)=180. 
> а=60. 
So the angles аге (60—4)°, 60^, (60-Е4)° 


(=) 
dixi 


=72. 


least angle =(60—d)° = 


greatest angle=(60+d)°= (06012 х 180 T 


Hence the LOU 
(60--d) X 155 
(60—d) x 200 . aval Ph 
Hence 5160-0811) A => (60—d) x 5=60+d 


>  300—5d-60-rd 
> dd =240 = 4-40, 
Hence the angles are (60 — 40)°, 60°, (60 + 40)? or 20°, 60°, 100°, 
EXAMPLE 8. The angles of a pentagon are in A.P. and greatest 
is three times the least, find the angles. in grades. 
Solution. Let the angles of the pentagon іп A.P. be (a—2d)’, 
“а-4р, a°, (a--d)^, (a--24) 
Now, sum of the angles of a polygon of n sides is 
z(2n— 4) right angles. 
=> sum of angles of pentagon is 6 right апр!еѕ = 540°. 
=> (4—24) + (а—4)+а+ (а+-4)+-(а4-24)=540° 
=> 5a=540° or а=108°. 
Hence the angles are 
(108—24)°, (108—d)°, 108° (108 +d), (108 +2d)°. 
The greatest angle==(108+ 2477 
The least angle =(108—2d)°. 
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By hypothesis, (1084-24) — 3(108—24) 


or 108--2d = 324—6d 

or 8d = 216 

or d = 21. 

Hence angles are 54°, 81°, 108°, 135°, 162°, 
or 609, 909, 120°, 1507, 1809. 


EXAMPLE 9. 4 cow is tied to a post by a rope. If the cow moves 
along a circular path always keeping the rope tight and describes 
44 ft . when it has traced out 72° at the centre, Jind the length of the 
rope. 

Solution. The cow starts from A and describes an 
arc of length T= 44 tt. 


= AB. 
ош eC 
: Also 2.40В--12 = (2х а ) 
\ 1 = (2s у 
Гір, 15.5 15 
If length of rope be r, then by $ 15.8, we know that 
1 2544 
Ce Миг Аа лын 
r 5 r 
эм, .44х5 44х5х7 22 
7726 у8Х25-08(”7 7, 
=35 ft. 


EXAMPLE 10. The large hand of a big clock is 3 feet long. How 
many inches does its extremity nove in 10 minutes time? 

Solution. The large hand of a clock 
starts from A and describes an arc 
of length /=AB in 10 minutes. 

Now 60 minutes — 360^ А 

= 10 тісшіеѕ =36°. 


Thus LAOB=36° =. 


Also OA=3 feet=r. 0 5 
= 1= FA sect 
Fig. 15.6 
- 1-65 12 inches 


==22:63 inches, 
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EXAMPLE 11. Find the times between 6 o'clock and 7 o'clock 
when the angle between the minute hand and hour hand is 29°. 


Solution. 
12 12 
6 
(i) 


6 
(ii) 
Fig, 15.7 
There are two possibilities (i) when the minute hand has not 


crossed the hour hand (ii) when the minute hand has crossed the 
hour hand. 


(i) Suppose after the time is 6 o’clock the minute hand has moved 
through х°. 

Now, when minute hand moves through 360°, the hour hand 
moves through 30°. 

So, in this case the minute haud has moved through 


with respect to hour hand 


о 
Therefore, 29° — Z ) 45° m1 80° 
12 


TT ыш 
en ume 
1515612; раба ын 
> x= Ч AWE minutes 


5 
= тіошев=275, mi: utes 


2 Time is 275 minutes past 6, 
(ii) Proceeding as above 


/ x Ao 

Tf Se 104-29 -х 
180 (2) x 
Py x= (12% 19-35 nuni 


=> Time is 38 minutes past 6. 
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1. Convert the following into Centesimal System 
(i) 146° 42”, 
(ii) 30° 46’ 48", 
(iii) 15° 28” 48”, 
2. Convert the following into Sexagesimal System 
(i) 649 12° 32%, 
(1) 790 32* 15%, 
(iii) 567 87° 50". 
3. Convert 18° 33’ 45” in terms of radians 
4. Convert 669 36% to radians. | 
5. If б, D, C are the number of gradés, degrees and radians in any angle, prove 
20 


that UNDE 


6. The sum of two angles is 80 grades and. their difference 18 18°. Find the 
angles in degrees. 


7. Find in grades, the Vertical angle of an isosceles triangle, each of whose base 
angles is two and half times the vertical angle. 


8. The number of grades in one acute angle of a right triangle is ten times the 


number of degrees in the other Show that the difference between these two | 
angles is 807, 


9. If the angles of а 
angles in radians. 


10. The angies of a triangle are ín A. P., the number of degrees in the least is to 
the circular measure of the greatest as 62 to v. Find the angles in degrees. 

11. The angles of a quadrilateral are in A.P. and the greatest is double the least. 
E»press the least angle in radians. 


12. The angles of a hexagon are in A.P. and the greatesi х double the least, find 
all the angles in degrees. 


triangle arein A.P. and one of them is 95°, find а!! the 


14. A railway train is travelling on a curve of half-a- 
20 miles per hour, through what angle has it turn: 


15. Find the times between the 4 o'clock and 5 o'clock when the angle between 
the minute hand and hour hand is 78°, 


16. Find the times between 7 o'clock and 8 o'clock the angle between 
‘minute hand and hour hand is 54°, иа moe be че 


mile radius at the rate of 
ed in 10 seconds? 


ANSWERS 

1. (1) 1620 23 528, ` 
(1) 34е 20, 
(ИР) 17е 20, 


2. (0 57° 42’ 39:168”, 
(i) 71° 23' 21-66", 
(10) 51° 117 157, 
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3. git radians, 


320 
6. 45° and 27°, 
9, $7 т 19 
BT TAE 


т - 
п. з radians. 


13. 38° 30’, 
7 


15. At. 7— and 36 minutes past 4. 


п 


339 


4. .°330018 т radians. 
7. (333)9 
10, 30°, 60°, 90°. 
12. 80°, 96°, 112°, 128°, 144°, 160°. 
LN 
14. ( 617 nearly. 


16. At 28-4 


Ti and 48 minutes past 7. 


CHAPTER 16 


Trigonometrical Ratios 


16.1, Let a revolving line OP start from OX in the anti-clockwise 
direction and trace out an angle XOP. 
From P draw PM LOX (Produce OX, if 
peated Let ZYOP=9. 


P 


Then (1) ME MP, called sine of angle 0 


vp is written as sin 0. o M 
Fig: 16.1 
2 


= 


ei is called cosine of angle 0 and is written as cos 0. 


(3 og! is called tangent of angle 0 and is written as tan v. 


= 


we called cotangent of angle 0 and is written as cot 8. 


(5) би Bi called secant of angle 0 and is written as sec 0. 


(4, 


T 


(6) gi is called cosecant of angle 0 and is written as cosec 0. 


These ratios агг zalied Trigonometrica! Ratios of the angle 6. 
Remarks. (1) It foilows from the definition n 


1 

sec 0— TIS cose 0 р; бо © ue 
n6 cos 0 
tan 0— е, cot 6= Sith 


(2) Trigonomet ical ratios are same for the same angle. For, let 
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Р! be any point on the revolving line OP. Draw Р'М" LOX. Then 
: 5 ai MP M'P' 
triangles OPM and M' Euer йе. 

8 aud OP'M' are similar, so OP ОР ie, each 


of these ratios is sin 6. 
Therefore, whatever be the triangle of reference (i.e., A OPM or 
: A ОР'М') might be, we find that 
? sin 0 remains the same for a parti- 
cular angle 0. 

It can be similarly shown that 
no trigonometrical ratio depends 
on the size of triangle of reference, 

(3) (Sin 6)" is. written” as sin" 6, 
where n is. positive. Similar nota- 
tion holds good for other trigono- 
metrical ratios. 


Fig. 16.2 
(4) Sin-19 denotes that angle whose sine is 0) Note that зїп 


-1 0 


does not stand for Similar notation holds good for other 


1 
sin 0 
trigonometrical ratios, 


16.2. For any Angle 0, 

(1) sin? 0--cos? 0-1 

(2) sec? 0—1-r-tan* 0 

(3) соѕес? 0 —1--cot? 0. 

Proof. Let the revolving line OP start from OX dnd trace out an 
angle @ in the anti-clockwise direction. From P draw PM LOX 


(Produce OX, if necessary) (See Fig. 16.1). 
Then / XOP—0. 


: МР OM 
ел Ж ЖЕМ ҮТ 
(M P)?+(OMY (ОРУ ah 


i 20- => 
Then sin?0-+cos? 6 (OP) (OP 
OP MP 
(2) sec $— OM tan = с 4 


: ы ? 2 
Then 1+tan? 0—1 nor OR 


(ОР) (ОРҮ . TE 
(OY (Sm) =(sec 6,2 sec?9. 
M 


о. ОР 
G) cot Ө= уур, cotec AP 
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: (МРР-ЦОМ) 
~ (MPR 


а 
-(4 ) =(cosec 0)2--совес"0. 


Then 1+cot26 =1+ (2x) 


(OP 172 
18: МР 


16.3. Signs of Trigonometrical Ratios 

Consider four lines OX, OX'. OY, OY' at right angles to each 
other. Let a revolving line f 
GP start irom OX іп the anti- 
clockwise direction. From P 
draw PM LOX or OX". We have 
the following convention of signs 
regarding the sides of AOPM. 

(1) OM iis positive, if it js 
along OX. 

(2) OM is negative, if it is 
along OX’, 

(3) MP is negative, if it is 
along OY’, 

(4) MP is positive, if it is 
along OY. 


(5) OP is regarded always positive. Fig. 16.3 


First Quadrant. 1f the revolving line OP isin the first "quadrant, 
then all the sides of the triangle OPM are positive. Therefore, all 
the trigonometrical ratios are positive in the first quadrant, 


Second Quadrant. Af the revolving line OP iis in the second quad- 
Tant, then OM is negative and the other two. sides .of ДОРМ. are 
positive, Therefore, ratios involving OM will be negative. So, 
cosine, secant, tangent, cotangent of an angle in the second quad- 
rant are negative while sine and cosecant of angle in the second 
quadrant are positive. 


Third Quadrant. |f the revolving. line is in.the third quadrant, 
then sides OM and МР both are negative. Since OP is always 
positive, therefore, ratios involving each-one of OM and MP alone 
will be negative. So, sine, Cosine,- cosecant and secant of an angle 
in the third quadrant ate negative. Since tangent or cotangent of 
any angle involve both ОМ and MP, therefore, these will be posi- 


tive. So, tangent and cotangent of an angle in the third quadrant 
are positive. 


Fourth Quadrant: If the-revolving line Ov is т the fourth quad- 
rant, then MP i i 


positive. Therefore, ratios involving МР will be negative and others 
Positive. So, sine, Cosecant, tangent and cotangent of an angle in 
the fourth quadrant are Negative while cosine and. secant of an 
angle in the fourth Quadrant ere positive. 
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16.4. Limits to the Value of Trigonometrical Ratios 

We know that sia? 6+cos? 0 —1 for any angle 0. Sin? 0 and соѕ? 0 
being perfect squares, will be positive. Again neither of them can be 
greater than 1 because then the other will have to be negative. 


Thus sin? 6<1, cos? 0« 1. 
=> sin 0 and cos 6 cannot be numerically greater than 1. 


Similarly, cosec 0— 


1 1 к 
——.апа sec 6=——— cannot be numerically 
sin 8 cos 6 у 


less than 1. 


There is no restriction on tan and cot 6, They can have any 
value. 


EXAMPLE 1. Prove that sin* 0+ cos* 6=1—3 sin? 0 cos 0. 
Solution. Неге LHS=sin* 0--cos* 6 
—(sin? 0)3-L- (cos? 6)3 
== (51п2 6-+-cos? 0) (sin 0—sin? 0.cos?0 --cos40) 
—].(sin* 0—sin? 0 cos? 8+ соз4 0) 
—([(sin? 04-cos* 6)? —3 sin? 0 cos*0] 
=1—3 sin? 0 cos? 0—RHS. 
EXAMPLE 2. Prove thar ‚| 1195 — —cosec 0-Е со 0. 
\/ 1—cos 0 
provided cos 0521. 


14-cos 8 
1—cos 0 


Solution. LHS = 


L Траву аан) 
№ (1—cos 0) (1+cos 8) 
.. _ 1800$ 6 
A/ 1—cos? 8 
1--со8 0 
sin 6 


VES cos 0 
зіп. “sin 8- 
=cosec 0--со! 0. 


EXAMPLE 3. Prove that 
(14-cot 9 —cosec 0) (1--tan В зес 0)—2. 


Solution. LHS—(1--cot 6—cosec 0) (1--tan 6-Е зес 0) 


cos 6 1 qo sing 1 ) 
=(1+ sin§ sinf Yrs cos Ө cos б 
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(sin 6+cos 0-1) (cos 6+sin 84-1) 
sin 0 cos 8 
_ (sin 9--сов 0)2—1 
sin 0 cos Ө 
_ sin? 9--cos? 0—2 sin 0 cos 0—1 
sin 0 cos 8 
1+2 sin 0 cos 6—] 
39 sin 0 cos 6 


LHS = 


2 sin 0 cos 8 
— 1 8 cos 8 
=2=RHS. 
EXAMPLE 4. Prove that 
tan 9 cot 0 
1-30080:-1 1—tan 8 
and tan 051, 0. 
tan 8 cot 6 
Solvtion. LHS — Г.сосд Tan 9 
=: 
_ tan 9 4 tan 6 
т Гб 


=1-Есозес 0 sec Ө, if cot 0551, 0 


tan 6 
tan? 0 
“tan 0—1 + ЕЕ 
tan2 6 
"алб апаар 
tan? 0—1 


. tan 6 (tan Ө—1) 


_ (tan 0— 1) (tan? 0--tan 0+1) 
К tan 0 (tan 6—1) 


tan? 0--tan 0 
=H! since tan 0521 


_ Sec? 0-Нап g 
Y tan 9 


=sec 0 cosec 0--1 
=RHS. 
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EXAMPLE 5. Which of the six trigonometrical ratios are posi- 
tive for (i) 960° (ii) —560*? 

Solution. (i) 960° =720° --240°. 

Therefore, the revolving line starting from OX will make two 
complete revolutions in the anti-clockwise direction and further 
trace out an angle of 240° in the same direction, Thus, it will be 
in the third quadrant. So, the tangent and cotangent are positive 
and rest of trigonometrical ratios will be negative. 

(ii). —560° = — 360° — 200°, 

Therefore, the resolving line after making one complete revolu- 
tion in the clockwise direction, will trace out further an angle of 
200? in the same direction. Thus, it will be in the second quadrant. 
So, only sine and cosecant are positive. 


EXAMPLE 6. In what quadrants can lie if sec 221 


Solution. As sec 0 is negative in second and third quadrants, 
9 can lie in second or third quadrant only: 


EXAMPLE 7. If sin 0-52, determine other tri gonometrical 


ratios of Ө. 


Solution. cos? 0—1-—sin? 6 
144 169—144. 25 


2155 169) 57. TED 169: 
> cos 0— + B 

sin 0 19, 
So tan 0— 20 + 


—Ю 13 3 
cosec 0-5 T’ sec 0— + 3° cot З= +15: 
EXAMPLE 8. Express all the trigonometrical ratios of 0 іп terms 
of the sin 0. 
Solution, Let sin 9=k. 


Then cos? 0—1—sin? 9—1—K* 
> cos 0=+ у 
{ап (eee $3 d 
cos 0 Vi-k 
seco = : + сад 
cos 8 Vi-# 
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EXAMPLE 9. Prove that sin $a d. is impossible, if a is real. 


a+ 
a 


Solution. sin $a... ып б— 


= @—a sin @+-1=0 
qus sin 8 + Vsi 0—4. 
2 

For a to be real, the expression under the radical sign, must be 
positive or zero, 

i.e. sin? 60—420 
or sin? 624 = sin @ is numerically greater than or equal 2 

which is impossible, 


Thus, if a is real, sin а -+ I is impossible. 


EXAMPLE 10. Determine the quadrant in which 0 must. lie if 

cot 6 is positive and cosec 0 is negative. U.C.W.A., June, 1975) 
Solution. Cot 0 is positive + 8 lies in first or third quadrant. 
Cosec @ is neg itive > 0 lies in third or fourth quadrant. 


In order that cot 0 is positive and cosec @ is negative, we see that 
9 must lie in third quadrant. 


EXAMPLE 11. Prove that 
Eon WERL 15 ЖИ 
cosec 0--cot 0 зіпб ~ sinÜ — cosec 0—cor 6 
(1.C.W.A., June, 1975) 


Jd IM 1 
Solttion: LH CE 9--cot 0 — sin 0 


е 0 1 
^ со Өз та 


Sin? 0—(1--соѕ.0) 
“7 (l4-cos 0) sin 6 
—(1—sin? 0)—cos 0 
= (Fros 0) sin 0 
_ 76058 0—cos 0 
АЕ +cos 0) sin 6 
_ cos 0 (14-cos 0) 
~ (I +cos 0) sin - 
= — соц 
RHS BA аси 1 


500 усоѕес сов. 
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1 sin 8 
Csin8 1--cos 0 
Г--со8 8—sin? 8 
"sin 0 (1—cos 8) 
cos? 6—cos 0 

~sin 6 (1—cos 6) 
—cos 6 (1—cos 8) 
sin 0 (1-*cos 8) 


=—cot 0 
Therefore, LHS—RHS. 
EXAMPLE 12. Prove shat 


sin 8 (1--tan 0) --cos 0 (1--cot 0) —sec 0--cosec 9 
(1:С.И/.А., December, 1975) 


Solution. 


sin? 0 cos 04-5103 8-+cos® 0 sin 0+4-cos® 0 
P4 sin 0 cos Ө 

sin? 0 (sin 6-+cos 8) - cos? 0 (sin 0 + cos 0) 
i sin 6 cos 0 у. 

(sin? 0-- cos? 0) (sin 0 -cos 0) 
am sin 0 cos 8 

sin 0--соз 0 
“sin 0 cos 0 


Ф ЖЕ Cte et 
“соз Ө t sin 0 


=sec @ +cosec 0—RHS. 


EXAMPLE 13. If tan 0= 4, find the value of 
2 sin 0+3 cos 0 
4 cos 9+3 sin 0 
2 sin 0+3 cos 8 
4 cos 8--3 sin 8 


_2tan6+3 $43 23 
C4-3tan0 ^ 4pi& 32 


Solution. 


348 BUSINESS MATHEMATICS 


EXAMPLE 14. State giving the veason whether the following 
equation is possible. 


2 sin? 0—3 cos 6—6—0 (I.C.W.A§December, 1974) 
Solution. 2 sin? 0—3 cos 06—6—0 


- 2 (1—cos? 6)—3 cos 0—6—0 
- —2 cos? 0—3 cos 0—4=0 
> 2 cos? 0+3 cos 0--4—0 
> cos $= 3679—39 
4 
NT 
K 4 
> cos @ is imaginary, which is not true. 


EXAMPLE 15, Prove that 


J—sin®@  1--sin 6 
ТҮРЕ Г Г—зесй=2©05 0 (cot 0+ cosec? 0) 


(I.C.W.A., June, 1973) 


Solution. 
LHS— gem 8) cos 9 (1 +sin 8)cos 0 
os 8 cos 6—1 


sin 0) (1-0) 
ЧД Їр 8) (1— cos 0) 


=cos 0 [e= 8) (1—cos 6)+(1 +sin 8) (1--cos 0) 
ә 1—cos? @ 


1 —sin 0—cos 0+sin 6 соз 0--1--500 + cos 6 
зо: --sin 6 cos 6 ] 


sin? 6 
р E sin 9 cos 8 
sin? 8 
=2 cos 9[созес? 8--сог 8) 
=RHS, 
sin 8—cos 6 
EXAMPLE 16. If tan x= SIn БОЗ B 
where 9 and x are both positive and acute angles, prove that 
SENS ут" rar C.W.A., July, 1967) 
Solution. 1--tan? x 


Hip sin? 6--cos? 6—2 sin Ө cos 8 
cas sin? 8--cos? 04-2 sin 0 cos 0 
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(1—2 sin 6 cos 0) 
(14-2 зіп 0 cos 8) 

je E IPM 

— 142 sin cos 8 

EO MERI Saati 
1+2 sin 0 cos 0 
. 1+? sin 0 cos 8 


c 


Therefore, sec? x= 


2 

> cos? x 2 
ы НБ хаа 9 cos 0) 

_1—2 sin 0 cos 6 

um 2 

. (sin 8—cos 6)? 
n Ех _ (sin 8—cos0)? 

2 
vna (Gin 0—cos 0) 

- sin х= + ТЕ 2 
Since 0 is acute and tan x 20, sin 0 2 cos 6 
> sin 6—cos0 > 0 


Also x is acute > sin x20 
(sin 6—cos 0) 
V2 
EXAMPLE 17. Exhibit 
(sin 0 —3) (sin 6—1) (sin 0-- 1) (sin 9+3) +16 


as a perfect square and examine if there is any suitable value of 
8 for which the above ex pression can vanish, 


(L.C.W.A., January, 1968) 
Solution, Now (sin 6—3) (sin 0—1) (sin 8--1) (sin 04-3) 4-16 
—(sin? 0— 1) (sin? 68—9)-- 16 
—sin* 0— 10 sin? 04-25 
==(sin* @--5)?, 
This 15 0 only when sin? 6—5=0 
i.e., only when sin? 8—5 


= sinx=+ 


which 15 rot possible a: tne maximum value of sin? € is 1; 


Thus, there is no value of ^ tor which the given expressica сал 
vanish. 
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EXAMPLE 18. Find the value in terms of p and д of 


porre da i where cot à... 
p cos 0—q sin 9 4 


Here use of any figure not allowed. (C.A., May, 1975) 
cos 8 
: p 12 
p cos #44 sin 9 dua ab 
Solution: р соз 0—4 sin 0 | cos 8. i 
sin 8 
_ Bot 012-9 
pcot 0—4 
=f 4 
eye Woy i 
pq 
EXAMPLE 19. Show that 
410158) cs fan ы, 
feel ҮЛ ЕЙ И Nue ee 9v 
(С.А., November, 1975) 
o tanb _ tan 0 
Solution LHS = сире des 


34, 1 1 | 
rut [ sec 0-1 "ruri p 
2 sec 0 
=tan 0 E СОО й 
2 sec 6 
=tan 0 25 tan? 6 


2 sec 0 
tan 8 


= 2cosec 0 = RHS. 


sin 0 


EXERCISES 


1. Prove that sect O-Fcosect 6» tan 8--cot 0. 
2, (cosec 0—sin 8) (sec @—с03 8) (tan @+со! 9) 1. 
3. cost 9—sin* 641=2 cost 8. 
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4. есе 6—tan® 6=1+3 tan? 0+3 tani 9. 


—sin 0 
| 5: кшз =sec §—tan 8, provided sin 0 — 1. 


| 
1- 9 ? 
6. К, сыы 8—cot8, provided cos 0=—1. 


ded Dice tan 9, if sec 8 tan 0. 
sec 6 -1ап 0 


т eosin 9+ cos Ө, if tan 61 and cor бу], 
= =e 


ю 


. Express all the trigonometrical ratíos in terms of the cotangent, 
10, If cos 973. find the va'ues of other ratios, 
| ll. The sine of a certain angle is 4, find the numerical values of the Other 
trigonometrical ratios. 
] 12. If 2sin 6=2—cos 8, tind sin Ө, 
| 13, If cot 6+ ес 0—5, find cos 6 
1 14. If 3 sect 0--8—10 sec? 8, find tan ө. 


Г 15. Which of the six trigonometrica! ratios are Positive for 
| (4) 452° (1i) —12009? 


| 16 Prove that cos 97a is not possible for real values of a, 
| 17, Find the values of cos 9 for which the equation, ? cos б=а+1. is pos- 
| sible, a being real 
18. For what relations between a and b is the equation sin 8 = a b possi» 
*V ab 
ble. (Г.С. А., Ущу, 1966) 
19. Prove that 
tan O+sec 0-1 1 
tan 0 -sec 0-1 U.C. W.A.,, January, 1969) 
20. If tan 6+cot 6-2 show that 
sin 6=cos 8. (LC.W.A., January, 1966) 
21. Prove that 
sing cos 0 
e. —3: am 
Тг oai rin тони: 0 22277 January, 1966) 
22. Prove that 
NE. 1 
созес 0— cor 0  cosec OF согд = 2 cosec 8 
23, If 7 sin? 0+3 соз? §=4, show that 
n cot @= +43. 
i 24. Prove that if 
| | cos 6+sin 8/2 cos 0 then 


1 Cos §—sin 8—4/2 sin 6, 
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ANSWERS 
1 4 4 
10. зїп 0---2, tan 8——7-, cotü— E cosec 8-4, sec 4. 
VIS зм 3 
115 ait asics 12. 1 or zz 
12 1 
13. 137 14. Wao i 
15. (i) sine and cosecant. (ii) tangent and cotangent. 
17. 1and —1. 18. a=+b. 


TRIGONOMETRICAL RATIOS ОЁ SOME STANDARD ANGLES 


16.5. Angle of 45°. 
Let the revolving line OR starting from OX trace out an angle 


of 45° in the anti-clockwise direction. Take ‚^^ 
апу point Р on OR. From Р draw 
РМ LOX. 2 


Then in A OMY, 
ZMOP=45°, ZOMP=90° ` 
= LOPM=45°. 
Then OM=MP=a (say) 
Also (OP)2=(OM)?+(M P)? z M 
=a? Һа? =2а° Fig. 16.4 


> OP=\/ 2a 


Now sin 45°=—_=——_ ——- 


Angle of 60^. Let the revolving line OR starting from OX trace 
out an angle of 60° in the anti-clockwise direction. Take any point 
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P on OR. From P draw PM LOX. Take a point М’ оп OX such 
9 that ММ”--ОМ--а (say) 
Then Z MOP—60*, /OPM =30°. 
The two As OMP and MM'P are 
comgruent. 
So OP=M'P, 


and ZMOP—/0M'P. 
So that AOM'P is an equilateral 
triangle, 
Then OP=20M=2a 
and (M P)*—(0P)?—(0M):—4a: — a: —3a* 
= MP=V34a. 
sin 60° S MP L v3a_v3 


Hence ӨР 22 5 


cos 60? — ОР 2a 2t 
tan 60°= Op^ V5 


nm e -2 el 
cot 60°= V cosec 60 =з, sec 60°=2. 
‚ Angle of 30°. Let the Tevolving iine trace out an angle XOR=30° 
in the anti-clockwise direction. Take any point Pon OR. l'rom P 
draw PM LOX. Produce РМ to Р 
making MP’= py, 


Bruent as two sides are equal and the 
included angles are equal. 
Then ZOPM- / OP'M =60° 


sothat A OPP’ is equilateral. Fig. 16.6 

Let MP=M P' =a (say) 

Then OP=2a and OM —4/3 a. 
іп 30° —МР_ а А 
Hence sin 30 сор og 

o ОМ 2vV3a v3 

deter E cos 

poc MPa UP Шш 

tan 30° — OM aa v3 


2 


Cot 30? — 4/3, sec Ae n » Соѕес 30°=2, 
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16.6. What is Infinity 


Consider the fraction a/n, where a is a fixed positive number 
and n is any positive number. As we give smaller values to n, the 
fraction a/n becomes larger and Jay ger, and so а/псап be made as 
large as we like by giving sufficiently small values ton.. This fact 


is expressed by saying “ а/л approaches infinity as m approaches 
zero” and is written in symbols as 


2 а 
lim © —¢, 
n»0n 


If a is a negative quantity then as n approaches zero, а|п is said 
to approach —eo. 


Angle of 0°. Let the revo!ving line OR starting from OX in the 
anti-clockwise direction trace out а 


very small angle ХОК=0. Take any 
point P on OR. Let ФМ LOX. 

Draw ап are of circle with centre 
O and radius OP, cutting OX at A. 
Then as @ tends to zero, OM tends 
to OA and MP tends to zero, 

Then sin 0?—lim sin 0 

6+0° 


æ 650° 


tan 0°= lim tan 0= lim MP0 _ 
oso 75 lp OM OA 0. 


cot 0°= lim соц 0-- lim ОМ 
9-0? а0° МР 2 


вес O^—lim sec g lim ОР OA 
80° ec $90 OM = Q4 i 


1754990. 


cosec 0° = lim cosec a lim OP. 
[ES $0 MP 
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Angle of 90°. Let the revolving line OR starting from OX trace 


out an angle 0 іп the anti-clockwise 
direction, very nearly equal to 90° 
Take any point P on OR. 

Let PM LOX and OY LOY. With 
O as centre and OP as radius, draw 
an arc of a circle cutting OY at B 
and OX at A. 

Then as 0 tends to 90°, OP appro- 
aches OB, PM approaches OB and 
OM tcnds to zero. 


Fig 16.8 
Then sin 90° n. sin 0 dim. ОВ. 
cos 90° = PS cos 0 = de. 9м. 0-20. 
tan 90° = Aged tan 0 — Vim = 
cot 90" = dim cot e. lim OM. Oo 
sec 90° = am sec 0 = ARN og 
cosec 90? — gi cosec = Rem en OB ы, 


We summarize the results of this section in the following table. 
The student is advised to make himself familiar with it. 


Angle 0° 30° 45° 60° 90° 
: 1 1 v3 
sine 0 "E 72 2 1 
Y 3 1 
cosine 1 Y? a > 0 
tangent 0 1 1 V3 © 
Мз оо 
cotangent e УЗ 
2 
consecant = 2 V2 Уз 1 
2 


secant 1 a v2 2 = 
ECC ETE А ни 
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EXAMPLE 20. Find the value of со! 607 tan 30°+sec* 45°. 
Solution. cot 60° tan 30°-+sec? 45° 
q10».3 
=з V3 +2 
EXAMPLE 21. Find x if 
'^ тап? 45? —cos! 60° =x sin 45° cos 45° tan 60°. 


7 
з+2=3. 


1 3 
Solution. LHS=1 - = -7> 
lire _ м3х 
RHS =x và V2 43 = GS 
3 X3 уЗ 
Then qa ===. 


EXAMPLE 22. If 0—30^, verify that 
(i) sin 30=3 sin 0-4 sin? € 
(ii) cos 30--4 cos? 6—3 cos 0. 
Solution. (i) sin 38 —sin 90°=1 
and 3 sin 0—4 sin? 6=3 sin 30° —4 5103 30° 
=}—4=3—}=1. 
This proves (i), 
(ii) cos 30 =соѕ 90°=0 
and 4 cos? 0—3 cos 0—4 cos? 0—3 cos 30° 
ауаз 
=“ 8 к 2 
=0. 
EXAMPLE 23. Find a solution of the following equation: 
cot 0-- tan 0—2 cosec 0. 
Solution. cot 0+ tan 0 


1 
“яар -rtan 8 


„д1+га@ 6 secto 


tan@ — tan? 
2 
Then 22 6 =2 соѕес 6 
tan 0 
> sec? 0—2 cosec 0 tan 0—2 sec 8 
> sec 0 (sec 6—2)=0 
> sec 0=0 or 2. 


As sec §=0 is impossible 
we get sec @=2 = one value of 6==/3. 
Thus a solution of given equation is 97/3. 
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EXAMPLE 24. 1f 0 is an acute angle, find its value from 
tan 0—2 sin 8. 


Solution. tan 6=2 sin 6 
= sin 0=2 sin 0 cos 0 
=> sin € (1—2 cos 6) =0 
=> sin 8=0 or 1—2 cos 0== 
sin 0—0 => 0—0? as 6 is acute. 
1--2cos6=0 = cos 0=} > 0=60° =n/3, 
EXAMPLE 25. Prove that cot 30°, cot 45°, cot 60° are т С.Р. 


Solution. Now cot 30? —4/3—a (say) 
cot 45° =1 =b (say) 


Then 5*=1=ас. 
Thus a, b, ¢ are in G.P. 
ie, cot 30°, cot 45°, cot 60? are in G.P. $ 
EXAMPLE 26. Find the values of д from the equation, 
cot? @— (1+ V3) cot 8+ /3=0, for 0<0< 7. 
(I.C.W.A., June, 1975) 


Solution. 

Now cot p= (1+ ул маныз ауз 
_(+3) = (0—3) 
ecc Si 


=1, y3 


cot 0=1 > 0 = 


cot 0== 4/3 = 0— 


T 
4 

T 

23, 


Therefore, there are two values of 0, namely + and T which 


satisfy the given equation. 


EXAMPLE 27. ABC is a right-angled triangle in ven the angle 
C is a right angle and BC=}AB. The line AD bisecting the angle А 
meets BC at D. Obtain the value of tan 15° from this figure. 

(.C.W.A., June, 1973) 
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Solution. Let AB--2x. 

Then BC—x. 

Let / САВ=28 

d BC 1 

Then sin 20— яв =2 
= 20—30: = 6=15°. A 
MON SS, | 
ow ЯВ BD Fig. 16.9 
and 4Ce 4/431 = 4/3 х 
міх CD 

2x BD 
= Cy Е BD 
Now _BD+CD=x 

21 

с ! TEREA e 


EXERCISES 


1. Find the values of the following: 
(i) sin 30°+sin* 45°+sin® 60°, 
(ii) cos 45? cos 60? —sin 45° sin 60°, 
(iii) 4 cot 45?—sec* 6074-5102 30°. 
2. If 6—30^, verify that 


3 tan 6—tan? 9 
tan 305 — tan tan 


“1-3 tan? 6 
3. Show that 2 sin? 45°—6 tan? 30° +cosec 30°=sec 60?—sint 90°. 
4. If 8=60°, 4—30^, verify 
tan 6—tan ¢ 
Таап 6 tan? 
5. If @ isan acute angle, find its value from the equation 
3 tan 0--cot 8=5 cosec 6. 


6. Is the relation cos? 8=2 cos 8—1 true, when 8=0°? 


tan (0-4) = 
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7. If tan 6 exceeds ziana cot 6 exceeds 1, between what limits does the 
angle 6 lie? 
8. Find a value of 0 which satisfies the equation 
(i) 2 sec 0=3 cosec? 0,- 
(ii) sect à—tan Ө CU+V3)+V/3-1=0, 


9. Find 9, where 0 < 6 < oe ‚ Satisfying 


2 cos? 6+3 sin 0=3 (LC.W.A., December, 1974) 
10. Prove that 


2 sin? 30°+2 sin? 45° 4 2 sin2 60°—3=0, 
11. Prove that 
2У2 cos 45? cos 60*—2 2 sin 45° sin 6024-4/3--1, 
12. Prove that 
3 tan? 30°+3 tan’ 45°43 tan? 60°—13=0, 
13. If (апа 45°—cos* 60° ~ x sin 45° cos 45° tan 60°=0 
find х. $ 
14. Find 8 which satisfies the equation sin 8 + cos 8-4/2 
15. If (1--2 sin 60°) (sin 6—cos 8) « (1—2 зіп 60°) (sin 8--cos 6) 


find, 0 «0 « т. 


ANSWERS 
3 v3-1 1 «iS 
1, (i) a) Ww Gil) =. 5. 8=60' 
6. Yes. 7. Between 30° and 45°. 
8. (4) 60°, (11) 45° ог 60°. 9. 30°, 90° 
13, уз 14. 45°, 15. 30°, 


TRIGONOMETRICAL RATIOS OF ALLIED ANGLES 


16.7. The figures in this Section аге so drawn that 
lies in the first quadrant. The figures when revolving line lies in 
second, third or fourth quadrant can be similarly drawn, 
proofs hold gocd in all other cases too. 


Angle (—8). Let the revolving line OR starting from OX, move 
in anti- clockwise direction and trace out an angle XOR=0, Let an- 
Other revolving line OR' starting from OX, move in clockwise 
direction and trace out ап angle YOR'—— 9. 
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R 


Take a point P on OR. 
Draw PM 1 ОХ and produce it to 
meet OR' at P'. 
As OPM and OP'M are congruent. 


By convention of signs 


МР=—МР' 
OP=OP' : 
So sin (-9-425- 
= E =—sin 6 
cos адом = OM = 
Же с тес 
cot (—0)— om = =—cot 0 
sec (-0)- OF = One 6, 
cosec (= OE = OF =—cosee 9. 


Thus, when 0 is changed to —@, cos 0 and sec 0 remain unaltere: 
both. in magnitude and sign. All other trigonometrical ratios 
remain unaltered in magnitude but the sign is changed. 

Angle (90—8), Leta revolving line OR starting from OX, move 
in anti-clockwise direction and 
trace an angle YOR- 6. 

Let OR' be another revoiving 
line starting from OX in anti- 
clockwise direction, trace out an 
angle of 90° and then revolve 
back through angle 6. Thus ОК” 
has traced an angle 

XOR'—90—9. 

Take P and P' on OR and ОК” 
respectively such that ОР:=ОР'. 
From P and P' draw PM LOX 
Fig. 16.11 and P'M'LOX. 


Then As OPM and P'OM' are congruent. 
Thus we have ОМ’=МР 
0М-МР. 
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Then from AOM'P' 


sin (90--0)-- e - ом = соз 8 
cos (90-0)—- Мы 6 
tan (90-6) = 2, = ом =cot 6 
cot (90—0 — 275, — P —tan e 
sec (90) = SF = OP cosee @ 
cosec (90-0) = 102, зүгээс d 


Angle (90+6). Let а revolving line OR starting from ОХ in 
anti-clockwise direction, trace out an angle ХОК=0. Let another 
revolving line OR’ Starting from OX in anti-clockwise directi r, 
first trace out ап angle of 90° 
and then revolve further through 
an angle 8, 


Take P and P' on OR and OR' 
respectively such that ОР'=ОР. 
Then OR' has traced an angle, 
XOR —90? +6. 2 
Draw PM LOX and P'M' LOX’. 
As OPM and P'OM' are con- 
gruent. 
We have OM —M' P' 4 
--0М!--МР by convention of signs, Fig. 16.12 
Е M'P OM 
Then sin (UR = Gp 995 0. 


cos (90+0)= -2M HP =—sin 0. 


tan ое cop в. 


cot (908) = i =MR =— tan 6, 
ОР” ОР 


sec ООР) у = ур = cose 0. 


созес (904-8) == rose 0. 
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Angle (180—8). Let a revolving line OR starting from OX in 
anti-clockwise direction, trace 
out an angle XOR=0. Let 
another revolving ОК” starting 
from OX in anti-clockwise 
direction trace out an angle of 
180° and then revolve back 
through an angle 0. Thus OR’ 
has traced an angle 

XOR'=180—8, 

Take P and P’ on ORand ОК” 
respectively such that OP—OP'. 
Draw РМ LOX, P'M'LOX', 


As OPM and OP'M' are Fig, 16.13 
congruent. 
We have OM'=—OM by convention of signs. 
M'P'—MP 
Then from AOM"'P', 
dU as f IW МЕРУ MER CU 
sin (180—9) OP = OP =sin 6. 
cos (180—9)— OM ОМ cos i, 
M'P' MP 
tan (180—0)— ТОМ” = om =~ 6. 
cot (l80—0) кур = СОМ =—со 8, 
sec (180—8)= би-=——бм = —5ес 0. 


соѕес (180) =F = a =cosec 0. 


Angle (1804-8). Let a revolving line OR starting from OX in 
anti-clockwise direction trace ап 
angle YOR=6. Let another revol- 
ving line starting from OX in anti- 
clockwise direction first trace out 
an angle of 180° and revolve fur- 
ther through an angle 8 in the same ` 
direction.. Take P and Р on OR 
and OR’ respectively such that 
ОР=ОР'. Let 

PM LOX, P'M' LOX'. 

As OPM aud OP'M' are con- 
gruent. 


Fig, 16.14 
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МР=—М'Р' by convention of signs, 


Since ОР’=ОР 
We have ОМ —OM' 

: M'P' 
Then sin (1804-0) = OP 


—MP 


cos (180-8) 2м. = лы, 


tan (1804-6) a 


cot (18048) vim 


sec (18046) = del 


Соѕес (180--0)-- ape 


Angle (360? —8). As before let / YOR— 
line OR' starting from OX in anti- 


clockwise direction, first trace « 
angie of 360° and then revolve 
through an angle 0. 
turned through an 
=360—0. Take P and P'on О 


OR' respectively such that OP—OP', 


Let PM LOY, P'M'LOX. 


As OPM, OP'M' are congruent. 


Thus OR' has 


—OM 
IMPO МР _ 
сом = oy =з 8 


жинг а 
-МР MP ч 


ОР 


OM —om = —8 8. 


ОР 
Емр= -cosec 0. 


Put an 
back 


R and 


Now ОР”--ОР 
we have OM—OM* 
M'P'——Mp, 
3 by convention of Signs. Fig. 16.15 
Then sin (3609) = ur = р-п. 
ом OM 
cos (360— орг: = Op cos 6. 
МР мр 
tan (390--0)- буу — в 9. 
ОР OM 
cot 36070) p p 7 — p= —cot 6. 
"ОР! [^ 


соѕес (360—0) WP. —cosec 9, 


sec (360--6)-- 55, = OF msec в. 
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0. Let another revolving 
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Angle (360--0). Let a revolving line OR starting from OX in 
anti-clockwise direction, trace out 
an angle ХОК=0. Let another 
revolving line OR' starting from 
OX in the same direction as OP 
first trace out an angle of 360° 
and further revolve through ав 
angle 0. Thus ОК’ has traced an 
angle XOR'=360°+9. 

Here OR’ coincides with OR. 

Thus trigonometrical ratios of 
360-46 are same as those of 0. 


Y 


Fig. 16.16 
[Мотв. It can be easily seen that trigonometrical ratios of 
(nx 360--0) аге same as those of 360-0, where n is any integer.] 
EXAMPLE. 28 Find the values of 
@) tan (—945°) 
(ii) sec (225°). 
Solution. (i) tan (—945°)=—tan У45° 
— —tan (3 x 360— 135°) 
= —tan (360°—135°) 
=—[—tan 135°] 


(ii) sec 225? —sec (180°+45°) 
=—sec 45° = — 2. 


EXAMPLE 29. If cos 0—a, find the values of cosee( 5.5 ) and 


3x 9 
sin (5-4) 


Solution. Now cosec (3 +0 ) =s 8 


шим, 
шээг 
and се - DET "+5 = ) 
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EXAMPLE 30. Find the trigonometrical ratios of 270*—8 in terms 
of those of 8 for all values of 6. 


Solution. sin (270—0)—sin (180-4-90—8) 
= —sin (90—0)— — cos 6. 
cos (270*—0) —cos (180°+90°— 8) 
== —cos (90* —6)— — іп 6. 
tan (270* —6) —-tan (1809-905 —9) 
==tan (90°—8)=cot 0. 
cot (270*—0) —cot (180° +90°—0) 
=cot (90? —0) —tan 6. 
sec (270? — 8) =ѕес (1804-90* —8) 
= —sec (90° —8)— — cosec 0. 
cosec (270° — 8) =созес (180?-1-90* —8) 
== —cosec (90° —0)— — sec 6. 
EXAMPLE 31. If A, B, C are angles of a triangle, prove that 
cot (А+ B)-- cot C=0. 
Solution. Since 44-8 С= 180.9 
A+B=180°—C. 
= cot (4+8)+cot C=cot (180°—C)+cot C 
=—cot C+cot C=0. 
EXAMPLE 32. What value of x (between 0° and 90° will satis у 
the equation tan 2x tan 4х--1 7 (L.C.W.A., July, 1971) 
Solution. tan 2x tan 4x—1 


1 
> tan ee cot 4x 
= tan 2х= tan (2-4) 
- 2х=-—-—4х, ог 2хе==т+ (z- 4x) 
or 2x=2r + (5-е ) ( 
- х==15°, 45°, 75°, 
EXAMPLE 33. Find the value of iun 5° tan 25° tan 45° tan 65° 
tan 85°. (.C.W.A., January, 1971) 
Solution. Now tan 85° = tan (90°— 5°) 
= cot 5° 
and tan 65° = tan (90°—25°) 
= cot 25° 


So, tan 5° tan 25° tan 45° tan 65° tan 85° 


366 ! BUSINESS MATHEMATICS 


= (tan 5° cot 5°) (tan 25° cot 25°) tan 45° 
= tan 45° 
= 1. 
EXAMPLE 34. Show that 
sin (270° +8) cos? (720° —8) — sin (270° —0) зіп? (540° +6) 
sin (90° +0) sin (—8) — cos” (180°—8) 
cot (270°—8) 
cosec* (450° +8) 


where @ is taken such that the denominator appearing in any 
fraction in the expression does not vanish. 


=1 (.C.W.A., June, 1975) 


Solution. Now cos? (720°—8) = cos? 0 
sin? (540°+6) = —sin* 0 
cosec? (450° +0) = вес? 0 
sin (270°+0) = —cos 8 
sin (270°—0) = — cos 8 
cot (270°—6) = tan 8 


So, the given expression is equal to 
_—со$ 8 cos? 0—5in? 0 cos 8, tanb 


—cos 0 sin 0--с082 0 sec- 0 
21805 8 (sin? 8 +cos? 8) di sin 6 cos 0 
Zgos 8 (sinü--cos 0) 1 


шт (в 0-I-cos 0)(sin 8+cos-v—sin 0 cos 0) --sin 8 cos 0 
—(sin 0--cos8) i 
= |—sin 6 cos 6+sin 0 cos 0” 


= 1. 


EXAMPLE 35. If 0 is the angle in the fourth quadrant satisfying 
the equation cot? 0:-4, find the value of se 6—cosec 0 ) 


(1.C.W.A., December, 1973) 
Solution. cot? 6=cosec? 8-1 


- 4 = cosec? 0—1 
=> cosec? 6=5 
> cosec à— — y5 (as 8 lies in fourth quadrant) 


“Ад cot? 0—4 = tan? f=} 
So, tan? @=sec? 0—1 
- msec? 0—1 => sec? 0=$ 


> sec pa 


TRIGUNOMETRICAL RATIOS 367 


Therefore, s (see 8—cosee ) 
5 
ачуу 
(225) 
= d 
EXAMPLE 36. In any triangle ABC, 2 sin A++/3 sin В=5 and 


V3 япА--2 sin Be a . Find the angle C. 
(I.C.W.A., July, 1970) 
Solution. Solving given equations for sin 4 and sin B, we get 


sin A=} and sin веха, 


> A=30° or 150°, B=60° or 120° 

> A=30° and B=60° or 120° 

If 4—30* and B=60°, then C=90° and if A=30° and B=120°, 
then C —30*. 

EXAMPLE 37. Given that 0 is an angle between 180° and 
270°, find the value of 0 if it satisfies the equation 3 cos? 6 —sin? 6 


= 1. (1.C.W.A., July, 1972) 
Solution. 3 cos? 0—sin? 0—1 


- 3 cos? 0—(1—cos? 0)-41 
> 4 cos? 0—2 
- cos? 0-4 
1 
> cos 6=+ va 
: 3 4 NE 
Since 180° 0< 270° = cos 8 75 
=> 0=225.° 
EXERCISES 


1, Find the values of sin 4620° and со! 510°. 
2. Find x from the equation 


cosec (90* -- А) +x cos A cot (90° + А) =sin (90°+4A). 
5 7 tan 120°+tan 240° 
3. Simplify j= tan 120° tan 240° " 


4. Find all Ї! positive values of x less than 2x which satisfy the equation 
cos x74. 


5. Find all the angles between 0° and 360° each of which has sine equal to 
1 
VY 

6. Find б between 0° and 360° such that 


sin бен: and tan 0= — Zh 


2 v3 


13. 
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Find the trigonometrical ratios of 270?--8 in terms of 9. 

If A, B, C are angles of a triangle, prove that tan (A+B)+tan С=0. 
Prove that cot A+tan (180°+A)+tan (90° + 4)+tan (360°—A) =0. 

Prove that sin (270°+A)—sin (270? — A) +cos (180° +A) cos A=0. 
Simplify 

450° і 93-24) 720? = 

22024 corem xc O A Tie, нта 
Find the value of 

sin 480° соз 690°+cos 780° sin 1050° (1.C.W.A., July, 1971) 


Prove that 
sin 690° cos 390°—cos 570° sin 870° =0 


Find the values of 

sin (—330°) cos (—300°)+cos 390° sin 420° 
Prove that 

1--tan 765° cot 675°+tan 225° cot 405°=1 
Find the value of  (0°<0<360°) when 

(i) cot 6+tan 20—2 sec 9 

(Ii) cos 8+ 73 sin 9-2 


ANSWERS 
ee and —1. 2. tan A. 
0, e pus т. =. 
4. из’. 
45°, 135°. 6. 150°. 
2. 12, $. 
1. 16. (i) 30°, 150° (И) 60° 


CHAPTER 17 


Trigonometrical Ratios of Sums 
and Differences of Two Angles 


17.1. To Prove that for Any Angles A and B 
(1) sin (A+B)=sin A cos B+cos A sin B 
(2) cos (А -В) =соз A cos B—sip A sin B 


tan A+tan B 
(3) tan (A4 B)— i-re A Gas D 


Proof. Let the revolving line start from OX and trace out the 


angle XOY =A in the anti-clockwise 
direction. Let the revolving line 
further trace out the angle YOZ=B 
in the same direction. 

From any point P on OZ, draw 
PM1LOX and PN LOY. Through 
М draw МЕ!ОХ to meet MP 
in R. 


Then / RPN=90°—ZPNR 


= / ЕМО= А 
: _ MP MR+RP 
(1) sin (4+B)= 5P =- бр 


DP + OP ОР 


QN ON , RP МР. (Note this step) 


= "бу OP + NP ОР 
—sin A cos B+cos A sin B. 


(2) cos (ав 20-10. 


MR | RP, ОМ. BF (where NQ LOX) 
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00 мо OQ RN 
ТОВ: OPO ОР. ОР 
00 ОМ RN NP 4 
=90 ОРТ WP “ОР (Note this step) 


=со$ А cos B —sin A sin В. 


(3) САВ) МЕ ON ERE 


Since the angles. RPN and ОО are equal, the triangles RPN and 
QON are similar, so that 


RPG OO 
PN ON 

| RPPN 

ie. 00 = ON stan B. 
tan A+tan B 


Thus, tan (4 vice erc NUTS 


REMARK. The figure in previous article has been drawn for acute 
angles 4, Band A+B, The result is, however, true for all angles 
А and В. 


For, let 4;=90°+ A, then sin A,=cos A, 
cos Ay=—sin A 
50 that sin (414- B)—sin (90°+ A+B) 
=cos (A+B) 
=с05 A cos B—sin A sin B 
=sin 4; cos B+-cos Ay sin B. 
Similarly, if B is iicreased by 90^, the result is again true and so 
on, 


17.2. To Prove that for Any Angles A and В 
(1) sin (А —B) =ѕіп А cos B— cos A sin B 
(2) cos (A—B)=cos A cos B+sin A sin B 


tan A—tan В 
ыы 
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Proof. Let the revolving line starting from OX in anti-clockwise 
direction trace out the angle YOX=A and then revolving back in 
clockwise direction, trace out angle 
YOZ =B. The revolving line thus 
traced out the angle XOZ —A— В. 

From any point P on OZ, draw 
PMAOX,. PN.OY, NQ LOX, 
Through N draw NRI OX to meet 
M P produced at R. 


Then ZRPN=90°— /.PNR 
—/RNY-—A. 


(1) sin (A—B)=sin XOZ 


LMR PR QN PR 
ОР” OP, OP” OP 
“ОМ ON PR NP 
=ON OP NP OP 
f =sit. A cos B —cos A sin B. 
(2) cos (A—B)=cos XOZ 
ом оо+ом “оо ом _ 00, NR 
=op- ОР. ТОР, "ОР ОР! OP 
00 ON | NR NP 
= ON OP * NP ОР 
=cos A cos B -+-sin A sin В, 
(3); tan(A—B)=tan XOZ 
_ МР _ MR-PR QN—PR 
7OM  0QXQM OQ+NR 


(Note this step) 


(Note this step) 


Since the angles RPN and МОО are equal, the uiangles RPN and 


NOQ are similar, so that 


Thus tan (4— B)— a 8, 
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REMARKS. (1) The figure in this article is again drawn for acute 
angles 4, B and 4+ B, but the result can be proved for all angles 
1 and В See Remark at the end of 5 17.1. 


(2) The results of $ 17.2 can also be deduced from 8 17.1 by 
putting B= — В in $17.1 and keeping А unchanged. 


17.3. Trigonometrical Ratios of Multiple and Sub-multiple Angles 
To prove that 
(1) (i) sin 2A- 2sin A cos А 
(ii) cos 24--2 cos? А —1—1—2 sin? A=ros2 А — sin? A 
(iii) tan 2A =- JU 
Proof By 17.1, sin (4-! B):-sin A cos B+cos A sin B. 
Put A=R 
We have ып 24--sin A cos A+cos Asin A 
=2 sin A cos А. 
(1) Again by $ 17.1, cos (A+B) = cos A cos B—sin A sin B 
Put A=B 


We have cs 24 — cos А cos А: sin A sin A 
77c08* A4 — sin? A. 
Also cos? 4 олс 4==(1 —sin* A4)—sin? А 
—1. 2sin* А. 
and cos? A —sin? А- cos? 4-- (1—c0s? 4)—2 cos? 4—1 
í tan 4+-tan B 
(iii) Also by $ 17.1, tan (4--8) Teno Adan D 
Put A=B 
р _ tan A+tan А 
We have tan 24= Tan Od 
a 2 tan A, 
— T tan? A 


(2: (Ð sin 34 —3 sin ^. 4808 A 
(П) cos ЗА —4 cos? A—3 cos А 
R 3 tan A—tan3 A 
(iii) tan ЗА = ror air ian? A 
Prooy. (i) sin 34=sin (44 2A) 
sin А cos 24 |-cos A sin 24 
—sin А (1—2 sin? A)+ cos А (2 sin A cos A) 
=sin 4--2 sin? 44-2 sin A (1—sin? А) 
=3 sin A—4 sin? A. 
[3] cos 34-=со (42-24) 
=Cos A соз 24 —sin A sin 24 
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=cos A (2 cos? A—1)—sin 4 (2 sin A cos A) 
—2 coss 4 —cos A—2 cos И (1—cos? A) 
—4 cos? A— 3 cos А. 
(iii) tan 34—tan (4-24) 
tan A+tan 24 
I—tan 4 tan 24 


2tan 4 

n At ний 4 
EC. tan A 

I—tan A. Е 


tan 4(1 tan? 4 2 tan A 
(i tan? 4)— —2 tan? A Y. 

_ 3 tan ап? A, 

Ял 1-3 аа A 


i i = H — — 

(3) G) sin A=2 sin — 605 ^ 
ii А QUE ESAE 
(ii) cos A=cos* ^ —sin* 5 


Ape i АЧ 
=2 cos 2 —1=1--2 sin 2 


2 tan 
(iii) tan 2m3, 
1—tan* 27) 


Proof. Replace A by 4 in (1) of this article. All relations in (3), 


will immediately follow. 
оо taba түт 


(ii) cos A o] ae 


180 1—cos A cos А 
(iii) tan А ip cos ST 
EA 26 
Proof. We bave cos A=1—2 sin 2-7 from (3). 
К A 
Then 2 sin? iar m cos A 
-y-4 шалаа, 
so that sin? icm 5 
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Tce 
E sin 4: «учы, 
ЗАГ aA 
Similarly, cos.A=2 cos. —]. 
A 
> 2cos* o -—l-Fcos A 
oxi Abe Ico 4 
=> Cos? -F CO 
1 2 aty. cos A 
2 
sin 22 
4 2 I—cos A 
Hence tan — TOR Ce 2 
2 cae = I+cos 4 


EXAMPLE 1. ЈУ зіп z-$ and соз В =, find the value of 


sin (x —8), «, B being acute angles. 


Solution. Cos? «.— 1 —sin? ж 
=1—#={ 
> cos « =+-4 


Since о is acute angle, cos а = 
Also sin* 5—1 —cos? В 


> sin B= 4% 
Bis acute angle = sin =. 
Therefore, sin (2-6) =ѕіп « cos P= sin B cos & 


ИВ КЕ ү ү 
10-4102 
=. 135 
= (13 


EXAMPLE 2. Find the value of sin 187 and cos 18°. 
Solution. Put 18° —x so that 90° —5x 


Then 2x —90*—3x 

= sin 2x=sin (90°—3x)=cos 3x 
or 2 sin x cos x—4 cos? x—3 cos x 
or 4 cos? x—2 sin x cos x—3 cos x=0 
or cos x (4 cos? $—2 sin x —3)—0 
or 4cos?x—2 sin x—3—0 since cos x40 
or 4 (1—sin? x)—2 sin x —3—0 
or 4 sin? x 4-2 sin x —1—0 


UN х= 22020 CES, =. 
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Since х=18°. sin x is positive so that the value Shae is 


rejected, 

Hence sinx= Раа 
i.e. sin 18°= por 
Also cos 18°= Лас 18° 

a (ark ) 

-JER 16— цай 

ne МЕ 
4 

EXAMPLE 3. Prove that sin 105° соз 105°== cos 45° 
Solation. LHS=sin 105° --соѕ 105° 


—sin (60° +45°)-+-cos (60° +45°) 
=(sin 60° cos 45°+-cos 60° sin 45°) 
+(cos 60° cos 45°—sin 60° sin 45°) 


Parka actas 


RHS=cos 45°= 


2 
Hence the result follows. 
EXAMPLE 4. Find the value of tan 75” and hence prove that 
tan 75° +cot 75°=4. 
Solution. tan 75°=tan (45° +30°) 
Жап 45*--tan 30° 
= ]-tan 45° tan 30° 
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Now tan 75° 4-со{ 75° 
1 
=2+ү3 + БЕРЕН 


ү 2 (053) 
=(2-+ V3) + Q3 3-3 


Q4 v3 4,079 


=2+ Ch B 
24. 


EXAMPLE 5. If tan 0— 4 and 0 is in third quadrant, find the 


АЯ: 0 
value of 2 sin > —3 cos Ej. 


Solution. 0 lies in third quadrant 


=> 0 lies between 180° and 270° 
ё J lies between 90° and 135° 
UTR, Ne A gu 
> sin — is positive and cos 28 negative. 
12 у 2 
Now tan 1 => sin 0= =; and cos 0— 23 
(as 0 lies in 3rd quadrant) 


So 2 233 223 o3 222 aia 


9 4 
BON 
1 
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EXAMPLE 6. Prove that sin 50 5 sin 0— 20 sin? 04-16 sinë 0 
Solution. LHS=sin 50 
—sin (20 4- 30) 
=sin 20 cos 30--сов 28 sin 30 
=2 sin 0 cos 0 (4 cos? 0—3 cos 6) 
+(3 sin 0—4 sin? 0)(1—2 sin? 0) 
=2 8100 соѕ°0 (4 cos?0—3) 
+sin 0 (3—4 sin? 6) (1—2 sin? 0) 
=sin 9 [2(1—sin? 6)(1—4 sin? 0) 
+(3—4 sin? 0)(1—2 sin? 0) 
=sin 0 [2— I0 sin? 0 +8 5104 04-3 —10 sin? 6+ 
2 8 sin4 0] 
== 5 sin 0—20 sin? 0+ 16 sind 0. 
sin A+sin 3A 
cos A «cos 3A 
= sin A+sin ЗА 
cos A+cos 34 
sin A+3 віп A—4 sin?A 
= cos A+4 cos? A—3 cos А. 
4 sin A(1—sin* A) _ 
= соз А (2 cos? 4-1) 
2 sin 4 cos 2 A 
= сов А cost A | 
2 sin A cos A 
=" cos. 2 A 
sin 2A 
= cos 24 
=tan 24. 
EXAMPLE 8. Prove that 1-|-cos? 20--2 (cost 0+ sint 0). 
Solution. RHS=2 (cos4 0+ sint 0) 
=2 [(cos? 0—sin? 0)2--2 sin* @ cos? 0] 
=2[(cos 20)?+2 sin* 0 cos? 0] 
=2 (cos 20)?--4 sin? 0 cos? 0 
=2 (cos 28)?- (sin 20)? 
—(cos 28)24- [(cos 20)?-I- (sin 20)?] 
— (cos 20)*--1 —LHS. 
EXAMPLE 9. If sin 0--sin $=a, cos 0+ cos $=, find the value 
-9 
5. 
Solution. sin 6+sin =a 
cos 6-+cos ġ=b. 


EXAMPLE 7. Prove that =tan 24. 


Solution. LHS 


of tan : 
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Squaring and adding, we get 
(sin? 6+ cos? 6)-+(sin? ¢+cos* 4) 4-2 (sin 0 sin ¢-+cos # cos $) 


=a +B? 

= 2 {1-Есоз (8—¢)}=a?+ 52 

2 
a cos (9-9) = 2Р2 

Also 1 pos — ESI ) 
Lo Spb а-н 
EXP NS) 
tgs. 1—cos (0-4) _ eae 

2) muc e e NIE (0—4) а 


EXAMPLE 10. Find the value of sin 9° and cos 9°. 


Solution. Now cos 20—1—2 sin? 0 
Put 6=9°, we get 
cos 18°=1—2 sin? 9°, 
By Example 2, cos up ЛО 28 


ape VIBENS ры 
2 sin? 9°=1— 71025 
1 4 


_ 4-Vi0F2V5 


or sin? 99————— 77 

or sin DET муз 

Sin 9° is positive, so that the negative value is rejected 
Hence sin yoga [4 00-128 


Also cos 9*—4/1—sin? 9° 


epa 
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оед 
8 
AE у10-:24/5. 
ТАЛЫН RUSSE 


tan A+sec А-1 1+зіп А 
tan A—sec АІ cos A © 
tan A-+-sec 4-1 
tan A—sec 44-1 


EXAMPLE 11. Prove that 


Solution. LHS= 


sin A 

= COS At cos 4 zi 
sin A 

cos A d аи 
_sin dE n A 


" A--2 sin? 4 


A 
2 
sin 4—2 5125 5 


x. Ra РИ 
2 sin cos-5 +2 sin 2 


пар | А А 
m CUP in?— 
2 sin 2 cos 2 2 sin’ 2 


cos 4 +s.n 


cos A —sin 
2 


(cos 2 == +sin 4 (cos 4 +sin 4) 
(cos 9. sin +) cos 4 + sin 


== 


A. 
2 
A 
2 


м 


a мы 
м 


cos +sin? 3.8 sin A cos 
2 2 2 


2 


Мк а A 
‚кел, 
cos 2 sin? 
_ l-sin4 
cos A 


cos 13°+sin 13° Ч 
EXAMPLE 12. Prove that "cos 13 —sin 135 1387 ап 58 


=RHS. 


380 


te +5 13° 


LHS= 006) 13 —sir 13 


Solution. 


1-Нап 13° 
“[=tan 13° 
__tan 45°+tan 137 
1—tan 45° tan 13° 
=tan (457--13)) 
=tan 58°=RHS. 
EXAMPLE 13. Prove that 
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(as tan 45°=1) 


8 I-Fsin 
45:4-- 5 
tan ( Фу )- үс s v where 0<0<90". 


Solution. LHS=tan (5 ) 


tan 45°+tan 5 


= 


0 
IÅ 

tan 45° tan - Y 
I-+tan 5. 


6 
1— ап OF 


6 .250 
SR 2 RR 
Я SA 
2 а) 


буй | 9 
1 тээ A 
+2 sin 2 695 


cos 8 


— _1+sin 6 
+ V1—sin? 0 


| 
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a Л —sin @ 


Since 0 <6 < 90°, we have : «CAS so that tan (42) is 
positive. 
Thus tan (45+ tea eee 9 RHS 
2 I—sin 0 à 
EXAMPLE 14. Prove that 
cos 15°+ sin 1574 
cos 15°—sin 15. —— 
(I.C.W.A., July, 1970) 
]-r-tan 15° 
Solution. LHS: TES IS 
_ tan 45 tan 15 
— p-tan 45 tan 15 
=tan (45 +15) 
=tan 60° 
=1/3=RHS. 
EXAMPLE 15. Prove that 
2sin A 


tan 2A~ tan 4= соз 4 cos ЗА 
(1.C.W.A., July, 1969) 
: яп24 sin A 
Solution. LHS cord со 
sin 24 cos A --sin A cos 2A. 
7 7760521 cos: 4 


CH 24-4) оле 
=—cos2A cos A cos 24 cos А 
2sin A’ 
Ано RHS= 5 4-4 cos? i 3 cos A 
2sin A - віп А 


= ио 02A 1) | соз 24 cos A’ 
Hence the result follows 
EXAMPLE 16. Prove that 
cot oc алга Олат 2 4 fan 4a+8 col 8 « 
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Solution. 
Consider cot «—tan «—2 tan 2 2—4 tan 4 «—8 cot 8 « 
cosa sing 

A зіп x Cosa 


\-2 tan 2 x—4 tan 4 х —8 cot 8 х 


Сов 20: —2 tan 2 «—4 tan 4 a—8 cot 8 a 
sin а cos « 

2 260s 2a sin 2 2 4 tan 4 2—8 cot 8a 
sin 2a cos 2 « 


Is ( cos? 2x— sin? 2 a 


sin 2« cos 2% ) 4 tan 4 «—8 cot 8 « 


=2%2 соз Fe a sin 4a 
sin 4 x cos 4x 


_4 (693? 4 «—sin? 4 х 
=4( sin 4 2 cos 4 « a FOSC 


—8 cot 8« 


о cos 8 х 
sin 8 a 


=8 cot 8 4—8 cot 8 a 
-0 
This proves the result. 
EXAMPLE 17. Given that 
tan А--їап B=p and tan A tan B—q 
Sind sin? (A+B) and cos 2 (44 B) 
(.C.W.A., July, 1968) 


—8 cot 8 « 


Solution. sin? (44 B) — Gc LB 
1 
Грос (43 B) 
I 
1 
tan? (A+B) 
= fant EB) 
Тао? (41 B) 


1+ 


Bu (AT) BANS д 
р? с р) 
df cor. 
and cos 2 (A+ B) =cos2 (4--B)—sin? (4--8) 
cos? (4-- B) —sin? (4 +B) 


cos? (4+B)-+sin® (А-В) 
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 l-tan? (4+ В) 
1+-tan? (44- B) 
2 


Bestes 
21-48 


d (1—42 
БЭСТ мон 
(1—4,* + p* 
EXAMPLE 18. 7f sec? 4— 2 tan? B=2, prove that 
2 соз 2A—cos 2B+1=0 
Solution. sec? 4—2 tan? В--2 


ACH ооа 8 ёс 
d cos? 47 cos? B = 
> cos? B--2 sin? B cos? A=2 cos? A cos? В 
=> cos? B=2 cos? A (cos? B+sin? B) 


=2 cos? A 

Now 2 cos 24—cos 224-1 
=2 (2 cos? A—1)—(2 cos? B—1)+1 
=2 (cos? B—1)—(2 cos? B—1)-+1 
=2 cos? B—2—2 cos? B+1+1 
=0, 

This proves the result. 

EXAMPLE 19. Given that 


cus 852) show that 
sin (2220? 5 -142T y 2. 
U.C. W.A., July, 1922). 


Solution 
sin (292})’=sin (2702--2217) 
=— cos 22] 
Now cos 45° —2 cos? (22})°—1 
5 un cos? 223)? —1 


Xin 


{ 


2 cos? (22})°=1 t7 


= cos (224)°=, | EE 


= 1У2+у2 
7sin (2924)°=—}V/2+ V2 
This proves the result. 
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EXAMPLE 20. ABC is an acute-angled triangle inscribed in 
a circle of centre О and radius ОА(--10 cm). If cos / BOC= 4, 


calculate 
(i) sin / ВАС 
(ii) the length of BC E 
(iii) cos / OBC (I.C.W A., January 1972) 
Solution. 
(i) 2/ BAC— / ВОС 


= соз 2 /ВАС = cos / BOC—i 
= 2 cos? / BAC—1— { 


= 2 cos? / BAC—? 


> cos? / ВАС», 


= sin? / BAC=1— f =h 


= sin LBAC=— (as BAC is acute angle). 
^ 
(ii) Produce BO to meet the circle at D. 


Then BCD is a right angle (angle in a semi-circle). Also 
«ВРС = / BAC (angles in same segment) 


; BC BC 
So, sin / BDC— -5p ——5- 
Е ВС 
тё = 
> sin / BAC: 50 
Ge НЕ т 
tmo 586270. 
(iii) cos ZOBC=cos (90°— / BDC)=cos (90°— / BAC) 
=sin / BAC 
eh 
27 


EXAMPLE 20. 7f tan A tan 245—1 prove that 
tan ЗА tan 2A tan A=tan 3A—tan 2A—tan A.(I.C.W.A., June, 1974) 
Solution. Now tan ЗА tan 24 tan A—tan 34 
=tan ЗА (tan 24 tan 4—1) 
—tan (244- A)(tan 24 tan A— 1) 
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tan 24+tan A 
Aptana tanga (50:4 (n 24D) 


=- (tan 24^4-tan A) 
This proves the result. 


EXAMPLE 21. Prove that cot 224° —tan 221? —2 


(1.C.W.A., December, 1974) 
Solution. LHS=cot 224°—tan 2217 


_ cos? (224)°—sia® (22})° 
sin 224° cos 224° 

2) 2 cos 45° 

2 sin 224° cos 22] 

_ 2 cos 45° 

- sin 45° 

—2 cot 45? 

=2 

=RHS. 

EXAMPLE 22. Prove that 
1-+ т A—cos A anm: 
I+sin AF cos А "75 


_ (1— cos A)+sin A 
BN EME Те согар 
eue A A 
НЕ Асоб 
{2 sin 2 +2 sing cos 2 
сети М 
агы: A 25 
2 cos 2 + 2sin y 008 -> 


IMMO ^4 A 
2 sin F (sin $+ cos =) 


СА А 
2 cos + (sin $+ cos = ) 


tan 


EXAMPLE 23. If tan x— LE then prove that one of the 


solutions will be y=2x. Use this result to prove that tan 74° 
—V6—w3-F4/2— 2. 


(I.C.W.,A., December, 1973) 
4 1—cos y 
Solution. Now EROS 

то 08:2Х 
^. Sin 2x 
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1202 sin? x 

= 2 sin x cos x 
=tan х 

= y=2x is one of the solution. 


Thus tan 73° ate 


But cos 15° = cos (45—30) = a vat 2) = 


Ый аш IS нип ike = 27 


_2v2—v3—DW3+)) 
2 
_ 2у/6—2У/3+2М2—4 
о 
=V6—V3+V2—-2. 
EXAMPLE 24. Prove that 


( I+cos ЗХ 14-cos = 1+ соз =: ВА 1-4-cos 5 
[т 
p. sin 


s 


Solution. Now cos 32 =cos' 


Sus рк P SE и 
LHS ( 14 cos 8 rese 8 \( 1—sin i) 
mE 


24 08:22: ese 

EHE 2058 8 
1 т zy 

=4( 255 cos zY- sin) 
IP i 

= DS RAS 
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EXAMPLE 25. Prove that 
cosec* «—cot® a=3 созес? « cot? a+1. 

Solution. LHS-—cosec* a—cot® « 

=(cosec? «— cot? «)(cosec^ «-- созес? « cot? a 
+сой о) 

=(cosec* a-+-cosec? a cot? «-+cot! о) 
= (cosec? «—cot? «)*--3 cosec? æ cot? « 
=1 +3 созес? « coi? а. 

EXAMPLE 26. If A=580°, prove that 


2 sin 4- YTRA M Tosa A 


Solution, A=580°> 4 = 290° 


2 
sin (270° -+20°)+cos (270°+ 20°) 
= —cos 20° 4-ѕіп 20° 
== —ve (as cos 20°>sin 20°) 


Now sin 4 + cos НЫ 290* --cos 290° 


Again sin $- cos Я сов 20?—sin 20°=— ve 


2 
Now| sin 4 eos | =I1+sin A 


=> sin 4 +cos-4 = = vV l+sin A 
Similarly | sin $795] = —\/1—ш 4 
Therefore 2 sin 4A = —VI+sin A узіп A 


This proves the result. 
EXAMPLE 27. Prove that 

cos A+sin A 2) 

№ яп 2А 

cos A+sin A 
Solution. LHS ЕЯ: LEA 

cos A+sin A 
— “eos*A-+sin2d+2 sin A cos A 
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_ cos A+sin 4 
~ cos A+sin A 
zl. 
EXAMPLE 28. tan A tan (60^ 4- A) tan (120^ -- А)= —tan ЗА. 
Solution. LHS=tan A tan (60°-- 4) tan (120° 4-4) 


ert АС 60°+tan A Ya 120° --tan A ) 


I—tan A tan 60° ]—tan A tan 120° 
т 4344аа А V —V3+tan A ) 
stan A y3 tan АД 14 УЗааа4 | 
tan? A—3 ) 
1—3 tan? A 
__ tan3 4—3 tan A 
@4 1—3 tan? А 
__(3tan A—tan3 A 
E 1—3 tan? A 
:-—tan ЗА. 


EXAMPLE 29. Express УЗ соз 0--sin 0 as cosine of an angle. 
Hence find their greatest and least values. 


Solution. 4/3 cos 6+sin 0 
=2 (2 cos 04-1 sin 6 ) 


=tan 4 


-( cos = cos Ош — sin в) 


6 
т 
=2 cos (1- X) 


Since the greatest value of cos «=1 and least value is —1, the 


greatest and least values of 4/3 cos @+sin 0 are 2 and —2 res- 
pectively. 


EXAMPLE 30. If A+B=7, prove that 
(1+tan А)(1--1ап B)=2. 
Solution. LHS=(1+tan A)(1--tan В) 
=1+tan A+tan B+tan А tan B 


Now tan (4-4-B) —tan T 


tan A--tan В 
1—tan A tan B 
> tan A+tan B=1—tan A tan В 


-1 
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Therefore, LHS=1+1—tan Atan B+tan A tan B 
=2=ВН$. 
EXAMPLE 31. Prove that 
1—sin 36°+cos 36? 3 tan 9°—tan3 9° 
1-+Езїп 36°=-cos 36° ^ 1—3 tan? _ 
G.C.W.A., July, 1969) 
Solution. LHS= coe LE cost A 
_ 2 cos? 18°—2 sin 18° cos 18° 
2 cos? 18?--2 sin 18° cos 18° 
_ 2 cos 18° (cos 18? —sin 18°) 
2 cos 18? (cos 18°+s n 18°) 
1—tan 18° 
= IFtan 18° 


=tan( 7-18") 


=tan (45°—18°) 
=tan (27°) 
RHS=tan 3 (9?) tan 27° 
Thus LHS=RHS. 
EXAMPLE 32. Prove that 


acm 432 a Эт в. 4. 
cos g +605 8 +соѕ 8 605.3 => 


(.C.W.A., July, 1968) 
Solution. LHS=cos4 22]? +cos4 674? --cos* 1121? --c os‘ 15737 
-( ‘I+cos 45° ЇЕ! 1+cos 135° ) 


2 2 
о үй 315° үв 
+( ман, Е 


(на) (а) Com (а) 


Да ву v2 


EXAMPLE 33. Prove that sin 0 tan 9 is greater than 2 (1—cos 9), 
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if 6 із an acute angle. Indicate the step where you have used the 
fact that € should be an acute angle. (1.C.W.A., June, 1974) 


Solution. Now sin 0 tan 0—2(1—cos 6) 


jin 2tan 


-— —À = 8 —2 (2 sin’) 
2.5. 1—tan? — 
1+tan 2 1—tan' 2 
( because sin 0—2 sin 42 cos E 
2 2 
02) @ 6 
m 2 sin cos -7 2 tan > ) 
8 [m [] 
a DAR 8.5. “tan? = 
зїп? > + COs’ 2 1--tan 5 
4 tan? > 
= 2 $ —4 025. 
sec? — 1—tan? — нч 
2 
sin? cost ha 
2 2 “550 
-4|------ ~~ sin? — 
cos? ISI 29: Ё 
2 2 


[since 6 is acute angle, cos 00] 
=> sin 0 tan 072 (1—cos 8). 
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EXERCISES 


1. Find the values of (i) sin 36° and cos 36°, (ii) sin 15° and cos 15°. 


f ыры ӨВ ds 
2. If sin ST sin B= vs show that А+В=45°. 


3. Prove that tan A+tan [ROCHE E 
id + bc. 
4 Iam 8-р» tan $— a prove that tan. (0--4)— ED 


5. Prove that cos (4--B)--sin (A—B)=2 sin (+4 )es(4-5 ji 


6. Express соз 0—ѕіп 6 as sine or cosine of an angle and find the greatest and 
least values of (cos 8—sin 0). 


7. If A+B= prove that (cot A—1)(cot B—1)=2. 


sec 8А—1 tan8A 
8. Prove that "sec 4A—1 tan2A° 


9. If 2 tan «—3 tan 8, show that 


5 
10 If cos = and cos B= 75, find the values of 


ме (552) 
11. Prove that 


(i) cos 58=16 cos? 0—20 cos! 0+5 cos 0 

(ii) cos 48—1—8 соз? 0+8 cost 6 
12, Prove that 

tan (60°+A)+tan (120?-- А) + (апи =3 tan? A 
13. Prove that 


1+sin 29 (G- ) 
1—sin20 (а \ 4 54) 
14. Prove that 


sin 164 cos 2A—cos 6A sin 174 
cos 4A cos? A—sin 6A sin 84 


sin? : 


=tan 44 


15. If sin 8-4 and 9 lies in third quadrant, prove that the value of 


ae os Wanye A РЯ: 
2 cos Se Norse 726 


16: Prove that 


1+cos 15° 
(i) cot 74°= Sin 155 


392 BUSINESS MATHEMATICS 


TUN h 
Gi) tan Tp 1200015 


17. Prove that cot 7#=V/2+./3+V/4+/6 
18 Prove that cos? (4- E cos! 4 
2 
-Fcos? (4+ $)-1 cos 34 


cos? x—cos’ x sin? x--sin? x 
19. Prove that cor Lo E ARES =3 


20. Prove that 


A 
l>cos A+cos В+соз С — 148727 
1—cos C-+cos A+cos B = 


B 
tangy 
if A+B+C=180°. 
21. Prove that 
sin 34--sin 24—sin A 
y 34 


i а, 
=4 sin A cos 2 cos TS 


22. Prove that 
4: mL 14 
16 cos cH cos T cos a cos j “i 
23. Prove that’ 
sin 34-4 sin A sin (60°+ A) sin (60°— 4) 
24. Prove that 


1+sin* 0—cos? 0 


IFsint 6+cost 6 4^ 9 
ANSWERS 
p VStl, J10—2y5 
О Vio dva 
3- 
(п) У3-4, УЕ 
2 
0,-4/2,-42 
fpa 6a 
10. 65^ 5 


17:4. Transformation of Products into Sums or Differences 
We know that 
sin A cos B+sin B cos A=sin (4+8) (0) 
and sin 4 cos B—sin В cos A=sin (А —B) ...(2) 
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Adding (1) and (2), we get 

2 sin A cos B=sin (A+B)+sin (4-8) 
subtracting (1) and (2), we get 

2 cos A sin B--sin (44- B)—sin (4-8) 
Again, 

cos A cos B+sin A sin B=cos (A—B) 

cos A cos B—sin A sin B=cos (A+B) 
Adding (3) and (4), we’ll have 

2 соѕ A cos B=cos (A—R)-+cos (A+B) 

and subtracting (3) and (4), we'll have 

2 sin A sin B=cos (A—B)—cos (A+B) 
Thus, we have the following formulas 
(1) 2 sin A cos B=sin (A+B)+sin (A—B) 
(2) 2 cos A sin B=sin (A+B)—sin (A—B) 
(3) 2 cos A cos B=cos (A+B)+cos (A—B) 
(4) 2 sin A sin B=cos (A—B)—cos (A+B) 


17.5. Transformation of Sums or Differences into Products 
To prove that for all angles C and D, 


0) sin C--sin D—2 sin St» cos D 
(i) sin Сва рес CP Ср 


2 2 
(iii) cos С--сов D—2 cos >а cos re 


(iv) cos C—cos D=2 sin cep sin pee 


Proof. We know that for all values of A and B 
sin (A+ B)=sin A cos B--cos A sin В 
sin (A4--B)==sin А cos B—cos A sin B 
By addition and subtraction, we have 
sin (A+B)+sin (4 —8)—2 sin A cos B 
sin (4--B)—sin (A—B)=2 cos А sin B. 


Put 4--B—C and 4—В=р 4 
we get A= сър, pa 652. 
: —D 
Then sin C+sin D—2 sin erp cos £ 
D с—р 
sin C—sin D=2 cos et sin 2 
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(3) 
TA 
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Similarly, Бу adding and subtracting the relations 
cos (A+ 8)=cos A cos B—sin A sin B 
cos (A—B)=cos A cos B+sin A sin В. 
we have 
cos (.44-B)--cos (A—B)=2 cos A cos В 
cos (44-B)—cos (4—B)— —2 sin A sin B. 
Put A+B=C, A—B—D 


so that A= Gro B-E. 
Hence cos C+cos D=2 cos с+р cos ср 
cos C—cos D=—2 sin tp sin 659 
сая ass ЖЛЕВЧ Voss 
=2 sin z 5n-——. 


(Nore. It should be noted carefully that the second factor on RHS of 
D— 


ACIER: í vie a ‚ С-В 
equaticn (iv) of previous article is sin 2 and not sin SEX E 


17.6. To prove that 
(1) sin (A+B) sin (A—B)— sin? А —sin? B 
(ii) cos (A+B) cos (A— B) —cos? A— sin? B 
—cos? B—sin* A 

Proof. (i) sin (A+B) sin (4— B) 
=(sin A cos B+-cos A sin B) (sin A cos B—cos A sin B) 
sin? А cos? B—cos? A sin? B 
sin? А (1—sin? В) —(1—ѕіп2 A) sin? В 
sin? 4—sin? A sin? B—sin? B+sin? A sin? B 
=sin* A—sin? B. 

(ii) cos (A+B) cos (A—B). 
=(cos A cos B—sin A sin B) (cos А cos B--sin A sin B) 
—cos? A cos? B —sin? A sin? B 
—cos* A (1—sin? B)—(1—cos? A) sin? В 
—C08?.4 —cos? A sin? B—sin? B--cos? А sin? B 
—cos? A—sin® В 
=(1—sin? 4)—(1—cos? B) 
=cos? B—sin? 4 
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EXAMPLE 34. 7f the angles 4, B, C'of a triangle are in AP, 
show that 
cos C—cos A 
sin A- sin C a" В 
Х —cos (A+B)—cos A 
Solution. AA T parer tae 


—2 cos ( 4-3 ) cos A 


ВВ 
-2 cos ( 444) sin БЭ 


BUT fase e ee 
=cot ае 15551) 


[ 3211 
=='ап AE 


=tan B 
(as A, B, C are in A.P. 
AC т 
espe ==B) 
EXAMPLE 35. Prove that 


Sin? Asin? B y 
sin A cos A—sinBcos В ^ (АВ) 


Solution. LHs= 2:1" (4-- B) sin (4 — B) 


sin? 4—sin? В 


=tan (A+B) 
=КН$. 
EXAMPLE 36. Prove that 4 (cos? 1094-5113 20°) 
=3 (cos 10°+-sin 20°) 
Solution. LHS=4(cos 10°+ sin 20*)(cos? 10° +sin2 20° +cos 10° 
sin 20°) 
=4 (cos 10°+sir 20°)(1—ѕіп? 10°+sin2 20°+cos 10° 
sin 20°) 
Ege ADU TI TROU o 
=4 (cos 10°+sin 20°)(1+sin 30° sin 10°—cos pa 20) 
sin 10° 


=4 (cos 10°+sin 20°) [ I+ YS 


(sin 30°-+sin 1097 


=2 (cos 10°+sin 20°) [2+sin 10*—3—sin 10°] 
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=2 (cos 10°+sin 20°)[3] 
=3 (cos 10°+sin 20°) 
=RHS. 
EXAMPLE 37. Given x=cos 55°, y=cos 65 
2=cos 175°, 5° prove that 
x+y+z=0 and xy+yz+zx=—3 
Q.C.W.A., December, 1973) 
Jolution. x-4-y--z—cos 55° + cos 65°+cos 175° 
=2 vos 60° cos 5°+cos (180°—5°) 
=cos 5°—cos 5° 
=0. 
x) +yz+zx=cos 55° cos 65°+cos 63? cos 175° 
+cos 175° cos 55° 
=4(cos 120°+cos 10*) 4-4 (cos 240°-+cos 110°) 
+4 (cos 2309--сов 120°) 
=—t+# cos 10°—}+4 cos 110°+4 cos 230°—4 
= — [cos 10°+cos 110°+cos 230] 
=—}+4 [2 cos 60° cos 50°—cos 50°] 
= —1-H [cos 50°—cos 50°] 


2. 
EXAMPLE 38. Prove that 
sin’ B— sin? A--sin*(A— B)—2 sin A cos B sin (A— B) 
Solution. RHS—sin? 4+-sin2 (4— B)—(2 sin A cos B) sin (4— B) 
—sin? A +sin? (4— B)—[sin (4--B)--sin (A—B)] 
sin (4— B) 
=sin? A-Fsin? (4— В) т (A+B) sin (4—B) 
—sin? (4— B) 
-—sin* A—sin (A+B) sin (А-В) 
=sin? A—(sin? 4—sin? B) 
=sin? B 
=LHS. 
EXAMPLE 39. If y sin «=x sin (284-«) 


show that (x+y) cot (4-8) — (7 —x) cot 8 
Solucion. у sin «=x sin (28 4-«) 


M . sin (28+«) 
X — sing 
2 Y+xX sin (28+a)+sin a 
Ухо sin (20--«)—sin а 
83 Ух _ 2sin («+8) cos В 


У-х 260$ («+8) sin 8 
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Ух 
cae =tan («+8) cot В 


> (y+) cot (x+8)=(y—x) cot В 
This proves the result. 
EXAMPLE 40, Prove that 


cos A+cos B ^ sin A+sin В|" 
sin A—sin B | cos 4-—соѕ B 


> 


=2 eor 47] or 0 according as n is even or odd. 


COS A+cos al sin A+sin В 
sin A—sin B cos A—cos В 


Solution. [ 


2 sin 


cos ——— — 2 sin 


2 


=[ cot js —cot er 


So, LHS=2 сог 1 if n is even } 


=0 if nis odd. 
EXAMPLE 42. If sin x+sin у=а and 


cos x+cos y—b 


Е cos яв бе [ sin 413 соз 1—8 | 
єр 


2 
4-8 4-8 A+B . B-4 
2 2 


2328 
show that cos (x+y)=——— due 


Solution. Now sin x--sin y=a 
x+y x—y 
2 


> 2 sin 008 7758 


and cos x+cos у=Ь 


> 2 cos 5 cos ХР- 
Therefore, tan [ 5” х =F 


Now 608 (ЖЕУ RUPEE TEN 
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EXAMPLE 42. Prove that in a triangle ABC 
sin(A—B) , sin(B—C) sin (C—4) у 
sin AsinB  sinBsinC * sinCsinA © 


Solution. LHS 
sin C sin (A—B)+sin A sin (B — C) +ѕіп B sin (C— A) 
3f sin A sin B sin C 
sin (4 +B) sin (A—B)+sin (B4- C) sin (B—C) 
+sin (С--А) sin (C— A) : 
T, sin A sin B sin C 
(Using A+B+C=7) 
34 (sin? A— sin? B)+ (sin? B—sin? C)--(sin? C—sin? A) 
sin'A sin B sin C 
=0=RHS. 
EXAMPLE 43. Prove that 
14-cos 56° + cos 58°—cos 66° 
=4 cos 28° cos 29° sin 33° 


Solution. Now 1—cos 66° 
=2 sin? 33° 
Therefore, LHS=2 sin? 33°+(cos 56°+cos 58°) 

=2 sin? 33° +2 cos 57° cos 1° 
=2 sin® 33° 4-2 cos (90° —33°) cos 1° 
=2 sin? 33°+2 sin 33° cos 1° 
=2 sin 33° (sin 33? --cos 1°) 
=2 sin 33° (cos 57°-Есоз 1°) 
=2 sin 33° (2 cos 29° cos 28°) 
=4 cos 28° cos 299 sin 33° 
=RHS. 

EXAMPLE 44. Prove that 
sin? 12° + sin? 21°+ sin? 36° + sin? 48° 
=] +sin? 9°+ sin? 18°. 

Solution. Consider (sin? 12°—sin2 18°)+ (sin? 21°—sin? 9°) 
=(—sin 30° sin 6°)+(sin 30° sin 12°) 
=sin 30° (sin 12° —sin 6°) 
=} (2 sin 3° cos 9°) 
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=sin 3° cos 9° 
Also,  1—sin? 39?—sin? 48° 
=cos* :9° —sin? 48° 
+==со$ 87° cos 9° 
—sin 3° cos 9° 
Therefore (sin? 12°— sin? 18?) J- (sin? 21°— sin? 99) 
=] —sin? 39°--sin? 48° 
This proves the result. 
EXAMPLE 45. Prove that cos 10° cos 50° cos 10%. 


Solution. LHS=cos 10° cos 50° cos 70? 
=cos 10° [$ (cos 120°+cos 20°)] 
=} cos 10° (—4$+cos 20°) 
=$ cos 1° (—4+2 cos? 10°—1) 
=} cos 10° (—$+2 cos? 10°) 
=} cos 10° (4 cos? 10°—3) 
=} (4 cos? 10°—3 cos 10°) 


дай Е: P 221 УЗ 
4 cos 3x 10 4 cos 30° = 4 y 
ТЭС УЗ 

Е = ЕН. 


EXAMPLE 46. If A+B+C=n, prove that 
tan А+ ап B+tan C=tan A tan B tan C 

Solution. 4--8--С--т 

> A+B=r—C 

= tan (4+8) = —tan C 

tan A-+tan B 
1-4аа 4 tan B 
> tan A+tan B+tan C=tan A tan B tan C 


This proves the result. 
EXAMPLE 47. If A+B+C=n, prove that 


aer AL Bor 
sin* 4 tsint 5 +sin? $ =] —2 sin = sin ту sin ў 


, 
=—tan С 


> 


Solution. Consider 


oU COM хиад 
1—sin* > —sin*-5 —sin?-; 


Asa cha Жо ыз к 
cos? $ — sin? sim 5 


A—B 235038 
со8 | = ] cos [5 гэе > 


1 


400 


eee Е: 1.2 ur eee: “С 
Hence sin? = +sin? — +sin? 712 sin — 515 sin; 
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И algal! 
am pe ч 4 sin | 


2sin -4j c 
=2 sin Я sin-2 sin 2 


c 


EXAMPLE 48. If A-- B--C—7, prove that 


cos? A--cos? B--cos? C=1—2 cos A cos B cos C 


Solution. Consider !—(cos? А--со82 B+ cos? C) 


—(1— cos? 4)— cos? B—cos? С 

—sin* A—cos* B—cos? C 

= —с05 (A+B) cos (4—B)—cos? С 
=—cos (x— C) cos (A— B) —cos? С 
—cos С cos (4— B)—cos? С 

=cos C [cos (4—B)—cos С] 

=со С [cos (4— B)— cos (x —(A--B)] 
—cos С [cos (4— B)4-cos (A+B)] 
—cos C [2 cos A cos B] 

—2 cos A cos B cos C 


This proves the result. 
EXAMPLE 49. If A4- B--C —7, show that 


зіп 2A+sin 2B—sin 2C —4 cos A cos B sin С 


Solution. LHS—2 sin (44- B) cos (4— В) —ѕіп 2C 


—2 sin C cos (4—B) —2 sin C cos C 
=2 sin C [cos (4 — B)—cos C] 

—2 sin C [cos (4— B) 4- cos (А+ B)] 
=2 sin C [2 cos A cos В] 

—4 cos A cos B sin C. 


EXAMPLE 50. In a A ABC, prove that 


sin 24--3їт 2B+sin 2C =4 sin A sin B sin C. 
(C.A., May, 1977) 


Solution. LHS=sin 24+sin 2P ‘sin 2C 


=2 sin (A+B) cos (4— B)--sin 2C 
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=2 sin (А-В) cos (A—B)+sin [27 —2(4 TB)] 
as 4--84-С-гл 

—2 sin (A+B) cos (4— B)— sin 2(A-- B) 

=2 sin (A+B)[cos (4—B)—cos (41-B)] 

—2 sin (4+B)[2 sin A sin В] 

—2 sin (x— C)[2 sin 4 sin B] 

—4 sin A sin B sin C 

=RHS. 


EXERCISES 


1, If A+B+C=nr, prove that 
20084 __ cos B сос _ 
sin Bsin C * sin C sin A sin Asin B 
2. If A+B+C=n, prove that 
cot A cot B+cot B cot C+cot C cot A=1, 
3. И А+В+С=т, prove that 
cos? + cos* 2 cos? 8-2 cos 4 cos 2 sin £ 
4. Ifa+8=x, show that 
cos* ~+cos* B--cos* x—1--2 cos a cos 8 cos х 
5. Ifsin x+sin y=a 
cos x--cos y=b 
show that sin (ty) 2 5 
6. Шо, B are distinct roots of the equation 
a tan 0+0 sec 0—c, prove that 


2 uc. 


tan (448) a 


7. Prove that 
* Ln 
cos? A--cos? ( AT БЭТСЭ ( 4- iy 


8. Prove that 


2sin A 


tan 2A—tan Я = ов 4:Кс08:374, 


9. И0= 54785 that » 


т 
sect 8 227) sec 0—cosec* ТЕ 


10. Show that an acute angle ® which satisfies the equation cos 8--sin = 
cos 28--sin 20 18 30°. 
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11. If A, by C are the fen ate ofa и. prove that 
<> А 20:8 080 
asin sin (22 “уг )+bsin > sin +e sin X sin 97 5 


If A+B+C= БЯ ay that 

12. cos 2A-+cos 2B+cos 2C— —1—4 cos A cos В cos C 
13. sin A+sin B+sin C=4 cos 4 EY £ 
14. sin? A+sin? B+sin* C=2+2 cos A соз В cos C 

КАКОЕ Sa CPR е A Bi хөр: 
15. cos 2 + cos z 60s =2 cos 2 008 75 siD 75 
16. sin (B--C— A)-- sin (C+A—B)+sin (44-B— C) 

—4sin 4sin B sin C. 


cos cos 


75-- 
17. Prove that sin? 727--5103 ee ASI. 
18. Find the value o tan 224°. 
13% 1 
19. Prove that sin — 20 tsin- = 17277 


20. 1(2сов89-гх-- 4, show that (i) 2 cos 20 = x?+ = (ii) 2cos 36= xL. 


21. Prove that cos 207 cos 40° cos 60° cos 80°= ia 1 
22. Prove that. sin 207 sin 40° sin 60^ sin 80° = iz 
23. Prove that sin 10° sin 30° sin 50° sin 70°= Ei 


24. Prove that cos 20° cos 30” cos 40° cos 80*— 3 
25. Prove that tan 70°—tan 20°=2 tan 50°. 
26. Prove that sin 36° sin 72° sin 108° sin 144° = zn 


16° 
27. Prove that sin 10°+sin 20°+sin 40°+sin 50°=sin 70°+sin 807, 


CHAPTER 18 


Properties of Triangles 


18.1 Introduction. 

In this chapter, we shall first study the relation between the sides 
and angles ofa triangle. We shall make use of these relations in 
studying the properties of triangles later on. 

The capital letters A, B, C will denote the angles of triangle ABC 
and the sides opposite the angles 4, B, C will be denoted by a, b, с 
respectively. The sum; of the three sides of a triangle, called peri- 
meter will be denoted by 2s 


ie., 2s=a+b+c. 


18.2 Sine Formula 
In any triangle ABC 
ш ELE Sa IC 
sin 4 sinB sinC 
Proof. In any triangle, two A 


angles must be acute. Let 
B and C be the two acute 


angles. 1 
From А draw AD.LBC. 8 D 
Then from AABD Fig. 18.1 
AD sin B ADS sn B 
AB 


and from AADC 
42 =sinC + AD=b sinc 
Then c sin B—b sin C 
b c 
sinB sinC 


=k (say). 
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Now BC=BD+DC 

So a=AB cos В--АС cos C 
=c cos B--b cos C 
=k sin C cos B+k sin B cos C 
=k [sin C cos B+sin B cos C] 


=k sin (B+C) 
=k sin (r—A) 
=k sin А. 
a 
5) sin A ak. 
Thus 5 b = 


sinA sinB  sinC 


18.3. Cosine Formula 
In any triangle 4BC 


24 62 

сов.4 = tea? 

с?+а%—Ь? 
2са 

а? +52—с? 
2ab 


Proof. Let B and C be the two acute angles of triangle ABC. 
From A, draw AD 1 BC (see Fig. 18.1). 


Then from triangle ADC. 


cos B — 


cos C= 


CD 


Also яс = 698 с = CD=5 cos C 


AD : З 
“ас 7 sin C = AD=bsinc | d 
0 


Similarly from triangle ABD, 
AD 


AE sinB = AD=csin B 
BD ASRUS 
and "AB 7 В = BD=c cos В 
Since AB? =AD'+BD* 
we get сї= sin? C+(BC—CD)? Using (i) 


=6 sin? C-F(a- b cos с)? 
=b? sin? C-+a?+B? cos? C—2ab cos C 
—a?--b?— 2ab cos c. 

> cos ca S Ee . 
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Similarly, AC?=AD?+DC2 
B=c* sin? B--(BC— BD)? from (ii) 
=e? sin? B+(a—c cos В)? 
=? sin? B+a*+c2 cos? B—2ac cos В 
=a?+¢2—2ae cos B 


24 2 
> ы SISSE. 
ac 
Since A+B+C=z 
=т—(А+В) 
ог sin C=sin [x—(44-B)] 
=sin (A+B) 
=sin A cos B+cos Asin B 
i.e. c=a cos B+b cos A (Using sine formula) 
of abet ) 
=a ( РАНЕ +5 cos А 
p 
> b cos A=c— (55, P ) 
c 
2c? a2@— 2+? 
ын 2с 
A oe c?+52—a? | 
са 2с 
18.4. Napier’s Formula 
In any triangle ABC 
(i) tan C o EE cot E 
0 m pe et 
4-8 а c 
(iii) 12n—7— = шу cot; 


Proof. Since T ym сүв - ac^ k (say) 
b—c ksin B—ksin C 
We have brc ksinB+ksinC 
sin B—sin C 
= sin B+sin C 
838 sin IE 


2- = 
CoL BCs BHC 
2 sin 2 00975 


2 cos 
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= tan 27€ cot SIS 
= tan ZE cot (во z) 
= tan 856 tan 

Hence tan PE = сої + 


Similarly, we can prove the other relations. 


18.5. Projection Formula 
In any triangle ABC 
(i) a=b cos C+e cos B 
(ii) b—c cos А-а cos C 
(iii) c=b cos A+a cos В 
Proof. (i) Consider b cos C+ecos B 
=k sin B cos C+k sin C cos B 
У H a b с 
( Using sine formula Р ane aac =k ) 
=k (sin B cos C+sin C cos B) 
=k sin (B4-C) 
=k sin (п— 4) 
—k sin 4 
=a. 
Similarly, we can prove the other relations. 


18.6. To Express the Sine, Cosine and Tangents of Half the Angles 
in Terms of Sides 


(i) sin рыл 
pally НИ. "i (s=e) (s—a) 
т: са 


PSI 
2 ab 


Proof. Here 2s=a+b+c. 
^ Now cos A=1—2 sin? 4 
за? 
ЕУ рас саз EI cin? 4 


2bc 
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22 2 sin? 4- =1—( Brae) 
E (2Ьс—Ь?— с?)--а? 
2bc 
_ at—(b—c* 
arp 


= sin? 


A  [a—(b—o)la-4-(b — c) 
Dire 4be 


_ (a+b+c—2b) (а+Ь+с— 2с) 
n 45с 


_ (25—25) (28—26) 


4bc 
(s—b) (3-0) 
г ВЕ 

А (5-5) (s - c) 
> sin zat (pee 
Since 0=4<180° = 0<% <90° 

А Zb) (з—с) 
> sin 4+, e e -. 
Similarly, we can prove the other relations. 

А _ [s(s—a) 
(ii) cos = cR 


cos 
A 
Proof. cos A=2 cos? -1 
28--23--а2 AF ai 
> 2bc 2 cos? 2 1 
A B+ са? 
= 2 cos? не 


2bc +b? +c2—a? 
i 2bc 
(6+ с)—а? 
ЕБЕ 
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_ (6-+е—а) (b+ e+) 
R 2be 
(a-- b-- c—2a) (a4-b4- c) 

єє 2bc 
_ (25-24) (23) 
we 2bc 

(s—a) 2s 


bc 


А 2s (s—a) 
Sec a s дыш.) 
> cos? = 256 


fince | 04180) > 02 4 < 


4 a [Ea 
= cos 2 + TR 


Similarly, we can prove the other relations. 


(iii) tan 4- i PES 
2. т=з (s—a) 

s(s—b) 
$- (s—a) (s— 5) 

tan Jeana cg 


Proof. Since sin > үсә and cos 5 у^ 2) 


A — , 
dividing, we have tan >= = „д 


Similarly, we can prove the other relations, 

18.7. To Express the Sines of Angles in Terms of Sides 
() sin 4-2 мз (s—a) (s—b) (s— c) 
(ii) sin B= E Мз (s—a) (5—5) (s—c) 


(iii) sin C= 319-3 Goh aoe 
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Proof. sin А==2 sin 4 cos 4 


409 


=>] GDS, |200). 
an bc bc 


cca SEE I ire 
- p (s—a) (s— Б) (s—c) 


Similarly, we can prove the other relations. 
EXAMPLE 1. In any ДАВС, show tha; 
sin (B—C) _ Bc 
‘sin(B+C)— a 
Solution. RHS ———;— 


sin? B—sin? C 


Sm" 98-50 = using Sine formula. 


sin? A 
_ sin (В—С) sin (B+C) 
Sy sin? A 
sin (B—C) sin A 
sin? Á 
sin (B—C) 
^ sind | 
sin (B—C) 
= sin (B+C) 


1 


=LHS. 


EXAMPLE 2. If ina ДАВС, one me cos. C. 


triangle is isosceles. 


Solution. cos B cosC 
Bo 26 
z a+c2—b? ас? 
b2ac | cab 
A реф ас 
be ae be 
> a2 c? — b2— at - b? — c? 
> 2c? =26* 
> c=b. Thus the triangle is isosceles. 
EXAMPLE 3. In any triangle ABC, prove that 
4-8 а 


sin 2 мын trad 


b 
Solution. We have —— йа == cu Hun 2 =k (say) 


prove that the 
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Ls a—b sin 4—sin B 
ылды INVE TS ML ЫК 


c sin С 
AB А-В 
2 cos 2 sin 5 
ERUNT e 
eC C 
2 sin 23.608 5 


2 sin e sin db 
= 3, 2 аѕ ЕВ 90° 
Kel € Za 2 
2 sin 2m cos 
sin 8 

»i SPI 


pou 
ics 


-4-8 a-b с 
= sin ——= Cos -~ - 
c 2 


EXAMPLE 4. [п any ^ ABC 


2 (в snb es sin? Aera 
2 2 
Solution. ^ LHS—a (2 sin? с ( 2 sine 4 ) 


—a(1—cos C) +¢(1—cos A) 
—a-Fc—(a cos Сс cos A) 
=а+с—Ь from Projection formula 
=RHS. 
EXAMPLE 5. in any triangle ABC, prove that 
aè sin (B—C)+B3 sin (C— A) сЗ sin (4— B)=0. 
Solution. a3 sin (B—C) 
a b [4 
sin А sin B si 
= АЗ sin? А sin (B—C) 
= АЗ sin? 4 sin A sin (8—C) 
= K3 sin? 4 sin (B+C) sin (B— C) 
= K? sin? 4 (sin? B—sin2 C) 
Therefore, LHS= 83 [512 4 (sin? B—sin? C) 
; +sin? B (sin? C—sin? 4) 
+sin? C (sin? 4—sin2 В)] 
=0=RHS, 
EXAMPLE 6. 2(bc cos A+ca cos B+ab cos C)—at-FP c. 


where 
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`— а? са? — b? а2 B2 — c?] 
=a? 4b e 
=RHS. 

EXAMPLE 7. The sides of a triangle are x?--x-- 1, 25--1 and 
x2—1. Prove that its greatest angle— 120°. 


Solution. Let a—x?--x +1, 8--2х-11, c—3?—1 
1 


Solution. LHS=[b?+<¢ 


Then 


=> (2+1) 
be=(x+1)(x—1)(2x4+1) 


sind ng] USE 
[3 as 

SN 
ээс (x—DQx4 

4 (x—1)Qx-41) 


253. & 4 =60° 2104-1209 


which is required greatest angle. 
EXAMPLE 8. If the sides of a triangle are in AP, prove that so 
also are the d of half the angles. p 


Proof. Now cot = 2-0 шог (8-0). 
TRD 


t as 
cot 3 —N (s=ay(s—c) 


A 
соо —e0t5 


Therefore 2 
2 (= (s-b | {s—a) 
(s— E (s— a) (s—b) 


(s—b)—(s—a) 
=< 3: Jia Web 


3 Мз (a— b) 

~ A/(s—ays— b) e) 
Sey С. В 
Similarly, cot Бо 
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ks A s(b—oc) 
V (s—aYs—BXs—e) 
vs(a—b) 
V (s=a) (s—8)(s—c) ` 


(as a, b, c are in АР = a—b-—b—c) 


Thus, cot 4. cot z, cot $ are also in AP. 


EXAMPLE 9. Prove that in ABC 
а? sin(B—C) 2 sin (C—A) 
sin B+sinC + sin C+sin A 
€? sin (A—B) =0 
sin A+sin B | (.C.W.A., June, 1974) 


: вс B—C 
а? sin (ВС) ak sin A 2 sin Ta 608 —> 


sin B+sin С ane B+C os B=C 
jg 2 2 


Solution. 


ak sin (B+C) sin Me 
wn BEC 


n ВС B+C. В-С 
в ak 2 sin — cos 2 > 
Ts B+C 


sin E E 


== ak 2 sin PC cos C 


= ak (sin B—sin C) ak (2. _ ©. 

ak (sin B—sin C)—ak ( TUE PE ) 
=a(b—c) 
B? sin (С А) 
‘sin C+sin 4.72 (0—2) 
c? sin (4—B) 
sin A+sin B 4—5) 
Therefore, LHS=a(b—c)+b(c—a) 4- e(a — b) —0. 
EXAMPLE. 10. па ДАВС, prove that 

43 cos (B—C) +53 cos (С-А)--63 cos (А — B) -3abc 
(1.C.W.A., January, 1971) 


Similarly, 
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Solution. LHS 


=a? cos (B—C) 4-3 cos (C— 4)--c* cos (A—B) 
=a?.k sin A cos (B—C) +b? k sin B cos(C— A) 
+c? k sin C cos (A—B) 
-+2 sin (4+8—C)+sin( 4—5 +C) ] 
Я sin (B+C-A)+sin(B—C+4) | 
kef. д 
E [in (C-4-A— B) +-ѕіп (c—4+8)] 
= ЫГ sin (7--2С)--яш (x— 22)] 
+F[ sin (x—2A)+sin (1 — 2C) ] 
Zu sin (x—2B)-ksin 24] 
2 
-f sin 2C+sin 2B Im sin 24--sin 2с | 
| sin 2B+sin 24 ] 
LE MEE А 
— sin 2A (b+c 0+5 sin 2B (с2-на2) 
m sin 2С (a?-- 5b?) 
= k sin A cos A(b*+c?)+k sin В cos B(cf--a) 


+k sin C cos С (а*-+ 3) 


=a cos А(52--с2)--5 cos A d 
+ç cos C (a* 4-52) 


а(52--с2) (B c*—a) беса 52) 
X 2bc 2ca 


c(o?+5%)(at+b2—c2) 
ay SEDI TE 


= a?[(b? + c2)? — 0262 — a?c?] + b?[(c?-1- a?) — b3c* — atb? 


3-2 (ад eds n Mt 


2abc 


_ 2a Pc? 2a? c? 2a? b? c* 


2abe 


=3abe=RHS. 
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EXAMPLE 11. Ira A ABC, prove that 
b—c 


cos? 4 + шэн соз? 2 2—2 cos? 3-0 


(.C.W.A., January, 1973) 


b—c sx(s-a), c—a s(s—b) аЬ s(s—c) 
Эр Mp 
a bc b ca c ab 


Solution. LHS= 
= Gig (8-0 (8—0) + (ca) (5—5)5-(a—5) 8-0) 


= "a [s(6—e) ~ab+-ac+s(¢c—a)—be+ab+s(a—b)—ac+be] 
or [s(5—c--c—a-4-a—5)] 


EXAMPLE 12. Jf in AABC, e cos? 5 Tc cost. => 


prove that a, b, c are in AP. 
(1.С.И/,А., December, 1974) 


Solution. Now a cos? Ste cost — 38 
as(s—c) cs(s—a) 3b 
у Co t c T 
3(-5--0) 3(s—a) 3b 
QU VITARE She EE 
> F [s—c+s—a] = 5. 
= 2s [at+b+c—c—al=3h? as 2s-a--b--c 
= 2s[b]- 35? 
> 2s=3b 
> @+b+c=3b 
=> а+с=2Ь 
=> а, Б, ¢ are in AP, 
EXAMPLE 13. Ina AABC, prove that 
2 
Sin (B—C)= 2 - ep А. 
а 


(T C.W.A , January 1968) 


PEE 1 
Solation. nHs- Pre E 


k?(sin? B—sin? C) . | 
= Gita 38 05 A sin A | 
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(sin B+sin C) (sin B—sin C) 


sin A 
4 sin BLE cos Boe sin Pc cos PLC 
24, sin A 
_ sin (B+C) sin (B—C) 
Ри sin A 
sin 4 sin (B—C) 


sin A 
= sin (B—C)=LHS. 


EXERCISES 


In any ABC, prove that 


1. 


. с%=(а—Ь)* сой +(a+b)8 sine =: 


A— 
с cos 775 =(а+5) sin 5 


В-С A 
asin (#;©)-%-о) cos 7- 
о cos А+ cos B--c cos C=2a sin B sin C. 
btc) A (b—c) A 
32 с) yg ts cot 757-2 cot (B—C). 
e=(a—b) сой С.а) sins -G 


сид сив cot C 
brte? (3+ д2 627 ate 6—8 


(b+c) cos А+(с+а) cos В+(а-Ь) cos С=а+Ь+с. 
2-3 8-3 $ 
PTE in 244- s sin 28 + 4 sin 20=0. 


(a?— b2--c*) tan B-—(a*-- b$— с?) tan С. 


. a?sin 284-68 sin 2A=2ab 81: С. 
. b2 cos 24—a* cos 2B=b*—a?. 


C а+ь+с c 


B 
2 cots cot^5 +cot 50777 = cot —- 


atb—c 9 737 


2 


. lf a cos? x +c cost 4. then show that a, b, c are in AP. 


. If a2, 51, c? are in AP, prove that cot A, cot B, cot С ате in AP. 
. In a ДАВС, AD is a median, prove that cot SAD—cot B=2 cot A. 
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18.8. Properties of Triangies 


We shall now study some of the simple properties of triangles. 
In what follows, ^ denotes the area of triangle, R, the circum- 
radius; г, the inradius (i.e., the radius of circle inscribed in a 
triangle). 


Area of a triangle. 

In any triangle ABC, 

| A=tbe sin A=} са sin B=}ab sin С. 

Also A Vs(s—a) (s—b)(s—c) (Heron's formula) 

Proof. Let B and C be the two acute angles of a triangle ABC. 
From A draw AD 1 ВС. (See Fig. 18.1) 


Then A=} (base) х (perp.) 
=} (BC) x(AD) 


=ła xc sin B. 
шил BT E 
= asin B=b sin С 
We get A = bc sin A 
Also csin 4=а ѕіп C 
- A —1ab sin C. 


In other words, area of a triangle 
=} (product of two sides) x (sine of the included angle), 


Again sin 4-4 Vs (s—a) (1-9) (3-0), 4187 
ан A=tbe ES мз (s—a) (s—b) (s—c) 


==\/5 (s— a) (s— b) (s—c). 
Circumradius of a triangle. 
In any triangle ABC, 
a b с 
sin 4 віп B — sin ea 
Proof. Let O be the circumcentre of a triangle ABC. It is the 


point of intersection of right bisectors of three' sides of triangle. 
Join BO and produce it te meet the circumcircle in D. Join CD. 
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(i) When O lies inside the AABC 
Let OF LBC 
ABOC is isosceles triangle 
OE bisects / BOC 
So ZBOE=} / ВОС 
=}х2 ZBAC=ZA 
= ZBDC=/BOE=ZA 
As /BCD=90° (angle in a semicircle) 
So triangle BCD is a right triangle 


м BC a Fig. 18.2 
Thus sin 4—-9D"2R 


where R is radius of the circle 
a 
” таня 


By Sine formula 
a b b 


sin A Sin B = вс = 2А 
(ii) When O lies outside the AABC. 
Again / BCD=90" (angle in a semicircle) 
Z BDC —5 —4 (opposite angles of cyclic 


quadrilateral are supplementary) A 
Then from right angled ABDC, xis 
sin (4) =-2С р с 
ра. н 
> sin = and so "ind 2R. о 
By Sine formula 
b с 


а 
эп 4 sin B^ sinc 28 Fig, 18,3 


(iii) When О lies on one side of the AABC 
Here angle BAC is a right angle, 


being angle in a semi-circle. 7 
Also 2R=BD=BC=a 
and sin A=sin 90°=1 
А Heya gle в c (0) 
sin4 1 
By Sine formula 


a b e+ 
ind sinB = заб A Fig, 18.4 
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In-radius of a triangle. 
In any triangle ABC, 
A 


т=— 
$ 


where r is the radius of the circle ins- 
cribed in the AABC and s is semi- 
perimeter of the AABC. 

Proof. Let 1 be the incentre of 
ДАВС. It is-the point of intersection 
of internal bisectors of the angles of the 
triangle. 

Let D, E, F be the points where the 
circle touches the sides of the triangle 
ABC. 

Fig. 18,5 Join ID, IE, IF and IA, IB, IC 


Неге IDLBC, IELCA, IFLAB 
Now Area of AABC 
=Area of ABCI+-Area of ACAI +Area of AABI 
=} (axID)--Mbx TE)-+ (ex IF) 
=4(axr)+h(bxr)+i(exr) where r is the radius 
ir (at+b+c) 
=4r Qs) 
=rs 
Le. A=rs 


Thus r= 


EXAMPLE 13. If B=45°, C=60° and a—2 (ү34-1) cms., find 
the area of АВС. 


Solution. Since 4-4 VET S) 


we have 


x? A=} be sin А 


1 asinB asinC . 
sna a dnd 
a sin В віп С 


E 
йл 
2 sin A 
1 
22: 


1 


a? sin B sin C 
sin (B4-C) 
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1 4у3+1)2х М3 
2 1+У3 


= УЗ УЗ эүхүз-) 


=2(3+/3) sq. cms. 
EXAMPLE 14. Prove that A =s (s—a) tan аи 


2 
Solution. Now tan AER SQUE C 
2 3(5—а) 
= RHS= s. s(s—a)(s —b)(s—c) = A =LHS 


EXAMPLE 15. Prove that 
а cos A+b cos B+ c cos C=4R sin A sin B sin C. 
a b c 
sin A^ sin B^ sin C ^A 


a=2R sin A | 


Solution. Since 


b=2R sin B 
c=2R sin C 
Now LHS=a cos А-Ь cos В +c cos С 
=2R sin A cos A+2R sin B cos B+2R sin C cos C 
== А [sin 2A+sin 2B+sin 2C] 
=R [2 sin (A+B) cos (А-В) т 360°—2(A+B)] 
=R [2 sin (A+B) cos (4—B)—sin 2 (A+B)] 
=R [2 sin (A+B) cos (4 — B) —2 sin(A +B) cos (A+-B)] 
=2R sin (A+B) [cos (4—B) —cos (A+B)] 
—2R sin (A+B) 2 sin A sin В 
=2R sin C 2 sin A sin B 
=4R sin A sin B sin C=RHS 


EXAMPLE 16. Prove that sin A--sin B+ sin c=4 . 
Solution. LHS= sin A+sin B+sin C 


a Br et 
C3RT2RT2R 
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_ atbtc 
ИЯ 
iam 
Te ORG Е 
B 
EXAMPLE 17. Prove г —(s— Б) tan F 


Solution. Now tan EEN] ea 2 
‘s(s—a) (s—b) (s—c) 
> Rus, 569 60 =o) 


=ô =r -LHS. 
5 


EXAMPLE 18. Prove that Rr (sin A-+sin B+sin C) A. 
(5542 © 
Solution. LHS=Rr (кн) 


2) athe, 


ors == A=RHS. 


EXERCISES 


1. The sides of a triangle are 13, 14, 15 cm. Calculate its area. 
2, Find the area of triangle ABC, when 5=5, c=6, A=45°. 
Prove that, in any triangle АВС. 
3. abcs sin 4 sin 2 sin - =a. ^ 
4. 4A cot A=b?+c?—a?. 
_ abe 
5 К= aA 
A 
6. s=4R cos туг cos 4 cos F 


7. Д=2К3 зіп A sin Bsin C. 
8. $ (M sin 2C-+¢ sin2B)— A. 


4 B c A 
. з — ied + OO. 
9 Бах, (I 2 Tecos 2 st R 
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1 1 1 1 4R 
Ва sb ses A 

1 1 1 1 
ү abt bet ca 26, 

A B Cc 

12. 4Rr cos 527 608 ; cos =A. 
13. acot A+b cot В+ссої C=2(R+r) 
14. 4Rrs=abc. 


1. 8444. ст. 2. “227 


CHAPTER 19 


Variation of Trigonometrical Ratios 
and their Inverses 


19.1. To Trace the Variation of Trigonometrical Ratios of an Angle, 
asthe Angle Increases from 0 to 360° and to Draw their 
Graphs. 

Let the revolving line OP be of constant length a and let it, 
starting from OX, move in anti-clockwise direction and trace out an 
angle XOP=0. There are four possibilities. The revolving line 
can be in first, second, third or fourth quadrant. We discuss each 
possibility separately. From P, draw PM LOX ог ОХ’ where 
XOX’, YOY’ are two lines at right angles to each other. 

By convention of signs, OP is always regarded as positive. OM is 
positive if the revolving line is in first and fourth quadrants, and 
negative, if the revolving line isin second and third quadrants. 
Similarly, MP is positive if the revolving line is in first and second 
quadrants, and negative ifthe revolving line is in third and fourth 
quadrants. 

Sine Curve 

ke MP 4 
sin 0— “ОР” OP is of fixed length a. 

First Quadrant. When 0=0°, MP is zero so that sin @ is zero. 
As 6 increases further, MP also increases so that sin 0 increases. 
When 6=90°, MP=OP. Then sin 6=1. 

Thus, sin 0 increases from 0 to 1 in first quadrant. 

Second Quadrant. When 0 increases from 90°, MP decreases so 
that sin 0 also decreases. When 0—180^, MP is zero. So sin 0—0. 

Thus, sin 0 decreases from 1 to 0 in second quadrant. 

Third Quadrant. When 0 increases from 180°, MP becomes 
negative and decreases, Therefore, sin 0 also decreases. When 
0=270° MP=—OP. Then sin 06——1. 
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Thus, sin 0 decreases from 0 to —1 in third quadrant, 


Fourth Quadrant. As 0 increases further from 270°, MP increases 
from —a to zero when 6=360°. 


Thus, sin @ increases from —1 to 0 in fourth quadrant. 
To sum up: 


As 0 increases from sin 8 
0° to 90° increases from 0 to 1 
90° to 180° decreases from 1 to 0 
180° to 270° decreases from 0 to —1 
270° to 360° increases from —1 to 0 


Graph of sin 0. Let OX and OY be two lines at right angles to 
each other. Along OX, measure the angle @ from 0° to 360° and 
along OY, measure the corresponding values of sin 0. Measure the 
positive values of sin 0 above OX and negative values, below OX. 
Draw a table of values of sin 0 corresponding to 0=0°, 30°, 60° 
90° and so on upto 360°. The greatest value of sin 0 is 1 and the, 
least value is — 1. 


0 0° | 30° | 60° | 90° [120° | 150°} 180° 21/240 270° |300* [330° |360° 


sin бо | -5 | 87 Up 5 | 0 |—5]—87—1 |]—°87]—°5| 0 


Now plot the values of sin @ corresponding to the different values 
of 0 as shown in the table. Then the continuous curve as shown in 
the figure is the graph of sin 0. 


n 


30 60 90 120 150 


Fig, 19,1 
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Cosine Curve 


OM > 
cos 0— ОР, OP is of fixed length а. 


First Quadrant. When 0— 6^, OM —OP so that cos 0 is 1. Аѕ 0 
increases further, OM decreases so that cos 0 also decreases. 
When 6==90°, OM is zero, so cos 0=0. 

Thus, cos 0 decreases from | to 0 in first quadrant. 


Second Quadrant. When 0 increases from 90°, OM becomes 
negative and decreases from 0 to —a. When 06—180*, cos 6—— 1, 


Thus, cos 0 decreases from 0 to —1 in second quadrant. 

Third Quadrant, When 0 increases further from 180°, OM in- 
creases from —a to 0. When 6=270°, cos 8 =0. 

Thus, cos 0 increases from —1 to 0 in third quadrant. 

Fourth Quadrant. Аз 0 increases from 270°, OM becomes posi- 
tive and increases from 0 to а. When 0 —360^, cos 0— 1. 

Thus, cos 6 increases from 0 to 1 in fourth quadrant, 

To sum up: 


As 0 increases from cos 0 
0° to 90° decreases from 10 0 
90° to 180° decreases from 0 to —1 
180° to 270° increases from. —1 to 0 
270° to 360° increasesfrom Oto 1 


Graph of cos 0, Let OX and OY be two lines at right angles to 
each other, Along OX, measure the angle 0 from 0° to 360° and 
along OY, measure the corresponding values of cos 0. Measure 
the positive values of cos 0 above ОХ and negative values below 
OX. Draw a table of values of cos 0 corresponding to 0=0°, 30°, 
60°, 90° and so on, up to 360°. The greatest value of cos 0 is 1 and 
the least value is —1. 


9 0° | 30° | 60° | 90° | 1201| 150*| 180° 210° 240° 27093009 |330° | 360° 


cos 1 | "87 A) о |—'5.]—87| —1.|—87|—5 | 0 551787) 1 


Now plot the values of cos 0 corresponding to the different 
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values of 0 as shown in the table. Then the continuous curve 
shown in Fig. 19.2 is the graph of cos 0. 


300 330 360 


Tangent Curve 


First Quadrant. When 6=0°, MP is zero and OM —OP so that 
tan 0=0. We claim that as 0 increases further, tan 0 also increases. 
For, let 07-4 and 0<0, 4 —7/2, we have 
sin® 5ѕіпф sin (0-4) 
со080 cos¢ cos 0 cos 1%, 

> tan 0—tan $>0 
so that 0—tan $. When @ is slightly less than 90°, MP becomes 
large compared to OM so that tan 0 approaches infinity. 

Thus, tan 0 increases from 0 to infinity in first quadrant. 

Second Quadrant. When 0 just crosses 90°, OM becomes nega- 
tive and is very small compared to МР so that tan 9 approaches 
— оо. As 0 increases further, tan 0 also increases. For let 074 


tan 0—tan ¢= 20. 


= Е И. 
and > <0, $< п, we have tan 0— tan d= СО 
Since 9m, so ,0«0—4 <5 so that 
sin (0—4) Й 0 ard cos LA 0, cos ¢< 0. 
Therefore, tan0—tan$ — 0 = 1200> tan 4. 


When 0=180°, МР is zero so that tan 0 is zero. 

Thus, tan 9 increases from — co to 0 in second quadrant. 

Third Quadrant. When 0 increases from 180°, tan 0 also increases. 
sin (0—4) 

cos 0 cos $" 


For, let 054, z—9, $< 2. tan 0—tan $— 


3x л 
Clearly <> ТҮЗҮН СУЫ 
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so that sin (0-4) 0. Also cos @<0, cos ¢<0. 

> tan 0—tan 420 = tan 6-tan $. 

When 9 approaches 270°, OM becomes very small compared to 
MP and both are negative. Therefore tan 0 approaches infinity. 

Thus, tan 0 increases from 0 to оо in third quadrant. 


Fourth Quadrant. When 0 just crosses 270°, OM becomes posi- 
tive and is very small compared to MP so that tan 0 approaches 
— о (as MP is negative). As 6 increases further, tan 6 also 
increases. Fór, 


sin (0—4) 3z 


let 07 $, tan 0—tan d= NE ug «0, ф<2т 


As before 6—¢<n/2 so that sin (0—4)- 0. 


Also cos 070 and cos $70. 

So tan 0ü—tan $>0 = tan > п $. 

When 0= 360°, МР is zero so that tan @—=0. 

Thus, tan 0 increases from —оо to 0 in fourth quadrant. 


To sum up : 


As 0 increases from tan 0 


0° to 90° increases from Oto æ 
90° to 180° increases from — to 0 
180° to 276° increases from 010 » 
270* to 360* increases from — » to 0 


Graph of tan 0. Let OX and OY, be two lines at right angles to 
each other. Along OX, measure 0 and along OY measure the 
corresponding values of tan 0. The positive values are measured 
above OX and negative values below OX. Draw a table of values 
of tan 0 corresponding to the different values of 0 as shown: 


9 lod 90°—|90°+) 120° 270*4-| 300° | 330° 


30° ke 


| | 
150° ер to pao" zo 


ag | -rn —'58 | 


"58 | nj © 


212:12:51:БАС 


Now plot the values of tan 0 corresponding to the different values 
of 0 as given in the table. Since tan (180°+0)=tan 0, the complete 
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grapo of tan 0 is determined by the values of tan 0 from 0—0? to 
6=180°. (see Fig. 19.3). 


Fig. 19.3 


EXAMPLE 1. Solve graphically the equation sin x=} between 
х=0 and x=7. 


Solution, Let y—sin x=} 

First draw the graph of y=sin x from x—0 to x—-. Then draw 
the graph of y=} which is a line parallel to x-axis. 1 

To draw the graph of sin x, we first find the values of sin x 
pa teas to the different values of x and write them ina 
table, 


x о 30° | 60° | 90° | 120° | 150° | 180° 


sin x 0 5 787 1 TIS 0 


Now plot the values of sin x corresponding to the different values 
of xon a graph paper. 


9 30 60 90 120 150. 180 


Fig, 19.4 
4 


Draw the line =} and let it cut the graph of y=sin ха Р апа 
О. The points P and О are at x=30° and x=150° respectively. 


Thus required solution is х=30° and x=150°. 
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EXAMPLE 2. Solve graphically; the equation tan х==х betwee 
x=0 and х=5- 


Solution. Let y—tan х=х. First draw the graph of y=tan x | 
from the tables given below. Then draw the line y=x. One point 


can be aken (0, 0) and other point as (5. i5) on the line y==x, 


Let cne small division on the graph paper be of 10° or 3X8 radians, 


ын 


Fig. 19.5 


The points of intersection O and P are at distances of 0 and 1'5 


qune from 0 respectively. From P draw PM perpendicular to 


So OM = 1:5 divisions 
=15°='26 radians. 


Hence x—'26 radians is one solution and the other solution 18 
x=0. 77 


EXERCISES 
т 
1. Solve graphically the equation cos х=$ between x= — = and Цин | 


s } 

2. Solve graphically tan х=1 between х=0 and x= 7 

3. Trace the variation of trigonometrical ratios: cot 0, cosec 0, sec 0 as. 5 
varies from 0° to 360°. Draw their graphs. 

4. Solve graphically the equation cos x=x between x=0 and x=2n. 


Solve graphically, the equation sin 2x=tan x for all values of x betw 
and 7. 
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ANSWERS 
1. —60? and 60°. 2. 43°, 
4. ‘73 radians. 5% T =, п. 


19.2. Ioverse Circular Functions 


Consider у=ѕіп x. This means x is that angle whose sine is y. 
This relation may also be expressed as x—sin-! y. 


Note that y is uniquely determined, if wa <х< 4. Thus 
x-sin"! y means x is that angle (i) whose sine is y (ii) x lies 


ч = 
> and —, 


2 2 

Similarly, we say x—cos-, y if 
(i) cos xy (ii) 0S x Ka 
x-—tan- y, if 


between 


() утап x 6) A & x « Fix 4 
x=col` y if, 

(i) y—cot x (1) <x 5, x40 
x-sec^l y, if 

(i) y=sec x ii) 0€x€s хэ F 
x-cosec^! y, if 

(i) у=созесх, — (ii) -5 «x« 3. x0 


The expressions 51171 х, cos-1 x, (ап! X, cot! x, cosecl х, 
5ес-1 x are called inverse circular functions. 


REMARK. Since—l«sin x«l and —I<cos x«l, sin 1 y and 
с08:1 y are real numbers only when —1 «Су, 


EXAMPLE 3. Prove that (i) зіп-1 x cosec-i i 
т 1 
-1 x-sgec + 
(ii) cos) x=sec т 


(iti) tanl x «coti i 


Solution. (i) Let у=ѕіп-1 x 
Then sin y=x 


430 


1 


or cosec y= — 
Улсх 

"ME 

Therefore у==созес-1 — 

NER e 

Thus sin! x—cosec ! — 


x 
(ii) Let y-cos- x^ 
Then cos y—x 

1 
Or sec Y= 


Therefore — y—sec^i E 


1 
Thus cos™! x= sec ES 


(iii) Let уечаа” x 
Then tan y=x 


1 
ог cot у= БЕ 
Therefore, угнсага3- 


Thus ian xecot! E 
EXAMPLE 4. Prove that 
(i) sint (—x)=—sin 1 х 
(ii) cos? (x)=—cos x 
(ii) tant (—x)=— tan? x 
Solution. (i) Let y=sin-? (—x) 


Then —x=sin y 

or x=sin (—y) 

or sin-1 x=—y=— sin (—x) 
Thus sin (—х)=- ии (x) 

(ii) Let y= cos—! (x) 

Then x=cos y 

or x=cos (—)) 

or соѕ-1 x= —y=—cosi x 


(iii) Let y=tan 1 (—x) 
Then tan у=—х 


or x=—tan y=tan (—y) 


Therefore tan! х= —у 
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or у= —іап-1 х 
Thus tani (—x)=—tan™ х 


EXAMPLE 5. Prove that (i) sin-1 x--cos 1 х=—; 


D 


(ii) tant x + cor x= 


ы: 


(iii) sec“) x cosec-1 х= у 


Solution. (i) Let v-sin t x 


2 


Thea x=sin 1=cos (=, ) 


So, — — sinc! x 
= sin'x-cos! x= 
(1) Let y--tan^! x 
Then — xetan y=cot ( = 
т т 
So, cot"! Xm um зугааг х 


- tant х cott x= 
(iii) Let y2sec-! х 
Then sec у=х 


or cosee( 5 REGUM )=x 


So, cosec-! х=5—у= 2 
=> sec! х+ созес 1 x= 
EXAMPLE 6. Prove that tan “х ал yet (22) 


1—xy 
Solution. Let «—tan-! x, 8—tan-! y 
Then tan х=х, tan 8=у 
tan «--tan В 
1—tan а tan ĝ 
xt 
ху. 


So, (ап («+8)=7 
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Therefore, ааа (222) 
Thus. tan“! хапа y—tan d ( ce) 
l—xy 
EXAMPLE 7. Prove that 2 ta^! x= sin"! --23,- 
Ico? 
Solution. Let tant x=y 
Then x=tan y 
ce кеше x 
cos y 1 
ог шиш 
х 
Theref in у = 
erefore sin y= Pag ero ak y ШЕКЕ 
Thus sin 2 y=2 sin y cos y 
TOT NE RM. ЛЭ 
ТАТА МГ 
2X 
"TEE 
2x 
(eA ре. 
> 2y=sin tae ) 
ў 2х 
а Кэл 
> 21an x-sin (25) 


EXAMPLE 8. Prove that 


Se 
D 2 tan) xecor 2 
(i) 2 tan! x=cos ( Tix ) 


ii Олыга etr. 
(ii) 2 tan 1. x-tan" (222) 


Solution. (i) Now cos 2 y=cos* ul y 
1 
ZI Sos 
jx 
14x 


1—x2 
TES -1 
=> 2y=cos ( БА 


Р 1—х# 
=> 2 1ап-1 х=с0571 


(From Example 1) 


хар 
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ii _ 2tany 
(ii) Now tan S eet 
2x 
И (From Example 7) 
2x 
irr 2y—tanl 12553 
a 2tan-l xatan-l - 2x € 
[x 


EXAMPLE 9. Prove that sin (2 tan) 1-Fcot -1 30. Зур 
Solution, Now sin (2 tant 1-Ecot-i ЕЭ 
2 212724 = 
= sin (tan 3 т) +tan-1 5) 
= sin (tan-1 4$-Мап-1 у 
1^ 7 
us Si -1 30 trs _ 
sin (tan 1-1 x4 ) 
= sin (tan! 235) —sin (tanl 1) 
: 1 
= 45?— —_. 
sin 45 Vi 
EXAMPLE 10. 7f —I& x <I, prove that 
cos (sin 1 x)-—sin (созі х) 
Solution. Let у=ѕіп-1 x 
Then sin y=x ог cos = ү Tox? 
or yecos-l4/1—xà 
Thus cos (sin x) —cos (cos-14/ | —x) 
=v] yi 
Again, let z=cos-1 х. Then cos z=x 


or sin z= y1-x? or z=siniy fox? 

Thus sin (соѕ-1 x)=sin (sin-1 Га) = J/] —x 

Hence sin (cos71x)—cos (sint x) 

EXAMPLE 11. If —1 < x «I, prove that 
соз -1x4-cos Ц—х)=180°. 

Solution. Let «—cos! x, B=cos>(—x) 

Then cos «=x, cos B=—x 

So, cos «4-cos B=0. 

Or cos а= — cos B=cos (2—8) 

> «=—В 

= а-+8=180° 

=> cosi x+cos-(—x) = 180° 
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EXAMPLE 12. Find the value of 


sin [сек —})+tan* (+5 V3 8], 


Solution. Let deseos T —}), өнөө т 


on 
Then cos «= — 5, tan B= v3 
= а=120°, 8—30* 


Therefore, 
serico] 


—sin (« +8) 
зіп (1209 4-30*) sin (150*) ={- 
EXAMPLE 13. Prove that 


2 tani) Han = 


Solution. LHS —tan Tir tani} 


=tan! DAR 3 
—tan 13418071 


3 1 
ка Е mtani tan 
1-2 4 


ЕХЕКС15Е5 


xt 
ʻi ymse l 2: 
1, Prove that 2 sec’ х=зес Jy 


„ Prove that 3 cot"! tot х@—3). 
rove tha! col x=co Je I 


3. Prove that tan"! $ tan 7! пар 
а $ ап $ 7 
4. Prove that (апт! 1+tan~? 2--tan^! 3=r. 


$. Prove that tan! Ух= га. 
ve that (апі Vx $ cos Vx 


~ 1) x [+ - [+ es 
6. If cot [ Е +cat b хөө 1 2 ]- 2 
prove that Fe+cateb=1 


If cos! (a) --cos—'(b)--cos^ (c) ==, show that 
ас -2abc 71. 


= 
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8. If ип-Ца) + sin7*(6)+sin"(c) =r, show that 
a V 1-8 +bV Ге Г —2abc, 
9, Find the value of tan (tan! x cot! x). 


10, Find the value of sin“! 2x+ sin"! x for x=} and x= vas 
11. Find the value of 
1 1 
7-2 5+2 
соі + со! 2 
5-1 “тун 
v2 v2 
ANSWERS 


х, S. EH 
9 tàn = 10. 3 1. 4 
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CHAPTER 20 


Heights and Distances 


One of the important applications of trigonometry is finding the 
distances between points and heights of objects without actually 
measuring them, The examples given below will illustrate how 
with the help of trigonometry we find the heights and distances. 
For this, we require the following two definitions. 


Р 
Angle of Elevation. Let P and А be two points. 
Through A draw а horizontal line AB. Then 
the angle PAB is called the angle of elevation 
of the point P as seen from A. 
A B 
Fig. 20.1 
Angle of Depression. Through P draw. a 9 Р 


horizontal line HP, Then the angle HPA 
i» called the angie of depression of the point 
Aas seen from P А 


` 


Fig, 20.2 
EXAMPLE 1. A 25 ft ladderis placed against a vertical wall of 
a building. The foot of the ladder is 7 ft from the base of the 
building. If the top of the ladder slips by 4 ft then how much will 
the foot of the ladder slide. 


Solution. AB is the initial position of 


ladder. B 
OA = 7 ft. 
AB = 25 ft. D 
Вр = 4 ft. 
AC =? г 
Now (АВ) = (OA)?+(OB)* [^ [^] 


A 
= 625 = 49+(OB)? Fig. 29.3 
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> (ОВ)? = 625—49=576=(24)* 

> OB = 24 ft. 

> OD = OB—BD-20 ft. 

Again, (OC)?+(OD)? = (CD) 
= 

= 


И! 


(7+ AC?--400 = 625 

49--(AC) --144C = 225 
(AC)?-144C—176 = 0 

—14= y -+70 

X i пе 


ERIT U р 
2 


EXAMPLE 2. A person walking along a siraight road observes 
that at two consecutive kilometre stones the angles of elevaticn of а 
hill in front of him are 30° and 75° respectively. Find the Leight of 
the hill, ; 

Solution, OC is the height of hill ard с 
А, В are two consecutive kilometre stones. 

AB = 1 kilometre 


parole, 
Now tan 30° = OL 
COG Tas A A 
AB+OB A B О 
> 1408-у30С Ma) Fig. 204 
oc 
A We 
Iso tan 75 OB 
oc 
tan (45°+30°) = —— 
> an (45°+30°) OF 
1 
i 
- rec OC 
is 21295272 
м3 
> (У3+1) ОВ = (4/3—1) OC ++» (2) 


From (1) and (2), we have 
(43-H1) (V3 OC—1) = (¥3—1) OC 
> (3--у3-3--1) OC = (¥3+1) 
17323-12132 
4 4 
= ‘683 kifometre 
= 683 metres. 
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EXAMPLE 3. A telegraph posi stands on the top of a vertical 
tower, the elevation of the top of post from а certain place on the 
same horizontal level with the base of the town is found to be a. 
Advancing a distance d towards the tower on the same horizontal 
plane, the elevation of the top of the electric post is found to be 8 
and that of the top of the tower is observed to be 8. If h is the height 
of the top of the post from the base of the tower and x is the height 
of the tower, prove that 

h tan à—x tan 8 
and h (cot «—cot, B) = d. 


Solution. АС = А 
АВ = x [^ 
s 2АС: h Ч 
Now tan 8=7р АБ 
AD — X 
and tan i-r» AP B 
h x A д | 
Sa; Тап В tan ô : p P В А 
=> htan =x tan В Fig. 20.5 
«504. dL AP 
Also, cot «= ЯС р 
Therefore, cot a—cot ВЕЕР 4. 
> h (cot x—cot В)--4 


EXAMPLE 4. From the deck of a ship, the angle of elevation 
of the top of a tower on the shore is observed to be 30? and the angle 
of depression of the reflection of the top in water to be 45°. If the 
height of the deck above the water level is 15 metres find the height 
of the tower. 5 

Solution. Let О Бе the observer, 15 metres D 
above the water. BD=height of the tower. 

Let CD=x 


Let E be the reflection of the top of the tower. 


Now tan 30°=— 


c 
oc 5 N | S 
Again, BE=BD=15+x A в 


Therefore, OC=CE cot 45°=CE 


> OC=BC+BE=30+x 
ep Xu 
> tan 30° = 304% E 


1 х 
уЗ 3x 
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> 30+x=V3 х--(1:732) х 
= 30--(732) x 

30 30000 ,. 
= Gale UEP ло 095 


Thus, height of the tower 
=15-х=55'98 metres. 


EXAMPLE 5. The altitude of the top of a mountain observed 
from each of three points A, В, C forming a triangle ABC on the 
plane is х. Show that its height is a/2 tan « cosec A where / BAC—A 
and BC=a. 

Solution. Let MO be the mountain of height A. 

|MAO=|MBO=|MCO=a 


Now tan И to AE == 


=> AO=BO=CO=R (say) 
=> О is the centre of the circumscribed 
circle of the AABC 
Again |BAC=A > |ВОС--2А 
Therefore in AOBC, B C 
OB*--0C?—2 ОВ. OC cos 24— Bc? 
=> a?=R?+ R*—2R! cos 24 Fig. 20.7 
—2R? (1—cos 24) —4 R? sin? А 
=> a=2Rsin А 


a 
Now A=R tan a= > cosec A tan а 


EXAMPLE 6. The elevation of а hill from a place P on the 
horizontal plane through its foot and due East of itis 45? and at a 
place О due South of P. the elevation is 30°. If PO=200 metres, 
Jind the height of the hill (given /2=1 4142). 


Solution. Let AB be the hill of height x. 


B 
Now APB is isosceles triangle in which 
PA=PB=x 
(as |APB=|PBA=45°) 
Also, AQ*— PQ'-- AP? 
7: (200) --x? 4 
5 AB "n DEIN qM P Nor A 
Now tan 30° = ADS 4/400003-x2 d 
= V3x ='4/40000 Ex? 9 ; 
= 3x2 = 40000 +x? Fig-20.8 


> 2x? = 40000 = х2--20000 
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2. 


4. 


5. 


6. 


10. 
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=> x-10042 
= х=100х 1°4142 | 
> х=141'42 metres. 


EXERCISES 


The top of a pole across a canal 40 ft wide is tide to a rope 80 ft long 
to a point on the other bank opposite the foot of the pole. Find the angle 
made by the rope with the pole and the ground. 


From the top of a tower 100 ft high the angles of depression of the top 
and the bottom of a mansion, standing on the other side of the road are 
30° and 60° respectively. What is the width of the road and the height of 
the mansion? : 


A flower bed is to be laid in the form of a right angled triangle of which 
оде оѓ Qus other two angles is 30° and hypotenuse is 20 cm. Find the 
other sides. 


From the top of a light house, the angles of depression of two ships are 
found to be 45° and 60°. If the line joining the ships passes through foot 
of the light house and if the height of light house is 200 ft, find the 
distance between the ships. 


A tower subtends an angle х at a point A on the same level as the foot of 
the tower. B is a point vertically above A and AB=h ft. The angle of 
depression of the foot of the tower, measured from B is В. Find the height 
о! е tower. 


From a light house, the angles of depression of two ships on opposite 
sides of a light house be-300 metres, find the distance between the ships 
if the line joining them passes through the foot of the light house. 


A man observes that the angle of elevation of the top of a Gopuram of a 
temple due east of him is 60°. After he walked 240 metres towards the 
north he observed that the angle of elevation has been reduced to. 30*. If 
the Gopuram is standing on a horizontal plane, find its height. 


AB is a straight rod leading to P, the foot of the tower. A being at a 
distance of 512 metres from P, and B 320 metres nearer. If the angle of 
elevation of tower at B be the double of the angle of elevation at 4, find 
the height of the tower. j 


An object is observed from- three points А, B, C lying in a horizontal 
line which passes directly underneath the object; the angular elevation 
at B is twice that at 4 and at C is three times that at А. If AB =a, ВС=Ь 
and А,В, C are all on one side of the foot of perpendicular dropped from 
the object to the line 4B produced, show that the object is at a height 


me МУ (84-35) (35—a) above AB. 
At the foot of a mountain the elevation of its summit is 45°. After 


ascending one mile towards the mountain up an incline of 30*, the eleva- 
tion changes to 60°. Find the height of mountain to its nearest foot. 
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30° 

10 cm, 17°32 cm 
tan = 

В tan B 

144°96 metres 
7213 ft. 


Sx y ьн 


ANSWERS 


2. 5773 ft, 56°67 ft. 


4. 84°53 ft 


6. 
8. 


219 metres 
256 metres 
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13) CHAPTER 21 


Co-ordinates and Loci 


24.1. Coordinate Geometry or Analytical Geometry is that branch 
of Mathematics in which we make use of algebra (0 solve the geo- 
metrical problems. This is made possible by the use of a co-ordinate 
system which represents points in a plane by means of a pair of 
real numbers called co-ordinates. This representation is based on 
the assumption that there exists a one-to-one correspondence 
between; the real numbers and points on a line. 


€ 
21.2. Cartesian Co-ordinate System 


Let Х'ОХ and Y'OY be two perpendicular lines in the plane of 
the paper intersecting at O. Let P Y 
beany point in the plane of the 
paper and let PM be perpendi- 
cular оп OX. The lengths OM 
and PM are called the rectangular 
cartesian co ordinates, or briefly, the 
coordinates of P and are usually 
denoted by the letters x and y res- 
pectively. The line Y'OX is called 
the x-axis and the line YOY” is called 
the y-axis Тһе point О is called the 
origin. The two axes divide the 
plane, called the co-ordinate plane,» š 
into four quadrants XOY, YOX', X'OY' and Y'OX which are 
Tespectively referred to as the first, second, third and fourth 
quadrants. 5 


The length OM is called abscissa or the x-co-ordinate of the 
point P, and MP is cailed the ordinate or the y co-ordinate of P. 
This is expressed, in the notational form, by writing P (x, y), which 
indicates that the point P has abscissa x and ordinate y. 


In Analytical Geometry (Co-ordinate Geometry) we have the 


Fig, 21.1 
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same rule as regards the signs that the reader has already met with 
in Trigonometry, Thus lengths measured along OX are regarded as 
positive whilst those measured along 
OX’ are taken as negative. Similarly 
distances measured along OY are posi- 
tive and those along OY’ are negative. 
Suppose Q is any point in the second 
quadrant X‘O¥.. Drop QKiLOX’. 
If numerical values of OK and OK be 
а and b respectively the co-ordinates 
of О are (—a, b) as the distance 
measured along OX" is negative. 


v 


Fig. 212 In general we find that in first 
2 quadrant, both abscissa and ordinate 
аге --уе, in second quadrant abscissa is —ve, ordinate is +-уе, in 
third quadrant both abscissa and ordinate are — ve, and in the 
fourth quadrant abscissa is +-ve whereas the ordinate is — ve. 
Clearly, the co-ordinates of the origin are (0, 0). 
(Note. Throughout our study of Co-ordinate Geometry we shall 
be dealing with lines and curves in a plane only (i.e. we shall be 
dealing with only two dimensional! problems)]. 


21.3. Distance between Two Points 
To find the distance between two points whose co-ordinates are givens 
Let P (ху. уу) and О (xa, у„) be 
the two given points. Draw per- М 
репдісшагѕ PM and ОМ on the 
x-axis, Also draw PK LON. ; 
Then x1-- OM, y,—PM, 
%2=ON yo=ON 
From the right angled triangle 
РКО, we have 
PQ?— PK*-QK? 
ог PQ*—-MN?--(QN—KN)? 
—-(0N—OMY--(QN—PM) Fig. 21-3 
=(X2—%1)? + (¥2—))? 
Giving the required distance between P and Q by 
РО=\/(хә—ху)*+Е(у»—у1)* | 
Note. (1) Positive sign is taken with the square гоо! sign, as the distanze 
between two points is by definition positive. ) 
(ii) If the points Р and Q are in different quadrants, the result still 
holds, provided proper sign is taken with the co-ordinates. 


Corollary. Distance of any point P (x4, ул) from the origi is 
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21.4. Section Formulas 

To find the co-ordinates of tne point which divides the joins of two 
given points (ху, уз) and (xz, уз) in the ratio ті: т». 

Case I. Internal division. Let P and О be the two -given points 
with co-ordinates (ху, у) and (хз, 78) respectively and let R (x. у) 
be the points which divides the join of P, О in the ratio m : m2 
internally. Draw perpendiculars PL, RM, ОМ on the x axis and 
ихе RT parallel to x-axis meeting ON in T and LP produced in K. 


Then from similar triangles 
KPR and ТОК, we have 
KR PR m [0] 
ROERO tg Ut 
Now j 
KR=LM=0M—0OL=x—X; 
‘RT=MN=ON—OM=x,—x 
Thus (i) gives 


x—Xi mh 


хх m, 
29 LA ту Xe nex, 
n mg 
E asso PRO Re ҮН 

Similarly by con:ide ing, — > ==> = —L 

TORO” mc 
we get yo Оа туа. 

mcm 


Hence the co-ordinates of R are 


(motak m, yo +m2y1 ) 
mjtmo 7 mtm 


Corollary. If Ris the middle point of PQ, we have 


х— Хех 
“р 
y= у? 


Thus the co-ordinates of the middle point of the line joining the 
points (x1, Уу) and (xs, y2) are 
( Хурх: Jitye 
2 А2 * 
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Case 1I. External division. Let now R divide PQ, externally, in 
the ratio тү: тә. Drop perpendi- 
К : culars PL, QN, RM on the x-axis 
and complete the figure as shown. 
From the similar triangles KPR 
and TQR, we have 
KR PR m 
TR QR m, 
where КА= LM —OM —OL=x—x, 
TR=NM=OM—ON=x—xg. 
X—xj mı 


X—Xa т 


Fig. 21.5 giving 


This implies ess н: 
тута 
Similarly, we get 
тузт. 
түт — 

giving the required co-ordinates of the point К. 

Remark. 1. The co-ordinates for external division are obtained 
from those for internal division by changing ms to — ть: 

REMARK 2. In external division if К lies towards P i.e, on ОР 
produced, we shall get the co-ord nates of А by putting —т for m, 
in the formula for internal division. 

EXAMPLE 1. Find the distance between the points (4, —7) and 
(—1, 5). 

Using the distance formula, the required distance between the 
two given points will be 

Va=E DE HED-SP, i yat- 
= v 169—13. 

EXAMPLE 2. Find the point which divides the join of (2, 1) and 
(3, 5) externally in the ratio 2 : 3, tke point lying towards the point 
(3, 5). 

Let R (x, y) be the required point, then we have 

m=2, m,=3 
Using the formula for external division, we have 
х= негтз е 2.3—3.2 =0 


y 


m;—m, 2-3 
MY MY, 2.53.1 _ 10—3 MY E 
PEU apt mp aes -1 


So R is the point (0, —7). 
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EXAMPLE 3. Show цөмийн medians of a triangle are con- 
current. Жл Е ; 

Let the co-ordinates of thé-Vertices.4, B, C of a triangle be (x1, 
Ул), (Хә, уз) and (хз уз). If Dis the middle point of BC then D has 


, co-ordinates (35, Ag) 


Let G be the point which divides AD, internally in the ratio 2 : ], 
then if (x, y) are the co-ordinates of G, we have 
Xerx. 
2 


2x Tixx, 


itx xs 
2+1 DORT ee а 


Similarly у= 2а, 


х= 


Now if Е and F are middle points of AC and AB, then by the 
Same process, we can show that the above are the co-ordinates of 
the points that divide BE and CF in the ratio 2:1 (which is also 
seen to be true by symmetry). 


Hence the point ( mix à Эа ) lies on each of 
the lines AD, BE and CF and therefore, these three lines meet in a 
point, This point is called the centroid of the triangle. 


EXAMPLE 4. Show that the- points (6, 6), (2, 3), (4, 7)-are the 
vertices of a right angled triangle. 
(C.A., May, 1976) 


Solution. Let 4 (6, 6), В (2, 3), € (4, 7) be the three points. 
Then: AB= V (6—2)*1(6—3)2— V/1649—5 
BC— V Q—4Y-t G= = v 4316- v 20 
CA= уе тва уа 5 
Hence 25— 4B2=20-+5=— BC? СА: 
= ABC is a right triangle, right angled at C. 


EXAMPLE 5. Show that the points (2, б), (5, 1,) (0, —2) and 
(—3, 3) are the vertices of a square. (C.4:, May, 1977) 


Solution. Let the four given points be A (2, 6), B (5, 1). 
С (0, —2) D(—3, 3) 


Then АВ= ү (2—5)? F (6—1)2:-4/33:E52— 4/34 
ВС= + (5—0)?-E(1--2)2— у 5®--3#=А/34 
CD— y (0--38-4(-2-43)-ү 3#-Е5#= V 34 
DA=\ (-3—2) + (3-62 = REP — 4/34 

= AB=BC=CD=DA. 

Again 4C?—(2—0)* 4-(6--2):24 --64 268 
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Thus 4C?—344-34—4B2 4. BC? 
= ABC is a right triangle, right angled at В. 
Hence ABCD is a square, 


21.5. Area of a Triangle 

To find the area of a triangle, co-ordinates of the vertices being 
given. } 

Let ABC be the given triangle, the vertices 4, B, C having co- 
ordinates Oy, (х: 22) and 
(хз. Jak. ^ Draw perpendiculars 
AL, BM, CN on the x-axis, И 
"А denotes the ared of the triangle 
ABC, we have 
A=trapezium ALNC +trap. 

CNMB—trap. ALMB 

Since the area of a trapezium is 
given by Fig. 21.6 

2 (sum of parallel sides) x (distance between them) 

The required area js 

=11№ (LA+NC) +. INM (NC--MB)—1LM (LA 4- M B) 

aU 2308731) (5 FJ) S —2x (y, 4-y3)- 2 (Xa =x) (Dirk y.) 

which on simplification reduces to 
ЕЯ (О»- -Уз)- х, (Ja Ji) xg Q1-— 52) 
This result can also be expressed in the determinant form 


ӘЧ 
та ха) 1 
а! 
REMARK, Ц may be noted that the above expression for the area 
ofa triangle is positive if the order of the angular points such that 
in going round the triangle, the area {5 always on the left hand, i.e., 


Otherwise the area is found to be negative. The sign may, however, 
be disregarded whenever numerical value of the area is required, 


Corollary. The Points 4, В, С are collinear, if and only if the 
area of the triangle АВС is zero. Thus a necessary and sufficient 
Condition for three Points (xy, 5), (х, у.) and (хз, уз) to be 
collinear is that 

X1 (02—08) х. (узул) -33 01—23)=0. 

EXAMPLE 6 Find the area of the triangle whose vertices are 
(at, 201), i=], 2, 3. Also show that these points can never be 
collinear. 
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The required area of the triangle is given by 

3[ats? (2at,—22t;)--ats? (2ats —2at;) --ats* (3at; —2at;)] 

=a? [t? (0—18) tz (t3— t1) + t9? (£1—12] 
=—а (11-12) (6—18) (43—11) 

Now the three points will be collinear if the area of the triangle 
determined by them iszero. But area can be zero if either 13:41, 
or f,—1s ог 13-54, Le, only if at least two of the three points 
coincide. Thus if all the three points are distinct, the area cannot 
be zero and so the points can never be collinear. (Note a cannot 
be zero) 

EXAMPLE 7. Show that the three points (1. 4), (3, —2) and 
(—3, 16) are collinear. 

The three points will be collinear if the area of the triangle form- 
ed by these three is zero. 

Area is given by 

31 (—2—16)--3 (16—4) -3(44-2)] 
=} [—18+36—18]=0 

Hence the three points are collinear. 

EXAMPLE 8. Jf (ху, ¥1):B (Xa 3), С (хз, Уз) and D (xa, 4) 
are the vertices of a quadrilateral, taken in order ; find its area. 

Join AC, then the required area of the quadrilateral is given by 

AABC+AACD 
Thus the required area is 
3 pa 09—28) +42 (Уз) хз 0—23)] 
+3 Da (в 4) хз Оа) + ха 01—73)] 
$ [хуу хәл) + (хәуз x3Y:) -- (x84 хаа) + (хау —х14)] 


EXERCISES 


1. Find the distance between the points. 
Фф (1,2), (—1, —2) 
(ii) (2, 0, 6,4) 
(iii) (—1, 0) 0, 3). 
2. 1а пузе is the linc joining the points (4, 4) апа (7, 7) divided by 
3. Find the point that divides the join of (1, 2), (3, 4) in the ratio 2 : 5. 
4. Show that the points (8, —10), (7, —3) and (0, —4) are the vertices of a 
right triangle. (С.А. May, 1975) 
5. Show that the points (1, 1), (—1, —1) and (—У3, V3) are the angular 
points of an equilateral triangle. 
6. The middle point of a line is (2, 3) and one end of the line is (3, 4). What 
are the co-ordinates of the other end? 
7. 10 What ratio is the line joining the points (1, 2) and (4, 5) divided by the 
x-axis? 
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9i 


10. 


11. 


12. 


14. 


15. 
16. 


17. 


18. 


19. 
20. 


21. 


22. 


23: 


24. 


Find the centroid of the triangle whose vertices are the points 
(3, —5), (—7, 4) and (10, —2). 
If A, B, C are any three points on the x-axis, show that 
AB+BC+CA=0. 
Show that the following points are collinear 
@ (3, —2, (71, 1), (-5, 4) 
(ii) (2, —1), (5, 3) (74, -9) 
(iii) (5, 1), (1, —D, (3, 0). 
Are the following points collinear? 
@). (1,3), (32 = Pit= 2,9) 
(ii) (—1, 0), (3, 0), (4, 2) 
(19 (1, 1), (-1, —1), (- V3, УЗ). 
Show that the points (3, 3), (0, - 1), (—2, 3) are the vertices of an isos- 
celes triangle. 
From two perpendicular roads X and Y, a building Ais at a distance of 
100 yards and 150 yards respectively, a building B is at a distance of 150 
yards and 100 yards respectively and a building C is at a distance of 200 
yards and 175 yards respectively. Find the distance between A and B 
and examine if all the buildings are in a straight line or not. 
Find the area of the triangle, the co-ordinates of whose vertices are 
(i) (1,1), (0, 0), (—1, 2) 
(1) (1, 3), (1, 2, (71, 1). 
Show that the points (2, —2), (8, 4), (5, 7) and (—1, 1) are the vertices 
of a triangle. 
If A Qa, y), B (x2, уг) and C (хз, уз) be the co-ordinates of the vertices 
of a triangle, find the co-ordinates of its in-centre. 
Find the area of the triangle, the co-ordinates of whose vertices are 
(a, с+а), (а, c) and (—a, c—a). 
In any triangle ABC prove that 
АВАС? =2 (AD*+ DC?) 
Where D is the middle point of ВС. , 
[Hint. Take origin at B and select BC as x-axis] 
Show that the area of a triangle is four times the area of the triangle 
formed by joining the middle points of its sides. 
Find the co-ordinates of the in-centre of the triangle whose vertices are 
the points (1, —2), (—2, 4) and (3, —6). 
Show that the distance between the points which divide the join of (4, 3) 
and (5, 7) internally and externally in the ratio 2:3 is шм 


Find the area of the quadrilateral whose angular points taken in order аге 
(3, 2), (—3, 4), (—2; —3) and (2, —2). 

The vertices of a triangle ABC are A (3, 0), B (0, 6) and C (6, 9). A line 

DE divides АВ and АС in the ratio 1 : 2 meeting АВ in D and AC at E. 

Prove that AABC=9A ADE. 

Find the area of the pentagon, the co-ordinates of whose vertices are 

(—5, —2), (—2, 5), (2, 7), (5, 1) and (2, —4). 
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25. Show that the points (4, 3), (7, —1) and (9, 3) are the vertices of an 


isosceles triangle, (C.A., November, 1976) 
ANSWERS 
| @ v20 (i) УТО (iii) МТО. 712.--5:6. 
3. (9. M) 6. (1,2. 
7:2:—5 8. (2-1. 


11. (i) Yes (ii) No (iii) No 13. V 5000, No 
14, 0 3 (01. 

16 ( axitbxetexs | ay bye cya 
й atbte at+bte 
17. at. 20. (1, —2). 
22. Аў 24. 66. 


) where АВ-с, BC - a, CA - b. 


LOCUS AND ITS EQUATION 


21 6. Definition 


When a point moves under a certain condition, or conditions, the 
path it traces out is called its Locus under these conditions. 

Consider, for example, a point P which moves in such a way that 
its distance from a fixed point O remains always the same, say equal 
toa. Then we know that it traces out a circle of radius a, Thus 
the locus of P is a circle of radius a. 


Again, let 4 and B be two fixed points in the plane of the paper. 
Let a point P move in the plane of the paper such that its distance 
remains same from both A and B. Then clearly this point Р lies 
on the right bisector of AB. Also there is no other point, which 
is equidistant from A and B and which does not lie on the right 
bisector of AB. So locus of P is nothing but the right bisector 
of AB. 

When a point moves so as to satisfy any given condition огтсопіі- 
tions it describes some definite curve, (or locus.) and a relation can 
always be found between the co-ordinates of апу, point on the path. 
This relation is called the equation of the curve or the locus. Thus 
theequation to a curve is the relation which exists between the 
co-ordinates of any point on the curve, and which holds for no 
other points except those lying on the curve. 

In the definition of locus we have considered a point which 
can occupy different positions. Sometimes the various positions are 
regarded as different points and the locus is the join of all such 
points, Consider, for example, that-we are given a. set of parallel 
lines under certain condition (say a set of parallel chords of a 
circle). We wish to find the locus of middle points of these chords. 


CO-ORDINATES AND LOCI 451 
Then the required locus will be nothing but the join of all the 
middle points of all such chords. 

We consider below a few “examples on the formation of the 
equation to a locus, 

EXAMPLE 9. Find the locus of a point which is equidistant from 
the points (1, 2) and (3, 5). 

Let P (x, y) be any point on the locus. It is given that the dis- 

tance of P from А (1, 2) and В (3, 5) is always same, i.e., PA=PB 


Now РА= ү(х—1)2+(7—2) 
РВ--ү(х-3)2-4(7--5) 

Thus PA=PB = (x—1)?+(1—2)?=(x—3)24+(y—5)? 

or 4x 4-6y =29 
which is the required locus. 

EXAMPLE 10. Find the equation to the locus of a point which 
moves so that its distance from the x-axis is three times its dis- 
tance from the axis of y. 

Let P (x, у) be any point on the locus, then its distance from the 
x-axis is y and its distance from the y-axis is x, so by the given 
condition y —3x which is the required locus. 

In working out problems, the co-ordinate axes, if not specified, 
should always be chosen such that lengthy calculations are avoided. 
For instance, consider. 

EXAMPLE 11. Find the locus of a point which moves so that the 
sum of the squares of its distances from two fixed points is cons- 
tant. 

Let А and В be the two fixed points. Take the line joining A, B 
astheaxis of x and the line 
through middle point of AB Н 
and perpendicular (о it as у- 
axis. Let O be the middle 
point of AB. 

Also let OA=OB=a 

Then co ordinates of A and 
B are respectively 

(—a, 0) and (a, 0) 
Let P (x, y) be any point on 


the locus. Then it is given that Fig. 21.7 
PA2+ РВ? —constant =2k? (say) 
Since PA'—(x +a)? + 


PB*=(x—a)?+y? 
ме һауе (x--a)?4-)? --(x—a)?-- y? —2k? 
or у а? 
which is the required locus. 


452 BUSINESS MATHEMATICS 
EXERCISES 


1, Find the equation tc the locus of a point which is always equidistant from 
the points (a+b, a—5) and (a—b, a+b). 
2. Let A and B be two fixed points having co-ordinates (a,0) and (—a, 0). 
Find iocus of a point P which moves in such a way that 
PA*—PB*=a constant—24?, 
A stick of length / rests against the floor and a wall of aroom. If the stick 
begins to slide on the floor, find ihe locus of its middle point. 


= 


4. A point moves so that its distance from the points (ae, 0) and (—ae, 0) is 
2a : prove that its locus is 
x: у? 


itae rt 


5. If the join of points (2, 3) and (—1, 5) subtends a right angle at the point 
P, find the locus of P. 
ANSWERS 
Uds y= x. 2. 2ux+k? = 0. 


3. A(x8+y2)=13. 5. x1 1—x—8y4-13—0. 


CHAPTER 22 


The Straight Line 


221. Equation of a Straight Line 

We shall start by finding the equation of a straight lino in different 
forms. The equation of a straight line, we know, is the relation 
between x and y which is satisfied by the co-ordinates of each 
and every point on the line and by those of no other point. 


Remark. Henceforth we shall be using the word line in place of 
straight line in accordance with the modern terminology. 


22.2. Equation of Line Parallel to the Axes 


Let AB be a line parallel to the axis of y, at a distance a from it. 
Aiso let AB be on the right of y- 
axis. Then abscissa of any point 
onthe line AB will be a, and so 
x=a for all points on the line AB 
and for no other point. 

Hence equation of the line AB 
is x=a. If the line was on the 
left of y-axis, its equation would 
have been x= —a. 

Similarly, the equation of a line 
parallel to the axis of x (at a dis- 
tance bì is у= (if the line is above Fig. 22,1 
the x-axis) and y= —В (if it is below the x-axis). 


It may be noted here that the equation of a curve does not 
necessarily contain both x and y. 


Corollary. The equation to the x-axis is y=0. 
The equation to the y-axis is х=0, 
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22.3. Slope of a Line 


When we say that a line makes an angle 0 with the x-axis, it 
means that 0 is the angle through which a ray coincident with 
the positive direction of the x-axis is to revolve in the anti-clockwise 
direction to coincide with the line. So this angle 0 is a +-ve angle 
lying between 0° and 180°. 


Let, now a line 4B make an angle 6 with the axis of x (in the 
sense explained above) then tan @ is defined to be the slope (or 
gradient) of the line. So summing up, we can say that 


The slope of a line is the tangent of the angle which the part 
of the line above the x-axis makes with the ---ve direction of the 
x-axis, 


Fig. 222 Fig. 223 


The slope, tan 0, is denoted by the letter m, 


If the line makes an acute angle with the x-axis its slope is 4 ve 
and if it makes an obtuse angle, its slope will be —ve. 


Clearly, if.a line is parallel to the X-axis, 0—0. .." m—0, while 
if a line is perpendicular to x-axis, Ит=0. 


22.4. Intercepts 


Let a line AB cut the co-ordi- 
nate axes in points 4 and B 
(on x and y axis Tespec- 
tively). Then 04 is defined 
to be the intercept of the line 
on x-axis and OB is the 
intercept of the line 'on y- 
axis. 
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22.5. Equation of a Line in the Slope Form 


To find the equation of a line which cuts off a given intercept on 
the y-axis and is inclined at a given angle to the x axis. 


Let AB be the line meeting 
the y-axis at К. Let OK=c, 
be the given intercept on 
the y-axis, and let the line 
make an angle 0 with the 
x-axis. Take any point 
P (x. y) on the line. Draw 
PN perpendicular to X-axis 
to meet a line through К 
parallel to x-axis, in M. Then 
PN=PM+MN 
—KM tan 0+0K 
=x tan 6c 
Since PN —y, tan 9=m=slope 
ofthe line 4B, we have the 
required equation of the line as 
ЭНХ +e, 


[Мотк. In the equation y=mx+¢, c js +ve if the point К lies 
above the x-axis, and —уе otherwise.] 


By giving suitable values 10 тапіс we сап make «ће equation 
y-mx--c represent any line except those which are parallel to 


the y-axis, 


Cor. Equation of a line passing through the origin and making 
an angle 0 with the x-axis is 


y=mx, | where m=tan 0 


22.6. Equation of a Line in the Intercept Form 


To find the equation of a line which cuts off given intercepts from 
the axes. 


Let the line 4B make intercepts 
OA=a, ОВ=Ь on the axes. 


Take P (x, y) any point on the 
line. Draw PN perpendicular on 
x-axis. Then from similar triangles 
PNA and BOA, we have 


NP NA 
OB. OA 
_ OA+ON 
HEATH 


Fig. 22,6 
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a—x 
a 


Ээ! pees х 
Le. T -1 a 


d PR ‚=! (intercept form) 


is the required equation of the line AB. 


ReMARK. (i) The above equation of the line may also be 
written in the form 


1х+ту=1 


where / and т are the reciprocals of the intercepts on the axis. 

(ii) In the above form of the equation, we have taken both the 
intercepts to be +ve. The result would however be true for all 
positions of the line, provided the proper sign is taken with the 
intercepts. For instance, a line which makes intercepts 2 and —4 
on the x and y axis respectively will have the equation 


x у 


Ti daa Wl 
In this case it cuts the x-axis оп the --ve side and the y-axis on 
the —ve side at distances 2 and 4 respectively. 


EXAMPLE 1. Find the slope of the line Passing through two 
given points (х1, уз) and (xs, уз), where х.э хү 


Letthe two given points on the 
line be (xj ул) and B(x», уз). 
Draw perpendiculars 4M and BL on 
the x-axis. Draw AN parallel to x- 
axis. Ifthe line AB makes an angle 
ee the x-axis, its slope m is given 

y 


Г BN 
m=tan Oey: (from the rt. 
angled ^ ANB), 
LQBL-NL  y—93 — Je—A 
Fig. 22.7 ML  OL—OM х»—х\ 


which is the required slope of the line. 


Notes. І. The above should be remembered as a formula. 
2. When х= xs, the line is perpendicular to x-axis. 


EXAMPLE 2. Show that aline which is equally inclined to the 
axes has slope +1 or'— 1. 


There are two possible positions of a line AB which is equally 
inclined to the axes. Equally inclined means. / ОВА / ОАВ and 
each is 45° as Л АОВ is a right triangle. 
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In Fig. (i) 
m=tan XAB=tan 135^— — 1. 


In Fig. (ii) 


m=tan X AB —1an 457--1, 


Fig. 22.8 


Thus the slope can either be 1 ог`—1. 


EXAMPLE 3. Prove that the equation to a line which passes 
through the given point (xi, уу) and is such that the given point 


„К 
bisects the part intercepted between the axis, is 2 Ян ЁЗ ==2, 


Let АВ be the required line passing 
through Р (x1. y1). Let the line cut off 
intercepts a and b from the axis. Then 
OA=a, OB—b. 

So the co-ordinates of the points A 
and В are (а, 0) and.(0, b) 

Since it is given that the point (x1, Y1) 
bisects the portion intercepted between 
the axes, we have 


a+0 0+5 
ro E ag wr vs 
or a—2x1, Ь=2у\. 


Hence equation of АВ (їп the intercept form) is + 


Eee ME 
a 
or ENS 
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EXAMPLE 4. Find the intercepts that the line 3x—2y—6=0 
makes on the axes. What is slope of this line? 
Solution. Equation of the given line is 


3x—2y— 6-0 
or 3х—2у=6 » 

Bi у 
or Ago 

Sd В АВИА: 
BE 27-37) 


which is the intercept form. Hence, the intercepts made on the axes 
are 2 and —3. 

To find slope of this line, we write the equation of the line in the 
form y-mx-cc. — 

This line has equation 

3х—2у—6=0 

ог 2у=3х—6 

ог ) 

i.e., the slope is } 


EXERCISES 


1, Find the slope of the line joining the points 
(i) (0, 0), (1, 2) 
(ii) (=1, 3), (2, 5) ї 
(iii) (72, 71, 0,3) ў i 
[Hint, Use résult of example 1 as formula] 
Find the equation of the line making intercepts 1, —1 on the x and y-axis 
respectively. | І 
3. Find the equation of the line passing through the point (0, 2) and making 
an angle of 45° with the x-axis. 
4; Find the slope of the line 4/3 y- x—24/3. 
5. Find the equation of a line, which makes an intercept of 5 оп x-axis and 
Топ y-axis. Find tne angle it makes with y-axis. 


6. Prove that the line which makes an angle tan“! 5 with the axis of x, and 
FAN cuts the axis of y in the point (0, —5), passes. through the point 
,0). 


7. Find the equation оба line which passes through the point (—5, 4) and is 
such Чанг portion of it between the axes is divided by the point in the 
ratio 1:2. 


> 


8, Find slope of the line passing through the point (—1, 2) and the origin. 


9. Find the intercepts that the line 3x—4y+12=0 makes on the axes, What 
is slope of this line? 

10. Find'the intercepts that the line x—2y—2 makes оп the axes. Find also 
the slope of the line. 
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ANSWERS 
i - 142 4 
$0)? Gi) 3 (9) n 2. XT Yl 
1 
3. y=x+2 FS 
у=х+2. 4 V3 ( 
x y 5 Ч 
5. 5 tai: tan d 7. 5х— Зу==60. 
3 
87-32 4,3: 57+ 
9. 40,3 4 
1 
10:22:21 о 


22.7. Line Through Given Points ү 
To find the equation of a line passing through a given point (x1, Ул) 
and having slope m. 


Let AB Белїїс ще passing through 
the given рой (хү, J1) and having 
slope m=tan 6, 

Let P (x, y): be. any point on the 


line and complete the figure as shown, 
then 


m-tan d= РУ PM ÑM 
RRT Sy Don EM 
о АРМ ММ! 
7.0M—OL 


Fig. 22 10 
or m=: 


or у—уу=т(х<=ху) 
This is the required equation of the line. 


228. To Find the Equation of the Line Passing Through Two 
Given Points (xi, yi) and (х,, у.). 
Since the line passes through the points (хи, n) and б ә), its 
slope m is given by 
mE \ (See example 1) 
q^ 
Hence by above article, we have the required equation of the 


line as y-y- cc (x—x1) GC 


[Note. If хг= ху, the expression 5 БЭЛ becomes meaning'ess but in this 


case the line is parallel to the y-axis and its equation will be a= x) 
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22.9, Perpendicular Form i 

To find the equation of a line when the length of the perpendicular 
on it from the origin and the inclination of this perpendicular to the 
X-axis are given. 

Let OK=p, be the perpendi- 
cular from the origin on the 
line AB and let it make an 
? .glea with the x-axis. Take 
P (x, у) any point on the line 
AB. Drop PM LOX 

Then ZMAP=90°~—« 
and ZMPA=a, 

Again OK = OA cos a, 

(from AOKA) 


Fig. 22.11 


= (OM 4- M A)cos « 
= (x+PM tan x) cos a (from A PMA) 
= X COS «+y tan a.cos х 
= X соз «у sin x. 
Hence the required equation of the line AB is 
X COS a-+y sin «=p. 
22.10. Linear Equation 
We observe that the. various forms of the equation ofa line 


obtained so far have all been linear, i.e., equations of first degree 
In x and y. This leads us to examine the validity of the result 

The equation ofaline is of first degree in x and y. 

Clearly, a |ine can either be parallel to the y-axis or meet it in 
Some point. In the first case the equation of the line is of the form 
*=4, and in the second case, the equation can be put in the form 


У==тх-Ес, (by giving suitable values to. m and c). Since both the 
forms are linear, the above result is a reality. 


A very natural question arising at this Stage would be “Is the 
converse true?" The answer to which is 


Every equation of the first degree in x and J represents a line. 


To prove this result, we consider the most general equation of 
first degree in x and >, namely 


ах--5у--с--0 nl) 
Case (1) b0. Solve equation (1) for y and write it as 


Now this is clearly of the form y=mx +c and thus (1) represents а 


i Ges 4 c 
line having slope — Ys and intercept on j-axis as PK 
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Case (11) b=0, In this case 2520, because if it were so, the equa- 
tion will reduce to c—0, which has no meaning. 
Dividing the equation (1) by a and transposing, we see that it 
c 


сап be written as x=—— 
a 


which is of the form x =a (i.e., in this case equation (1) represents a 
line parallel to y-axis) and hence the result is established. 

REMARKS. (i) From above we see that slope of the line 

ax+by+e=0 is given by —a/b 
coefficient of x 
coefficient of у” 

Provided, of course, that b, the coeff. of y is not zero. If b=0 the 
line is parallel to y-axis. 

(ii) Number of arbitrary constants in the equation of a line is at 
most 2. If a line is parallel to y-axis. its equation is of the form 
х=а, so it contains an arbitrary constant a. If the line is not parallel + 
to y-axis, its equation will be of the form »=mx-+c. So it contains 
at most two arbitrary constants m and c. 


i.e. slope= — 


2211. Comparison of Coefficients 
If the equations 


ax+by+c = 0 

ах+Бу+с = 0 
represent the same line, then PO э 
y apa 0567 


Writing the two equations in the form y=mx-+c, we have 


но a gate 
Mm np b 

a с 
Mm Зул СЕ: 


Since these two represent the same line, equating the slopes, 
we have 


M ERE ару de b 
b b As ub. 
again equating the intercepts on y-axis, we have 
t Cae "n Bic 
b b b. ud 
ас bee 
Hence GU Sb caa 


(In above, we have, of course, been assuming the coeffs. to be 
non-zero.) 
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EXAMPLE 5. In what ratio is the line joining (1,1) and (5, 7) 
divided by the line xk y —4—0. j^ 
Let the ratio be a: 1, thus the co-ordinates of the point^of division 


ae (es Au) 


atl acl 
Since this point lies on thé line x -y+4=0 
we have 
5а--1 (74-11. 123 Ч 
"ES P 1-9 giving a= PE 


Hence the required ratio is 1: ог 1:2. 


EXAMPLE 6. Show that the three points (1, 4), (3, —2) and 
(—3, 16) are collinear. 


Equation of the line passing through (1, 4) and (3,—2) is 


or 3x--Y—7--0. 
Since the third point (—3, 16) lies on this line, the result follows. 


EXAMPLE 7. Find the equation of a line which passes through 
the point (1, —2) and makes intercepts on the axes equal in mag- 
nitude and opposite in sign. 


Suppose the intercepis made by the line on the axes are a and зай) 
then equation of the ne will be 


SOS NE асаа (intercept form) 
а —a 
Here а is to be determined, by the use of the other given condi- 
tion. Since the line passes through (1, —2), we have 


bes «3 
So the required equation of the line is 
x ET 85 
agas ог x—y=3, 


EXAMPLE 8. 4s the number of units manufactured increases 
from 4.000 to 6,000, the total cost of production increases from 
Rs 22.000 to Rs 30.000. Find the relationship. between the cost (y) 
and the number of units (x), if the relationship is linear. 

Solution. It is given that 

when x = 4,000, Y == 22.000 

and when x = 6.000, y = 30,000 

Let us write (хул) = (4.000, 22.000) 

(Xs, уз) = (6,000, 30,000) 
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Now a linear relationship between x and y is given by 


Y,— 
EA (кх) 


х»—Х 
[The equation of the line through two points (x1, Уу), (xs, yy) 
i.e., the required relationship is 
.,30000 —22000 ,- 
y —22000= 6000-4000 (* 4000) 
or y —22000— 4(x —4000) 
or 4х—1-6000=0. 


EXERCISES 


1. Find the equation of the line joining the points 
(i) 0725 Cr) 
(ii) (a, b), (—a, —b) 
(iii) (3, —D, (—2, 0) 
Write their s'opes also. 


Es Find the equation of the line passing through the point ( —1, 3) with slop: 
3 


3. Prove that the line joining (3, 5) and (—2, 7) bisects the line joining (7, 2) 
and (9, 4). 


4. Find the cquations to the diagonals of the rectangle, the equations of 
whose sides are x —2, x=—!, y=6 and у= —2. 
5. In what ratio is thc line joining (1, 3) and (2, 7) divided by the line 
3x y-9. 


6. Find the equation of the line which passes through the point (1, 4) and 
makes equal intercepts on the axes. 


7. Find the equation of the line through (2, 5) and making equal intercepts 
of opposite sign on the axes. 


8. Find the equation of the line which cuts off an intercept of length a on 
the x-axis, and is inclined at an angle z to that axis. 


9. Show that the points with co-ordinates (2, —1), (5, 3) and (—4, —9) are 
collinear. 


10. Reduce x cos 27-7 sin z—7 to the slope form. What is slope of this line? 


11. A firm invested Rs 10 million in a new factory that has a net return of 
5,00,000 per year. An investment of Rs 20 million would yie!d net 
income of Rs 2 million per year. What is the linear relationship bet- 
жегп investment and annual income? What would be the annual return 
on an investment of Rs 15 million? 
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ANSWERS 


b же 
1, (0 x+y=3;—1 (ii) а (y—b)= =b{x—a) 5 — (10) x+5y—2=0; > 


2. x—3y -10—0 4. 8x—3y4-2=0 ; 8х--3у—10=0 

5. 3:4 6. х+у=5 

7. x—y43—0 8. y-(x—a) tan х 

10. —cot « 11. 3x—2y— 20,000,000; Rs 12,500,000 


22.12. Angle between Two Lines 

To find the angle between the two lines ym; х+сү and 
у=то Xs. 

Let thé two given lines АВ and CD make angles 0; and 0, with 
the x-axis. Let them meet in the point Е, 


We have m;-tan 91 
ma-tan бо. 
We wish to find the angle ВЕР--0, say 
Now 0= ZCEA=6,—02 
tan 0;—tan 0, 
thus tan 0—tan (0;—6,)= tan T-+tan бү tan 0; 
ES mi-—m» 
ртуть ` 
Hence the angle between the lines y —myx-- c; and y =m,x+e, 
i -1 Mı— Mm, 
is tan tae 


REMARK. If we wish to find the 
angle AED, then since 


tan AED=tan (z—0)——tan 0 
_ tan 6,—tan 6; 
7 I+tan 6; tan 9, 
_ Mmm 
y +mm," 
We get theangle AED to be 
1 "h-m 
l+mm, ` Fig, 22,12 
We may generalize the result by taking the angle as 
a mom, 
mm? 
though it is normally the acute angle that is considered. 


tan- 


tan 
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Corollary І. If the two lines are parallel, 0--0, 
thus ап 0=0 > т=т, 
and conversely if m=m, then @=0. 


Hence, we observe that two lines are parallel if and only if they 
have the same slope. 


Corollary. Af the two lines are perpendicular, 0 = С 
thus, с010-0 + 1 +тт.=0 = түт„== — | 
and conversely. 


Thus we conclude that two /ines are perpendicular if and only if 
the product of their slopes equals — |. 


EXAMPLE 9. Find the conditions under which the lines 
ax+by+e=0 «ade T) 
ах 4 b'y-d-c'—0 b, bz) + + (2) 
are (i) parallel (ii) perpendicular. 
The slopes of the lines (1) and (2) are 


m,=—a/b,m.=—a'/b’. 
Thus (1) and (2) are parallel if i 
or if ab' —a'b 
and they will be perpendicular if yt )- -1 


ог аа' 4- bb'—0. 
EXAMPLE 10. Find the angle between the lines 

X cos « у sin а-=р 

х cos B+y sin ф=4. 


Sincethe angle between the lines is same #5 the angle between 
their perpendiculars, it follows that the required angle is «~f. 


22.13. Lines Parallel to the Line ax+by+c=0 
Two lines are parallel if they have the same slope. Now slope of 


the given line ax -by4-c--0 is >. 


Another line having slope ae will be of the type 


Е, 
124 b hare 
or by=—ax+c'h 


or ах Eby--À««0 where A-=—be', a constant 
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So we have a line ax+by+A=0 which has the same slope as 
the given line ax+by+c=0 and therefore is parallel to it. Here 
Ais a constant and by giving different valucs to A, we will get 
different lines, all parallel, to the given line. In problems, value of 
Л is found by using the other given condition. 


r slopes is — 1. 
slope of a line 


2214. Lines Perpendicular to the Line ax+ Бу--с 


Two lines are perpendicular if the product о! thei 
Since slope of the given line is —a|b. Therefore, 
perpendicular to the given line is 


as 


Thus a line perpendicular to the given line is of the form 


b , 
у= 2 Jete . 
which can be written as - 


ay- bx 4A —0 
where A=—ac’ is a constant. to be found by the other given condi- 
tion. For different valı : of A, we get different lines perpendicular 
to the given line. 

We have a simple rule : To obtain the equation of a line per pendi- 
cular to another line whose equation is given, interchange tke co- 
éflicients of x and y, change the sign oj one of them and suitably 
change the constant term. 

EXAMPLE 11. Find the equation of line passing through the point 
(1, 1) and parallel to the line 4x+4y+7=0. 

Any line parallei to 4x+4y+7=0 is 

4x-+4y+A=0. 
Since this is to pass through (1, 1), we have 


4.1--414-3--0 
ог A=--8 
thus the required line is 4x-+4y—8=0 
or x4 y--2--0. 


EXAMPLE 12. Find the equation of the line passing through the 
«tut (3. 1) and perpendicular to the line 2х- 7y -- 5—0. 
Any line perpendicular to 2x 1 7r--5 =0 is 
Тх--2у-|Х--0 
Since this i» to pass through (3, 1), we hav 
73—-2.1--V-0 
о Ax 49 
thus the required line is Тх--2у--19--0 
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EXAMPLE 13. The vertices of a triangle ABC are A (0, 0), В (1, 
5) and С (—2, 2). Find the equation of altitude through A. 


Solution. Equation of the side BC is 
2—5 


У--5-- 51 (х+2) 
ог х—у+7=0 
Any line perpendicular to this has equation 
x+¥+A=0 
It will pass through 4 (0, 0) if 
0--0--A—0 
Le., A=0 


Hence the required equation of the altitude through А is 
х+у=0 


22.15. Intersection of Two Lines 


To find the c. ordinates of the point of intersection of two lines. 
Let the two lines be 


ax by i c—0 earl). 
a’x+b'y+c'=0 хав!) 


Since the point of intersection lies on both the lines, its co-ordi- 
nates satisty both the equations (1) and (2). 


If (х1, уу) are the co-ordinates of the point of intersection, then 
we have 


ox, ЕБуул-с-0 
a'xk by, t c' —0. 
Solving these two equations, we get 


Jive a 1 
bc—cb — ca'-ac — ab—ab' 
bc'—cb' 
Giving та 
„6а ас 
Шэн” 257) 


as the required co-ordinates, 

Nore. И ab’—ba’=0, then the expressions for the co-ordinates Ga, ) 
RU. meaningless, for then the denominators become zero, but then in this 
case, we have ` 

ab'—ba' or ————— 


i.e., slopes of the two lines (1) and (2) are equal and thus the lines are parallel 
and do not, therefore, intersect.] 
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22.16. Lines Through the Intersection of Two Given Lines 
To find the general equation of the lines passing through the point 
of intersection of two given lines. 
Let the two given intersecting lines be 
ax+by+c=0 
а'х+Ьу+с'=0 
and let them meet at the point (х1, у). Since this point lies on both 
(1) and (2), we have ` 
ax, +b), +c=0 | (3) 
a'xy-F b'y34- c —0 
Consider now the equation 
(ах by c) --^ (a'x+b'y+c')=0 2444) 
where A is an arbitrary constant. 


As cquation (4) is linear, it represents a line. Again in view of 
conditions (3), it is clear that the point (Ху, уу) lies on (4), whatever 
^ may be. Consequently (4) represents a line passing through the 
point of intersection of (1) and (2), whatever value ^ may takc. 
By giving different values to A, we can write down equations of 


different lines passing through (Хү, уз). 
1f, in short, we write equations (1) and (2) as 
P= ах--у-с =0 
P'=a'x + b'y+c'=0 
then equation of any line passing through tie point of intersection 
of the lines P=0 and P'—0 is given by P+A P'—0, where A is an 
arbitrary constant. 


22.17. Condition for Concurrence of the Three Lines 
To find the condition that the three lines 


. (1) 
‚ (2) 


ax+hy+e=0 0) 
aX boy 090 2202) 
азх-- bay сз=0 20-03) 


may Бе concurrent. 

Any three lines are concurrent if the point of intersection of any 
two of them lies on the third. The point of intersection of (1) and 
(2) is given by 

E. bya-b.ci , Ci—6.4 
a;b,—ajb ` аа, by 
For concurrency this point has to lie on (3) which gives the 


condition 
bic, 201 C10, —C.d,; is 
^ (25:01: (yen) to 9 
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which simplifies to 
а1(Б,сз — bac.) - by (саз —сзаз) J- c1 (аз —asb;) =0 
which is the required condition. 
This condition can be written in the determinant form as 


a Ы с 
аз b, с =0 
аз bs єз 
EXAMPLE 14. Find the co-ordinates of the foot of the per- 
,Dendicular from the point (2, 3) on the line y —3x —4 —0. 


First we find equation of the line tbrough (2,3) and perpendi- 
cular to y—3x—4=0. The point of intersection. of this line with 
the given line will be the required foot of the perpendicular. 

Now any line perpendicular to y—3x—4-0 is 

3y+x+A=0. 
Since it passes through (2. 3), we have 
3.3+2+A=0 ~ A= —1], 

The required perpendicular line is 3y+x—11=0. 

To find the point of intersection, we solve the two equations 


y—3x—4=0 
3y+x—-11=0 
1 37 
and get хто 


Thus the required foot of perpendicular is(— ту $ 10) 5 
EXAMPLE 15. Show that the three lines given by the equations 
4y —3x +22=0, x—y—6=0 and 6x+Sy—8=0 
are concurrent, Find their point of intersection. 
Solving the first two equations simultaneously, we get 
х=2, у= —4. 

Since 6.2--5(—4)--8—0, we find that the point of intersection 
of the first two lines, lies on the third and thus the three lines are 
concurrent. Also the point of intersection is (2, —4). 

EXAMPLE 16. Find the equations of the lines passing through 
the point of intersection of the lines 4x—3y—1=0 and 2x=Sy—3, 
and equally inclined to the axes. 

Any line passing through the point of intersection of the given 
two lines is 

(4x—3y — 1) -À (2x -5y +3)=0 #5 (1) 
where A is some constant. 
442A 


Slope of this line is voc tem 
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Now a line is equally inclined to the axes if its slope is +1, 
Thus line (1) would be equally inclined to the axes if 


> 3--1 or $. 
Hence the required lines are obtained by putting A=—1 and iin 
(1), which gives the required two lines as 
х+у=2 and x—y=0. 
EXAMPLE 17. Find the area of the triangle formed by the lines 


y-mux-e, ве. (1) 
J—nmox +e 20512) 
x=0 E) 


Solving equations (1) and (2), we get their point of intersection as 
сб, | т»су-тус;\, 
( m=m тт ) 

Similarly points of intersection of (2) and (3) and (3) and (1) are 
(0, c+) and (0, су) respectively. 

Thus area of the triangle is given by 

ЇГ эки : 1 (&—c)? 
2mm бу 595050 |5000). 

EXAMPLE 18. Find the equations of the two lines through the 
point (2, — 1) making an angle of 45° with the line бх 4-5y —1. Show 
also that these two lines are perpendicular to each other. 

Equation of any line with slope m and passing through (2, — 1) 
is y+l=ni(x—2) 220901) 

This line is to make an angle of 45° with 6x--5y—1. If m' is the 
slope of the given line, then m'— —6/5. So we have 

ce. mem m—(—6/5) 
purs "рт з CE dm (76/5) ` 

Since tan 45°=1, we get from above т=11, —т\{. Putting these 

values of m in (1) we get the two required lines as 
x+Ily+9=0 

and llx—y—23-0. 

Again slopes of these two lines are — and 11, so we find that 
they are perpendicular to each other (as product of their slopes 
equals — 1). 


EXERCISES 


1. Find the angle between the lines 
(i) х-4у-3 and 6х—у=11 
(ii) усхү3-1 and x—V3y+2=0, 
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Find the angle between the lines ax +by+c=0 and a’x+b’y | c'—0. 

Show that the line joining the middle points of two sides of a triangle is 
parallel to the third side, and cqual to half of its length. 

Find the equation of the line passing through the point (—1, 2) and 
parallel to the line 2x+3y+1=0. 

Find the equation of the line passing through the point (0, 1) and parallel 
to the line х+у+1=0. 

Find the equation of the line through (—1, 2) and perpendicular to the 
line 2x+3y+1=0. 

Find the equation of the line through the origin ani parallel to y—mx +c. 
Show that the lines y=2x—3 and 2y+x+1=0 are perpendicular to each 
other. 

Find the equation of the line passing through the point (3, —1) and per- 
pendicular to the line 2x—3y —1. 

Find the equation to the line which passes through the point (x1, y1) and 
is perpendicular to the line уу, —2a (х + xı). 

Find the condition that the lines tiy=x+aty2 and teay=x+ate? may be 
at right angles to each other. 

Show that the three lines 5x+3y—7=0, 3x—4y—10—0 and x+2y=0 
meet in a point, 

Find the equitio: to the lines which pass through the origin and are 
inclined at 75 to ее — x *y-- V3 (y—x)—a. 

Find the equation of the line joining the origin to the point of inter- 
section of 2х--5у—4 —0 and 3x—2y+2=0. 

Find the area of the triangle formed by the lines y—x=0, y+x=0, 
x—c=0, 

Find the equation to the line which bisects, and is perpendicular to, the 
line joining the points (a, b) and (a^, Б'). 

Find the equation of the line that passes through the point of intersection 
of the lines 2x+y—3=0, x—2y+1=0 and is parallel to the line 
y—x+2=0. 

The vertices of a triangle ABC are A (6, 2), B(—3, 8) and C (—5, —3). 
Find the equation of the altitude through А. E 

Find the equation of a line through the points of intersection of the lines 
x—y+1=0 and x+y+1=0 and parallel to the line 2x--3y4-4—0. 

Find the value of kso that the three lines 3x+y—2=0, Kx +2y-1=0 
and 2x—y—3=0 meet in a point. 
Find the value of k so that the three lines 4y—3x+22=0, kx—y—6=0 
and 6x+5,y—8=0 are concurrent. 

Find the area of the triangle formed by the lines 

у=х}1 у=?х—3 x=0. 

Find the orthocentre of the triangle formed by the lines x—y=5, 
2x—y=8, 3х—у=9. 

Find the co-ordinates of the foot of the perpendicular from the point 
(2, 3) on the line x--y—11—0. 

Show that the three lines given by the equations 4x 4-5y—45, 3x—4y+5=0, 
7x—8y +5=0 are concurrent. (С.А., November, 1976) 
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ANSWERS 
1. (i) tani A (1) 30°. 2. ап aiok ) 
4, Ix+3y=4, 5. х+у=1. 
6. 3x—2y+7=0, 7. у=тх. 
9, 2y+3x+7=0, 
10. 2a (y—yı)+y1 (x- x4) 2 0. П. tyt2=—1. 
13. y-cty3x. 14. 8х+у=0. 
13. ct 16. 2x (a—a’)+2y (b—b’) 
17. y—z-0. за-а p prs 
18. 2x+1ly=34, 19. 2x+3y+2=0, 
20. 3. 21. 1. 
22. 8. 23. (—6, 1). 
24. (5, 6). 


2248. Length of Perpendicular 


To find the length o the perpendicul, 1 i 
ша f the perpendicular Лота given point on a 


Let the given line 4B have 
equation. 

xcosatysin «=p ,. .(1) 
and let the given point P have 
co-ordinates (хү, yi). Draw 
РМІ АВ. Then we wish to 
find the length PN. Drawa 
line PK through P parallel to 
AB and from O, the origin, 
draw а perpendicular оп 
the lines 4B and PK, meeting 

x . them at Z and К respectively, 

Then OL=p, / LOY =% 

and let OK—q. 


Equation of the line PK will 
Fig. 22.13 then be 


Р (хит) 


X cos «+y sin «=q 
Since this passes through Р (x3, Уу), we have 
X; Cos a+), sin «=q 4782) 
Now PN=KL=0K-—OL=q—p 
=x; CoS «+ y1 sin a— p by (2) 
which gives us the required length. 
Hence the length of the perpendicular from (x1, 33) on the line 
х coso-Fysin «—pis x, cos «+y; sin &—p. 
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Corollary. Suppose equation of ihe line is given in the form 
ax+by+c=0 
We write this equation as 
b е 


а 
—— -— c ——— =0 
Vat + Vee A TP 
which is of the form (1) where 
eS Rees. Wee ees e c 
соз a vate’ sina ver and—p Уря 


So applying the result obtained above, we have the required 
lengi of perpendicular from (xj, yı) on the line ax+by+c=0 
to be 

axi--byi-c 
л/а? 4-b? 

REMARK. The equations ax+by+c=0 and —ax—by—c=0 
represent the same line, but the perpendicular distances obtained by 
above formula will have opposite signs in the two cases. Keeping 
in mind the distances are --уе, we shall neglect the — ve sign, if 
any. 


2219. Two Sides ofa Line 

To show that a point P(x;, ух) is on one side or the other of the 
line ax--by--c-—0 according as the quantity ax,+by,+¢ is уе 
or —ve. 

Let AB be the given line having equation 

ах by c0. 

Let P be the given point (xı, vj). We have two possibilities 
(excluding, of course, the case when P lies on the line), Either P 
lies ‘above’ the line AB as in Fig. 22.14 (i) or it lies ‘below’ the 
line AB as in Fig. 22.14 (ii), 


Fig. 22.14 
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In both the cases draw a line through P parallel to the y-axis 
meeting AB іп О. Let co-ordinates of О be (ху, у.). Since the 
point Q lies on AB, we have 


axid-by,4-c—0 
or bys— — (ax3 с). 
This gives b(ya—)2) =ах Вс. 2440) 


Now уу — 5 is уе or —ve according as the point P lies on one 
side or the other of the line AB, and therefore the LHS of 
equation (1), ie, B(Yi—ys) is -- ve ог —ve according as the point 
P lies on one side or the other of the line AB. Hence the RHS 
of equation (1) ie., ax,+byı+ec is+ve or —ve according as the 
point P lies on one side or the other of theline AB. And so the 
result follows. 

Corollary 1. Two points (хч,лч) and (х,у) lie on the same side of 
the line ах--Бу | с=0, if the expressions ax,--byi--c. and axo 4-by, 
-Ес have the same sign. If they have opposite signs, the two points 
iie on the opposite sides of the line. 

Corollary 2 The point (x1. у) lies on the same side of the line 
ax+bv+c=0 as the origin, И ax,4-by,--c has the same sign as 
a.0+b.0+c=c. 

EXAMPLE 19. Show that the points (2, —1) and (1, 1) are on 
opposite sides of the line 3x --4y —6—0. 

Since 3.244. (—1)—6—6—4 —6— —4 
and 3.1-F4.1—6-1 
are of opposite sign, the result follows by Corollary 1. 


22.20. Bisectors of Angles 
To find the equations of the bisectors of the angles between the 


line aix t by +e =0 

and line ax +bay+c,=0. 

Let AB and CD be the two given lines intersecting at K. Let EF 
Y and GH be the bisectors of 


the angles between AB and 
CD. Take a point P(xi. J) 
on one of the bisectors, say 
EF, and draw  perpendi- 
сшагѕ PQ; and РО» on AB 
and CD respectively. 

Then as P lies on the 
bisector, РО; = РО» 
: te 
i.e., 


Fig, 22.15 and 
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are equal in magnitude, i.e., co-ordinates of P satisfy 


аа с: a. Xy boys с» 
vahxb? 07 ха: 
Thus the equations of the bisectors are 
aic biy tei axtbyte, . 


Vay + by? м ag? + bo? 


22.21. How to Distinguish between the Two Bisectors 

First write down the equations of the two lines such that the 
constant terms c, and c, are + уе (multiplying by —1, if necessary). 
Also take +ve sign with the square roots. Consider the bisector 
of the angle which contains the origin (EF in Fig. 22.15). Then a 
point on this bisector Jies on the same side of each of the two lines 
in which the origin lies. Thus P(x;, 1) and (0, 0) are on the same 
side of the line ayx --byy 4- c1 —0. 

Therefore a,x-Fbyr--ey and ay.0+5,.0+c;, have the same sign. 
Since we took сү to be --үе a1x1+5,)'1+¢; is also уе. \ 


ахуе. 
1 ELO =at is уе. 
Sab 


Similarly as (xı, ту) and (0, 0) lie on the same side of the line 


Thus 


is also уе. 


Hence the required equation of the bisector of the angle which 
contains the origin is 
axtbyta ах Буй: 
Мазы? ла 
Similarly the equation of the bisector of the angle in which the 
origin does not lie is 
ax-ctbyy сү _ abes 
Vaihe \ аль. 
EXAMPLE 20. Find the bisector of the acute angle between the 
lines 3х--4у-411 and 12x —5y —2—0. 
The equations of the bisectors are 


Зх-БАУ ЧАРХ 97 

№9116 toad 44-25 
Я ЗУМ 5 12x—5y—2 
Le» jux zc rye EL 


Considering the +ve sign, the equation becomes 
39x +527— 143 — 60x -25y--10 
or 30—113 4-19—0 гс 
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Similarly considering the —ve sign, the equation becomes 
llx+3y—17 = 0 . (2) 


Now we wish to find the equation of the bisector of the acute 
gle. The angle between the lines being acute (i.2.,<90°), the angle 


If 0 is the angle between one of the lines say 3x+4y=11 and one 
с the bisectors Say (1), then 


tan 0-71-78. -.CD-Gap | and 
l+mm ТУС) 7 
Which is numerically greater than 1 = 0 is greater than 45? 
Thus (1) is not the bisector of the acute angle. 


Hence 11x4-3y.—17 = 0 is the required bisector of the acute 
angle. 3 


EXAMPLE 21. Find the bisectors of the angles between the lines 
4x —3y--1—0 and 12x+5y+]3=0. Distinguish between the two. 
The equations of the bisectors are 


4х—3у+1 Е 12x+S5y+13 


V16-+9 у 144425 
4х--3у-11 — 4 12x+5y413 
SK INCONNUE 


Since the constant terms in the equations of the lines are both 


t ve, the equation of the bisector of the angle in which the origin 
lies, is with --ve sign. 


EXERCISES 


1. 2400, the Јелића Of the perpendicular from the point (3, 4) on the line 


4 ow that the point (3, 4) lies оп the same side of the line 
on which the origin li 


ies. 
2. Find the lengths of the perpendiculars drawn from the origin on the sides 


eee the co-ordinates of whose angular points are (2, 1), (3, 2) 


3x—12y—24—0 and 12х--5у--10--0, 
tions of the bisectors of the angles between the lines 
do 4x+3y—7=0 and 24x+7y—31=0, 
Distinguish between the two bisectors, t 
5. Find the equations of the bisectors of the angles between the lines 
xi 3x—4y+1=0 and 5x+12y—3=0, 
Distinguish between the two bisectors, 
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l. 
4. 


5, 


17. 


ANSWERS 
жээ 1 1 1 
И —— ЭЛ —у—2= 
УВ. 257 aT Мз, 3. х-у-2-0, 


х—2у+1=0 (bisector of the angle containing the origia) 
2х+у-3=0. 

32x+4y—1=0 (bisector of the angle in which the origin lies) 
7х—56у+14=0. 


MISCELLANEOUS EXERCISES 


Find the co-ordinates of the orthocentre of the triangle whose angular 
points are (0, 0), (2, —1) and (—1, 3). 


. Show that the altitudes of a triangle are concurrent. 


Show that the medians of a triangle are concurrent. 

The vertices of a triangle arc A (10,4) B (—4, 9) and C (—2, =). Find the 
equatioa of the altitude through A. 

Show that the equation of the line through the origin making an angle $ 
with the line y=mx+b is y/x=(m+tan $)/(1—m tan $). 


» Find the equations of the two lines Passing through the point (1,—1) and 


inclined at the angle of 45? to the line 2x—5yt7-0. 


‚ If p is tne distance of the origin from the line PU 71, show that 


b 
1 
ра pe 
Find the equation of the line through (4, 5) parallel to 2x —3x—5--0. 


+ Show that the line joining(1, 2) and (4, 3) is bisected by the line joining 


(2, 3) and (4, 1). 
Show that the perpendicular from the origin upon the line joining the points 
(c cos x, c sin x) and (c cos В, c sin 4) bisects the distance between them. 


. Find the co-ordinates of the foot of the perpendicular from (a,0) on the 


line 


a 
у=тх+ E 


. Find the equation of the line through the intersection. of 2Х-4у- 4-0 and 


3x +4y—5=0, parallel to the y-axis. 


The points (1, 2) and (3, 8) are a pair of opposite vertices of a square, 
Find the equation of the sides and diagonals of the square, 


i Kz Bu. MET = i i 
. Show that the lines 2 5 1, 5 2 1 and у=х meet in a point. 


Show that the bisector of the angle between the lines x COS «+y sin a=p 
and x cos 5 ру sin В=4(р>0, g>0) which contains the origin is 

X cos x+y sin «—p=x cos $-+y sin 5—q. 
The line x cos 2—у sin «=p forms a triangle with the axes. Find the co- 
ordinates of the in-centre of the triangle. 
Find the equation to the line which passes through the intersection of the 
lines, 

2х—3у+4=0 and 3x+-4y—5=0 


and is perpendicular to the line 


6x—7y+8=0. 
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18. Find the co-ordinates of the orthocentre of the triangle formed by the lines 


2х+у-5 =0 
x+2y-4 =0 
xty-6 = 0 


Two lines drawn through the point (0, 1) are such that the length of the 
perpendicular dropred from the point (2, 2) on each is опе unit of length. 
Find their equations. 

20. The total cost of printing 1000 books is Rs 12000 and the cost for printing 


2000 books is Rs 18000. If the cost curve is a line, find the relation between 
the cost » and number of books x. Deduce the cost of printing 500 books. 


19. 


ANSWERS 
14:22:53) 4. 5у-х-10-0, 
6 y+1 = - 3- (=D. $. 2x—3y+7=0, ` 
a 
3x+7y+4=0. m [o 21 


12. 17х+1=0. 
13. Sides: 2x-Fy—4—0, 2x--y—14-—0, x—2y+3=0, x—2y+13=0. 
diagonals : 3x. —y—1=0, x+3y—17=0. 
16. ( Е 1 2 a 17. 119x--102y —125—0. 
1+sin.%+cos х” 18. (—10, —11). 
19. у=], 3y- 4x—3. 20. 6x—y--6000—0 ; Rs 9000. 


CHAPTER 23 


The Circle 


23.1. Definition 


A circle is the locus of a point which moves (in a plane) in such 
a way that its distance from a fixed point (in the plane) always 
remains constant. 


The fixed point is called the centre of the circle апа the constant 
distance is termed as the radius of the circle. 


23.2. Equation to a Circle 


To find the equation of a circle, the centre and radius being given. 
Let C(h, k) be the given centre of the circle and let a be the given 
radius, Take any point P(x, y) on the 
circle. Then 
CP=radius=a 
Also CP2=(x—h)?+(y—k)* 
(distance between two points) 
Equating the two values of CP?, we 
get the required equation of the circle 
as (x —h)?- (y — k)? — a?. 
Corollary. Equation of the circle 
with radius a and centre at origin is 
хауза". Fig, 23.1 


0 


23.3. General form of the Equation of a Circle 
We have found the equation of a circle in the form 
(x—h)? + (y—k)? =a" 
which can be written as 
x? +y —2hx —2k y + (A? +-k?—a")=0. 
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If we put ches, —k=f, c=h?+k2—a’, the equation becomes 
x*tpy*tr2gx2fy-4c—0 
which is referred to as the general form of the equation to a circle, 
Conversely any equation of the form x?+y?+2gx+2fy+c=0 
represents a circle, as we can write tbis equation in the form 
(х?4-2#х)+ 0? +277) =—с 
or (x-F gor T fg? bfc 
or KEE DERU CE -4(у fe)? 
which is of the form 
(x—h)*4- (y —k)*—a*. 

Comparing the two equations, we find that the equation 

X c Y?-F2gx 4-2f y4- c— 0, represents а circle with 
centre (—g, —f) 
and radius y g +c. 

Remark, If the quantity g?4- /?—c is -+ ve, the circle is real, if 
it is zero, the circle is a point circle (i.e., a circle with radius zero) 
and if it is —ve, the circle is imaginary. 

Again, multiplying the equation x2+y?+2gx+2f/y+c=0 by a 
and comparing it with the general equation of second degree, 
ie., ах --2hx y 4- by? -2gx --2fy 4-c—0.. We arrive at the conclusion 
that an equation of second degree in x and y represents a circle if 
(i) co-efficients of x? and y? are same and (ii) co-efficient of xy is 
zero, i.e., there is no term involving xy. 

We further observe that the general equation of the circle, 
namely, x*--)?4-2gx -2/y --c—0 contains three constants. These 
three constants g, f and c correspond to the geometrical fact that a | 
circle can be found to satisfy three independent geometrical condi- 7 
tions and no more. | 

EXAMPLE 1. Find the radius and the centre of the circle 

2x?4-2y2—-x+3y +] =0. 

Solution, Equation of the circle can be written as 

x?4y2—3 x+$y+4=0 
Thus here g=—}, f=+3, c=}. 
Hence the co-crdinates of the centre are (3, —3) and radius is 


Мн УЕ 
EXAMPLE 2. Find the equation of the circle which passes 
through the points (1, 3), (2, —1) and (— 1. 1). 
Let equation of the circle be x?--32--2gx 42/fy-- c—0. 
Since it passes through (1, 3), (2, —1) and (—1, 1), we have n 
124-32--28.1--2/.3--2--0 
22+ 12+2¢.2+2f.(—1)+c=0 
12+ 1243-2g.(— 1) +27.1--с=0 
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or 2g+6f+e+10=0 
4g—2f+e+5=0 
—2gt+2f+e+2=0. 
Solving these three equations, we get 
в=—1{,/=—г2у,с=—4А# 
Hence tne required equation of ше circle 18 
Pry ai y =O 
or 35х:4-3)/1--11х--9у--12--0, 
EXAMPLE 3. Find the equation of the line joining the centres of 
the two circles: 
x3-py*t—2x-r4y— 120 
x+y! +-2x—4y+1=0. (C.A., May, 1976) 
Solution. Tne centres of the two circles have co-ordinates 
(1, —2) and (—1, 2). 
Equation of the line joining these is 


2-2 
2mm) 
or Jy-r2x —0. 


23.4. Diameter Form 
To find the equation of the circle having (ху, ул) and (ху, уз) aa 
the ends of a diameter. 


Let the two given points be А(ху, у) and B(x;, уз). Take any 
other point P(x, у) on the circle. у 
Join AP and BP. Since AB is 
diameter of the circle, the angle 7777 
APB is a right angle as it is the 
angle in a semicircle. Thus the 
two lines AP and BP are perpen- 
dicular to each other. $0 it m 
and m, are the slopes of AP and 
BP respectively, then mim, —1. 


Yu 
Xi 


A 
PR xX, Fig, 23.2 


3 (223 Х уу: )=-! 
ee i xX; 


or (х—ху)(х—х»›) (y —y))(y —ya) = 0 
is the required equation of the circle. 


8 (кл. vr} 


Now m=} 
xu 
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EXERCISES 


1. Find the centre and radius of the cireles 
(i) х®+у%—2х+4у—11=0 
(i) x*+y2+x+y-1=0 
(ii) x2 +y2+2x+2y+3=0 ! 
2. Find the equation of the circle passing through the points 
(0) (1,2), (5,7), (8, 6) 
(ii) (0, 0), (1, 2), (2, 0) 
(iii) (5, —8), (-2, 9), (2, 1). 
3. What should be the value of К so that’ the equation 
х®+у1+2Кху+2х+у+1=0 
will represent a circle. 
4, Find the equation of the circle passing through the origin and making 
intercepts a and 5 on the axes. 
5. Derive the equation of the circle which has centre a, 5) and diameter c. 


6. Find the equation of the circle circumscribing the triangle formed by the 
lines x4-y—6, х+2у=5 and 2x+y=4. 


7. Find the equation of the circle passing through the points (4, 1) and (6, 5) 
and having its centre on the line 4x+y=16. 
8. Find the equation of a circle which passes through the centre of the circle 
x?-+-y'+8x+10y—7=0 and is concentric with the circle x*+-y2—4x—6y=0. 
9. If y=mx is the equation of a chord of the circle х24-у2--2ах--0 prove 
that the equation of the circle of which this chord is the diameter, is 
(14-т2)(х3--уз)-20(х4-ту)-40. 
10. Find the equation of the line joining the centre of the circle 
xt+y?—2x+4y—11=0 
to the origin. 


ANSWERS 

1 @ 0, —2):4 (И; УЕ (шу (D: У-7 
2. (0 19x?4+-19y2—199x—103y+310=0. 

(ii) 2xt42yt—4x--3y—0 

(ii) x8+y24+116x+48y—285=0, 
3. Zero 
4. x*+y?—ax—by=0. 5. x*+y?—2ax—2by+a®+b*—ct/4=0 
6. х?+у%—17х—19у+50=0. 7. x'4y'—6x—8y--15-0. 
8. х2+у2—4х—6у—87—0. 


10. y+2x=9. 
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23.5. A Line and a Circle 
We now show that a line cuts a circle in two points. Let the equa- 
tion of a circle be 
x2+y2=a2 DEO) x 
and let y=mx +c 293202) 
be the equation of any line. ` 
(1) and (2) will intersect each 
other, if ana only if they have 
Same point (or points) in com- 
mon. Solying the two equations, 
we get 
x?-- (mx +c)? =a" 
ог (12-m?)x?--2mcx 
+ (c*—a?) =0. (9) 


Fig. 23 3 


This, being an equation of second degree, will have two roots 
and so there are two points of intersection of (1) and (2). 

We have the following cases: 

Case I. Equation (3) has real and distinct roots, for this the 
condition is ; 

(2mej?—4(1 +m*)(c?—a?) >0 

2h a (14 n*)—ct70 
or a*(14-m5)c*. 

Thus whenever a*(1-4-m*)7 c*, (3) has real and distinct roots and 
therefore the line cuts the circle in two real and distinct points. 

Case II. (3) has coincident roots. 


The condition for this will be a%(1-+m*)=c*. In this case the 
two points of intersection are coincident and we say that the 
line (2) is a tangent to the circle (1) (see ‘definition of tangent’). 


Case III. (3) has imaginary roots. 


The condition for this will be a*(1-+m?)<c* under this case the 
two points of intersection are said to be imaginary. (See figure). 


23.6. Tangent to a Curve 

Let P be a given point on a curve andlet Q be any other point 
on the curve, very near to P. As О tends to Р along the curve, 
the line PQ tends to a definite line РТ, which is called the tangent 
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to the curve at P. Thus when Q coincides 
with Р, the position of the line PQ is the 


position of the tangent at P. This fact is o 

. sometimes expressed bv saying that a line 3 
is a tangent to a curve if it cuts the curve in 
two coincident points. / 


23.7. Equation of Tangent 
To find the equation of tangent at any 
point (ху, y1) on the circle x*+)*=a". 
Let the given point be Р(х, yj). Take 
another point Q(x2,2) on the circle. Since both Fig. 23.4 
P and Q lie on the circle we have 
же tyta Lew) 
хуй =а* О (2) 
Also equation of the line PQ is 


BEWEIS Па 
у Хх, 


(1) and (2) on subtraction give 
(у#—у\% 4-(х2--х:2)--0 


(x—2x1) ‚ (3) 


ог (у,—уу)О» + 32 + (х,—х)(х»+х)=0 
ог АР, 
X—X3 yita 
Putting this value of шан in (3), we get the equation of PQ as 
2 
БЭ УОЛ со ҮСИЙГ 
уу; тет (х—х1). 


Now this line will become a tangent to the cifcle, at P, as Q>P 
(Q tends to P). 


Now Q- P implies x,-x; and ya—), so the equation becomes 
2x; 


edocs miser (х—ху) 
ог xxit4yn-xu?tn* 
or xxi уу: =а°, by (1) 


which is the required equation of tangent. 

[Note. We did not take the limits x2>x, and ya>y, in (3) directly, because 
У 
хї-Х1 


there the quantity would have approached a meaningless expression 


0 DES В at 
707 То avoid this we used given conditions (1) and (2) to replace dmm 
—X*1 
%24% 
b» У 


the limit of which can be evaluated easily.] 
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238. Tangent to the General Circle 
To find the equation of tangent at any point (х1. Y1) on the circle 
xity2+2gx+2fy+e=0. 
Let P(x1, уу) be the given point and take О(Хв, 2з) 
point on the circle, then we have 
xi yit 2ga2fyi te=0 22 1) 
xi у++-2#хв+2/уз+-с=0. .. (2) 
(1) and (2) on subtraction give 
t) HH ad 2702—01) =O 


any other 


ог узур Хаха 28, 
Xa—3ÀX1 yrtYst2f 


Equation of PQ is 


yao (x—x1) 
patrat („.. 
or yc ky, of (x—2xi). 


This would become tangent to the circle at P, when Q—P i.e., 
хез X, and у: у. 
Hence the tangent to the circle at (xy. Уу) is 


ОТЕ ал ИИ 

y-A ЕЛА х1) 
ог Gc, Ege Qn 4D» бара +f) 70 
or Qa gx У Goa i0) 70 by (D 


Thus the required equation of the tangent is 
xxi -yyi (xx) fiy y) +60. 


23.9. Tangent in the Slope Form 
We have already seen (Art. 23.5) that the condition for the line 
у=тх- с to meet the circle x?+-)%=a? in two coincident points is 
a'(14-m2) =с?. 
ie, cH=taVl+m 
and so this is the condition for the line y=mx+c to be a tangent 
to the circle х2 + уё=а?. Also then the lines y=mx+ av pm 


are tangents to the circle xt y=, whatever be the value of m. 
This form of the equation of tangent is sometimes referred to as 
the tangent in the slope form. 

Corollary. Since the lines у=тх+с, yemxáavl 4-т have 
the same slope, it follows that two fangents can be drawn to a circle, 
parallel to any given line. 


sistem 
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23.10. Normal 

Definition. The normal to a curve at any point is the line in the 
plane of ci Ie passing through that point and perpendicular to the 
tangent thereat. 

To find the equation of the normal at any point (хү, уу) on the 
circle x*+-y?=a*. 

Let P be the point (x, y1). 

Equation of tangent at P is 


xxj--)91—a*. 


Now Slope of tangent= Rx and slope of normal 
é 1 


Hence equation of normal at (x, y1) is 


Jı 
y— y= (x— 
у ~ x—xi) 


or УХї--Хуг--0. 
If equation of the circle is given to be 
x? +y -2gx 4-2fy 3- c0. 
the equation of normal at any point (x;, J1) on the circle will be 
yGa-Fg) —x(y1 f) -fx1—gy1—0 : 
which can be proved easily by proceeding as іп the previous case. 

REMARK. It is clear from the equation of the normal that it 
passes through the centre of the circle. So it is always along the 
radius of the circle through that point. 

EXAMPLE 4. Find the condition under which the tangents at 
(X3, Уу) and (x2, уг) to the circle x2+32+2gx+2f/y+c=0 will be 
perpendicular. 

The tangents at (xı, X1) and (хз, Yə) are 

хх, + vyi+g(x +x) +f O +y) +e=0 
хха-+Еууз+ g(X +x) +f (y+y2)+e=0. 
These will be perpendicular if the product of their slopes is — 1. 


Wi cog ууа 
ie., if ( xx zu 1 
orif баса) On 008 f )70 
which is the required condition. 
EXAMPLES. Find the co-ordinates of the point where the line 
y=2x +1 cuts the circle x* E y?— 2. 
4247 The points of intersection of the line with the circle are got by 
v "solving their equations, thus solving the two equations х2+)2=2 
-and y= 2x + 1, we find 
: den xt x12 


RSS Eee 
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or 5x*+4x—1=0 
= xe ME 
When v——], y=2 (—1)+1=—1 and 
when x=}, ypo2 (})+1=}. 
Thus the two points of intersection are (—1, —1) and (4. 1). 
EXAMPLE 6. Find the condition that the line ax+by+c= 
may touch the circle (x —h)*--(y—Kk)?—r*. 
The line ах--Бу--с--0 will touch the given circle, if the radiu 
of the circle is equal to the perpendicular distance of the line fror 
the centre of the circle. 


Now radius of the given circle=r. 
Centre of the piven circle is (h, К). 
Also perpendicular distance of (A, К) from ax + by--c—0 is 
agh+bk+e 
Vath 
Hence the required condition is 
ah+bk-+e 
уат 
or (ah -- bk -- c)? = (a* --b2)r*. 
EXAMPLE 7. Find the equations of the tangents to the circi 
x22- 3?—4, which are parallel to the line x --2y -3—0. 
Tangents to the circle x?2- у? =4, in the slope form are 
y=mx+ 24/ Тт 
These will be parallel to the line х-Е2у--3--0, if 
m- —i-slope of the line. 
Hence the required tangents arc 


уе-1хы2 1-1 
ог 2у--х--44/5. 
EXAMPLE 8, Show that the circles 
x2-+y2=2 and х?+ y* —6x —6y +10=0 
touch one another at the point (1, 1). 
Since 124-1*—2 
12-- 1?—6—6+10=0. 
It is clear that the point (1, 1) lies on both the circles. Арай 
tangent at (1, 1) to the circle x*4-5?—2 18 
х .1+y.1=2 
or х+у=2. 
Tangent at (1, 1) to the circle х24-)2--6х--6у-410--0 is 
х.1--ул--3(х--1)--3(у4-1)--10--0 
ог x+y—3x—3—3y—3+10=0 
or x+y=2 


Г, 
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and 
the 


1: 


2. 
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hus we find that the two circles pass through the point (1, 1) 
also have the same tangent at (1, 1), implying thereby that 
circles touch each other at (1. 1). 


EXERCISES 


Find the equations of tangent and normal at the point (2, 1) on the circle 
x*+y?+116x+48y—285=0 
Find the equations of the tangents to the circle x?+)"=4, 
(i) which are inclined at an angle of 45? to x-axis 
(ii) which are parallel to the line 2x—y+4=0 
(iii) which are perpendicular to the line 3x - 2y—5—0 


3. Find the points where the line x—y-0 meets the circle xt+y*+2x 


> 


+y+1=0 


Find the condition that the line 1х+ту+л=0, may touch the circle 
x+y? +2gx+2fy+c=0. 


Find the equation of the circle which has its centre at the point (3, 4) and 
touches the line 5х+12у=1. 


. Find where the line 3x+4y+7=0 cuts the circle x*--y*—4x—6y—12—0. 


. Find the equation of the tangents to the circle x?+-y2=9 which are per- 
pendicular to the line x—y—1=0. 


. Find the equation to the circle which touches both the axes and passes 
through the point (—2, —3). 


. Find the equation of the normal to the circle x2+y*—2ax=0 at the point 
{a(1+cos x), a sin a}. 


10. Show that the line x+yV3=4 touches the circles x*4-y'—4 


12 


and x2+y2—4x—4y/3y+12=0 at the same point. 
. Find the length of the chord joining the points in which the line 


x 
“27 3 =1, cuts the circle x®+y?=r*. 


Find the points of intersection of the line y—5x— 2—0 and the circle 
х2--У-13х-4у-0 


ANSWERS 


1. 12х+5у—29=0; 12у—5х—2=0 


. (i) y=xt5V2 (И)2х-у-:5/5 (iii) 2х-3у45\13=0 
И San Бушр УС aig tet) 
7 2 = 381 
4, (gl-fm—n?- (I--ng)(gt4- f*—c). 5. x*«-y'—6x—8y 16970 
* 
. Touches at (—1, —1). 1. x+y—3V/2=0 


6 


ээ х+у+3у/2=0. 


x ч 
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8. x+y 2 G3 V12)-Fy) -37-:10/12-0 

9. у=(х—а) tan а. 11.2, | "0а%+0)—а2 
arb 

12. (1, 7) and (—4, —4). 


23.11. A Point and a Circle 
Suppose we are given the circle 

x2-- y24-2gx -2fy 4 c—0 Ч 
and a point P(x, уу). We wish to find whether the point P lies 
outside or inside the circle. If C is the centre of the circle then € 
has co-ordinates (—g, —f). Now P will lie outside the circle if the 
distance PC is greater than the radius of the circle and the point. P 
will lie inside the circle if the distance PC is less than the radius. 


Thus P lies outside, on, or inside the circle (1). according as 
v ЕСТ is >, =, or Мс 
which on squaring and transposing gives 
xP ty+2gx1t+2frite is >, =, or < 0. 
Similarly P (xj, yj) lies outside, on, or inside the circle 
ха y?— а, according as x,*-- yy^—a?, is >, =, or < 0. 


23.12. Tangents From a Point 
We now show that two tangents can be drawn to a circle from 
any point. 
Let equation of the circle be x?+y?=a? and let (ху, yı) be any 
given point. 
Any tangent to the circle is given by the equation 
у=тх+а\ [Fm 2001) 
This will pass through (xi, Уу) if 
Jyi—mxia4/14-m: 
ог (ти =а 1-4-т2) 
ог m? (x3?—a2)—2mxy, + у12—а*=0 Bn 
which is a quadratic in т, giving two values ofm. Corresponding 
to each value of m, equation (1) gives a tangent through (ху, J1). 
Case Г. Equation (2) has real and distinct roots, condition for 
which. is му? —(x1"—a2)(yy2— a) >0 
or жа yj?» а 
or that (ху, ут) lies outside the circle. 
Thus if (х1, уч) Нез outside the circle, two real and distinct tan 
gents can be drawn to the circle from the point (x1, J). 
Case II. (2) has coincident roots, condition for which is 
xP Hp =a 
or that (ху, уу) lies on the circle. 
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Thus if (x, уу) lies on the circle, two coir cident tangents can be 
drawn to the circle through (хү, 31). 


Case IIT. (2) has imaginary roots, condition for which is 
2 хї?++у,?<а? 
or that (ху, у) lies inside the circle. 


Thus if (x3, ур) lies inside the circle, two imaginary tangents can 
be drawn to the circle through ху, у). 


| Hence we conclude that two tangents can be drawn to a circle 
гот any point, and these tangents are real, coincident, or imagi- 
nary according as the point lies outside, on, or inside the circle. 


23.13. Length of the Tangent 
Suppose we have the circle 
x8 y2+2¢x+2fy+c=0 


and let Р(ху, уу) be a point lying out- dp il 
side the circle. Draw a tangent to the 


circle from P. Let T be the point of 
contact. Then by the length ofthe tan- 
gent we mean the length PT. if C is tbe 
centre of the circle, then from the right Fig. 23.5 
angled triangle PTC we have 
PC?—PT?--TC?, 
> PI'—PC*—TC* 
7b —C- 9+6 7012—0824 /?—с) 
—Xj*-y1*-2gxj -2fyi +c 
which gives the square of the length of the tangent, 
EXAMPLE 9. Find the length of the tangent drawn from the 
point (2, —1) to the circle 3x*+3y2+4x+2y+6=0. 
Equation of circle is 
3x?--3y?-- Ax --2y -6—0 
or x? y*-- tx+2p42=0 
Length of tangent from (2, — 1) to this circle is 
V2*-E 124 $2 8.(—1) +2 
УНР 
=3. 
EXAMPLE 10. Find the tangents to the circle х2--)2--25 from 
the point (11, —2). 
Any line through the point (11, —2) with slope m is 
¥+2=m(x—11) 
or mx—y—(2+11m)=0 20) 
This will be a tangent to the circle x?-+-y2=25, if radius of the 


circle is equal to the length of the perpendicular from the centre 
(0, 0) on the line (1) 
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ў 2+11т 
i.e., dec oo 
or 25(т24-1)--(24-11 )2 
or 96m? -+44m—21=0. 


This gives m=—3, 4. 

Hence the two tangents are 
Y+2=—}(x—11) or 3x44y—25—0 
Y+2=A(x—11) or 7x—24y—125—0 


23.14. Circle through the Intersection of a Line and a Circle 
Suppose we are given a circle 
x*-Ey? -2gx 4-2fy--c—0 0 
and a line ax+by+d=0 oy 
intersecting in two points. We wish to find the equation ofthe 
circle passing through the points of intersection of (1) and (2). Let 


one of these points be (ху, 3), then since it lies on both (1) and (2), 
we have 


Xxi*-E yy? 28x 2fyi c —0 
ax,+by,+d=0 

Consider now the equation 

(х +3%+2¢x+2fy+e)+A (ax - by - d) -0 ЯМНС) 
where A js ап arbitrary constant, 

Equation (4) isa second depree equation in which coefficients 
of x? and y* are same and there is no term involving xy and thus 
it represents a circle. Again. in view of conditions (3) it is clear 
that the point (x1, 54) lies on (4), whatever A may be. If (xj, y.) is 
the other point of intersection of (1) and (2), then by the above 
argument, this point also lies on (4) and hence equation (4) 
represents the required equation of a circle passing through the 
points of intersection of (1) and (2), for all values of A. 


Note. Value of A can be found from the other given condition. 


. (3) 


23.15. Circle through the Intersection of Two Circles 
Proceeding exactly in the above manner. we can write down the 
equation of a circle passing through points of intersection of the 
two circles 
x24 y24 2g¢x+2fy+e=0 
x+y + 2g'x+2f'p+e'=0 
as (x2 -- 32 2х 4-2fy +e) HA G8 4- y? -2g'x 2f y 4-7) 50 
where À is some constant. 
EXAMPLE 11, Find the equation to the circle passing through 
(—1, I) and the points of intersection of 
x2--)2—5 and x?’ +y? —3x —y —0. 
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Any circle through the points of intersection of the given circles 
is x2+y2—3x—y+a (x*4- y?—5)—0. 
1f it passes through (—1, 1), we will have 
1--1--3--14-3 (1+1—5)=0 
or A=4/3. 
Hence the equation of the required circle is 
x2+y?—3x—y +4 (x?+y?—5)=0 
or 7х3--7у2--9х--3у-20--0. 
EXAMPLE 12. Find the equation of the circle passing through 
the points of intersection of the circles 


х2--у2--2ах and x*-- y*—2by 


1258 , 
and having its centre on the line T ay 


b 
- Any circle through the points of intersection of the given circles 
js (x? 4-y?—2ax) А (x®+y?—2by)=0 (0) 
ог (L-+A)x2+(1 +A) y? —2ax— 2byA=0 
4 дах“; 25 _ 
ї! А ТЕА? Г” 
жан : а БХ 
Centre of this circle is (т 4 Ede 
Vis ИМУ ОО) y у 
This will lie on the line — — = —2 if 
a b 


OES РЧЛ 
(0--Xa (140)В 
Thus, the equation of the required circle is 


=2 or A= —$. 


2ax “2Бу 1 
а A MINI SS WE 
x+y 1-3 IA ( 3 ) 0 
or x24- y*—3ax+by=0. 


Note. In the above example, we divided the equation by 14-2, assuming 
that л; —1. It may be noted that if A= —1, the equation (1) will no more 
represent a circle ] 


EXAMPLE 13. Find the equation of the circle drawn on the line 
segment joining the points of intersection of the circle х2--у2--ад 
and the line x cos a+y sin «—pasa diameter. 

Solution. Equation of any circle through the points of intersection 
of the given circle and the given line is 

(x2+-y?—a2)-+A (x cos «+y sin «— р)=0 

Centre of this circle is (- 3 cos x, — + sin a) 


It is given that the given chord is a diameter of this circle and so 
the centre lies on it. 
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i шүд! ay 3 

.е., z 0$ 2. cosa — -z sin d, sin «=p 
> - 4 (cos? a+sin?«) = p 
> A= —2p 


Hence the required equation of the circle is 
(х2- у? —а?)—2р (x cos «+y sin a—p)—0 


23.16 Chord with Given Middle Point 


To find the equation of chord of the circle x?-- уз а having 
(x1, Yı) as its middle point. 


Let AB be a chord with its middle point at (х,, у). Also let 
co-ordinates of 4 and В be (x', y') and (x', у"). Now equation of 
AB is 

y—)y-m (x—x1) ҮЭ) 
where m, the slope of AB, is to be found out. 

Since 4 and B both lie on tne circle, we have 

ху а? 
x” +y" =a? 
Subtraction gives (y"?—y'?)+(x"?—x'2)=0 
ог. ('—Y) OF FY) t (xx) (х"--х7)-40 


aieo цал а 
or “ox У: .*.2) 
Again since (x1, ух) is middle point of AB, 

хх" "у 

х= + and уу УЗР- 
and so (2) gives 
L— = slope of AB=m=— = mie 5 
а 1 


Putting this value of m іп (1), we get the required equation of 
AB as 


x 
ym sx 
E Jı 


or xxityyi—xi?- yi. 

ЇМотв. This formula fails in case the middle point happens to be the 
centre of the circle (why?)] я 
23.17. Locus of Middle Points of a System of Parallel Chords 


Let equation of the circle be x24-y*—4?, and suppose we are 
given a system of parallel chords of this circle. Let m be the slope 
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of this system of cho 43. If (xy. уу) 15 the miduie point of any one 
chord of the system then equation of tnis с ord Is 


xxynuex x. 


: X 
Its slope is 21 i 
У: 
But slope of the system is given to be т 
х1 
so m= —— 
^ we 


or  xı+myy=0. 
Hence locus of (х1, 31) is 
xtmy=0 


which is a line passing through (0, 0) and perpendicu'ar to the given 
system of chords. 


Hence the locus of middle points of a system of parallel chords 
of a circle is the diameter perpendicular to the cheras. 


23.18. Chord of Contact 


- Let PT and РТ” be tw» tangents drawn trom a peint to а сис. 
The line TT’ (jom of the points of contact) is called chord of 
contact of the tangents drawn from P. To find the equation of the 
chord of contact. 

Let x?-- y^ =а* be the equation of the 
circle and let P(x4, уу) he the point from 
which the tangents PT and PT' are 
drawn. Let the co-ordinates of 7 and T’ 
be (a^, y') and (x^, у"). Then the equ- 
ation of PT is r 


T, 


хх’ уу’ =a? Fig. 23.6 
[Equation of tangent at 7] 
and equation of PI” is 
xx" +ry"=a2, 
Since both PT and РТ” pass through (ху, уз), we have 
xix T31) =a? 
and xx" +343" =a?. 
This shows that the points (x', у) and (x^, y") lie on 
XXIV =a" 
Since this isa linear equation in x and т, it represents a line 
and hence is the required equation of ТТ. 


[Note. 1f the point P lies on the circle, the chord of contact becomes the 
tangent at Р. 
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23.19. Parametric Co-ordinates 


It is clear that the point with co-ordinates (a cos 8, a sin 8) always 
lies on the circle x2 y2—=g? whatever 0 may be. Here is called 
the parameter and the co-ordinates are referred to as the parametric 
Co-ordinates. The point (a cos 6, a sin 8) is also sometimes written 
in short as *the point @’. 


Equation of tangent at ‘the point 6’ will be 
ха cos 0--уа sin 0=а2 
or X cos 04-y sin 0=а. 


23.20. Notation 
If we write S1=x,2+y2—a2, 
Texx,--yyi—a?, 
SEx + ya, 
we find that equation of tangent to the circle S=0 is 
T=0. 
Equation of chord of contact is 
T=0 
Equation of chord with given middle point (1, уу) is 
Т=51. 
The same notation will be found useful in the next chapter also, 
EXAMPLE 14. Find the equation of the chord of the circle 
x? -- y?— 16 whose middle Point is (3, 2). 
Equation of the chord with Biven middle point (ха, 1). is^ given 


by 3X1 FYI xi? у}; 
Thus the required equation of the chord is 
х.3--у.2--9--4 
ie., 3x+2y=13, 


EXAMPLE 15. Find the equation of normal at the Point ‘9’ on 
the circle x?+ у?==а?, 


Equation of tangent at the point ‘8’ is 
xa cos 8--ya sin 0--а2 

or x cos 8 +y sin 0=а. 
cos 0 
“sin 6° 
sin 8 
cos 8 

Hence equation of normal is 

y—a sin 0—tan 6 (x—a cos 0) 

or y cos 0—a sin 0 cos 0—x sin 0—a sin 6 cos 8 
or y cos @—х sin @=0. 


Slope of tangent = — 


Thus, slope of normal = = tan 0. 
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MISCELLANEOUS EXERCISES 


1. Find the „equation of a circle whose centre is (4, 5) and which passes 
through the centre of the circle x*2-y*--4x—6y —12—0. 
2. Show that the centres of the circles x8+y?=1, x2+y8+6x—2y=1, 
х2—у2—12х+4у=1 lie оп a line. 
3. Find the equation of a circle passing through the points (1, 0), (0, —6) 
and (3, 4) 
4. Find the equations to a circle passing through (2, 3) and (4, 5) and having 
its centre on the line у—4х+3=0. 
5. Find the equations of the tangents to the circle x$4-52—25, which are 
inclined at an angle of 30° to the x-axis. 
6. Dum the equation of the circles which touch the lines х=0, у=0 and 
x=k. 
Show that the line 3х—4у=10 touches the circle х3--у! +2x—6y=15. Find 
the point of contact. 
. Tangents are drawn from the point (4, —2) to the circle x*-+y?=10. Find 
their equations. 
‚ Show that the condition that the line joining the points (—a, 0) and (a, 0) 
subtends an angle 6 at the point (ха, Xi) is x2-+-y2 —a$3-2ay; cot 6-0. 
10. Tangents are drawn from the point (xi, у) to the circle х%+ уз=а%. Prove 
that the area of the triangle formed by them and the chord of contact is 
а (ха yi—22)** 
xr 
11. Find the locus of the middle points of chords of the circle ха+-у= а which 
pass through the fixed point (A, К). 
12. Find the equation of the diameter of the circle xi--yt—6x--2y—8—0 which 
contains the origin. 
13. Find the equation of a circle circumscribing the triangle formed by the 
lines x 6, х+2у=0 and х--2у=8. 
14. Find the equation of the circle described on the intersection of the circle 
x3-- 2-2 and the line y—2x—1=0 as diameter. 


EI 


v 


ANSWERS 
1, x14-52—8x —10y--1—0. 3. 4x1--4yt—142x -47y-- 138 - 0. 
4, x*4y$—4x—10y--25—0. 5, x—v3y4 10—0, x—v 3y—10=0. 
6. 4x84 4y3—Akx E Aky-- K* 0. 7. Q, —D. 
8. x—3y—10=0, 3х+у—10=0. 11. x8+y8—hx—ky=0. 
12, x+3y=0. 13, 2х1--2у”--21х--8у4-60--0. 


14. 5х3--5у)--4х--2у-08--0. 


CHAPTER 24 


Conic Sections 


24.1. Definitions 

A сопіс section or a conic is the locus of a point which moves in 
such a way that its distance from a fixed point bears a constant 
ratio to its distance from a fixed line (not passing through the 
fixed point). 

The fixed point is called a focus, the fixed line, a directrix and the 
constant ratio is called the eccentricity. The eccentricity is usually 
denoted by the letter e. 

Theline passing through the focus and perpendicular to the 
directrix is called the axis of the conic and each of the points where 
the axis meets the conic is called vertex of the conic. 

We have the following three situations 

(a) If e=1, the conic is called a parabola. 

(b) If 0e« 1, the conic is called an ellipse. 

(c) If e>1, the conic is called a byperbola. 

We shall deal with the three'curves separately under different 
sections. 

REMARK. Conic sections are plane sections of a cone. 


SECTION A 
THE PARABOLA 


24.2. Definition 

A parabola is the locus of a point which moves in such a way 
that its distance from a fixed point (the focus) is equal to its dis- 
tance from a fixed line (the directrix), not passing through the focus. 


24.3. Equation of Parabola in the Standard Form 
Let S be the focus and ZK be the directrix of the parabola. 
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Through S, draw a line SZ, perpendicularto ZK. Take a point 4 
on $Z, such that ZA=AS=a, say. 


Fig. 24.1 


Then by definition, A lies on the curve. Take the origin at 4, 
үн along AS and the y-axis along the perpendicular to AS 
at A. 

The focus S will then have co-ordinates (a, 0). 

Let (х, y) bethe co ordinates of the moving point P at any 
position. Drop РМ LZK and PN ху АХ. 

By definition 


PM=PS 
or ZA+AN=PS 
or a+x=V(x—a) + 0—0 
or у?--4ах. 


which is the required equation of the parabola in the standard 
form. 

The point А is called the vertex of the parabola and has co- 
ordinates (0, 0). The line AS is called axis of the parabola and has 
equation у--0. 

The equation of the directrix ZK (a line parallel to y-axis) is 
clearly х= —а. 


- 
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24.4, Shape of the Parabola 


From the equation 72=4ex of the parabola, we find that the 
curve issymmetrical about the x-axis (axis of the parabola). The 
curve passes through the origin (0, 0). In fact when x=0, two 
values of y are zero and therefore the yaxis is a tangent to the 
curve at the vertex. Also y is imaginary for negative valves of x 
and thus no part of the curve lies on the left of y-axis. 


If x tends to infinity. (i.e., becomes very large) then so does y. 
The parabola thus extends to infinity on either side of the axis. The 
final shape of the curve is as shown in the figure above. 


It might be noted that the equations 
(i) у= —4ax (ii) x?—4ay (її) хї---4ау 


also represent equal parabolas (see Latus tectum). We give below 
the relevant details about these along with their diagrams. 


Equation of the curve 


у= — 4ах 
Focus (—a, 0) 
Direetrix x=a 
Axis y=0 
Vertex (0, 0) 


Tangent at vertex x= 


Fig. 24.2 
Equation of the curve x*= day 
Focus (0, a) 
Directrix у=—ёа 
Axis х=0 
Vertex (0, 0) 


Tangent at vertex J= 
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Equation of the curve х= — 4ay. 


Focus (0, —a) 
Directrix y=a 
Axis x=0 
Vertex (0, 0) 
Tangent at verté* 


y=b 


Fig. 24.4 


245. Latus Rectum 
The chórd of the parabola which passes through the focus and 
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Y 


is perpendicular to the axis of 
the parabola is called latus 
rectum of the parabola. In the 
figure, LSL 18 the datus 
rectum. Dueto symmetry of 
the curve, 

LSL'z2SL. 

Since co-ordinates of S are 
(a, 0) x co-ordinate of L is a, 
and ) co-ordinate is given by 

у®==4а а [L lies on }#==4ах] 
i.e., у=2а=15. 

Hence the length of thé 
latus rectum of the parabola 

y®=4ax is 4a. 


Fig. 24.5 
[МотЕ. Two parabolas are said to be equal in magnitude if they have equal 
latus recta. ] 


24.6. The General Equatian of a Parabola 
To find the equation of parabola, when the co-ordinates of the 


‘focus and the equation of the directrix are given. 


Let the co-ordinates of the focus 5 be (хү, yı) and let the equation 
of the directrix ZK be ax-+by-+-c=0. 

Let (x, y) be the co ordinates of any point P on the curve. Then 
if PM is the perpendicular distance of P from the directrix ZK, we 


have by definition РМ--Р5. 
ax+by+e rad s 
pes ad b —V(x—x)*t(Q-y»* 
or (ax--by-- c)*— (а) [(x —23)*H-Q—23)*] 
T 
K 
L4 
x [7 
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which on simplification, can be put in the form 
(bx—ay}*+2gx+2/y+k=0 

and is the required equation of the parabola, It is clear from the 
equation that the second degree terms in the equation of parabola 
form a perfect square. 

EXAMPLE 1. Find equation of a parabola whose focus is the 
point (—1, 1) and the directrix is the line x--y--1—0. 

Let S(—1, 1) be the focus. Take Р (x, y), any point on the curve. 
If PM is the perpendicular distance of P from the directrix, then by 
definition 


PM=PS 
Е 

= Tug VGTDHG-D 
or Qc + Ut-2[Gc-E 2*3 0—1)5] 


which on simplification reduces to 
(x—9)!-2x —6y 4-30. 
This is the required equation of the parabola. 
EXAMPLE 2. Find the equation of the parabola with its vertex 

at (—2, 3) and the focus at (—7, 3). 
` Solution. Let A (—2, 3) be the vertex and S (—7, 3) be the 
focus. If SZ is the perpendicular from the focus S on the directrix, 
then it is known to us that A is the middle point of SZ. 

Thus if Z has co-ordinates (x1, J1) 


ec Nb tr tend с) = 2143 
then 2= UTERE and дссс се 


= x=3, у=3 

1.6, directrix is the line Passing through (3, 3) and perpendicular 
to SZ (the axis of the parabola) 

Now slope of SZ —0. 

= it is a line parallel to x-axis 


and so directrix is the line through (3, 3) and Perpendicular to 
the x-axis. 


= equation of directrix is х--3, 

Now if P (x, y) is any point'on the parabola, then, by definition, 
PM=PS, where M is the foot of perpendicular from P on the 
directrix. 

So РМ--Р5 

> х—3-=\ (Х:1:7)“4-(у:--3) 

= ЕСО - 3) 
which reduces to 

22 6) 4 30x4-49—0 
the required equation of the parabola. 


| 
р 
| 
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24.7. A Point and a Parabola 

Let equation of parabola be y?—4ax. Let P (ху, у) be a point in 
first or fourth quadrant lying outside the curve. Draw PM LAX, 
the axis of the parabola and let 
PM meet the curve in N. Since 
P lies outside the curve 

PM>NM. 

Now PM=y,, Also as x co- 
ordinate of N is xj, its y co ordi- 
nate is given by 

y! —4axi [as N lies on 
y?=4ox] 

So PM*?—y,?. NM?=4ax, 

The condition PM>NM, 
reduces to 

PM?*—NM?»0 
or 31?—4ax1» 0. 

Similarly, we can show that Fig. 24.7 
the point P(x, У1) lies inside the parabola y*=4ax if у, —4ах1<0. 
In case the point Р(х, Xj) lies in the second or third quadrant, 
xı is —ve and so y,*—4ax,; is necessarily positive, and in this case 
the point P is clearly lying outside the parabola. 

Hence we conclude that the рой (хү, ул) lies outside, on or inside 
the parabola у'=4аху, according as 

J1?—4ax, 18 >, =, or < zero. 
EXAMPLE 3. А double ordinate of the curve y?—4ax is of 

? length 8a. Prove that the lines 

through the vertex to its two ends 
are at right angles. 
Let PNP’ be the double ordi- 
nate of length 8a. By symmetry 
PN=NP' =4а. 

Now у co-ordinate of P is 4a, 
and x co-ordinate will be given by 
the equation 
(4a)*=4ax ЇР lies on у2-44ах| 

ie, x co-ordinate=4a 

Thus PN=AN=4a=NP' 

[AN is x co-ordinate of P] 

> LPAN=ZAPN=45° 
Fig. 24.8 as ДАМР=90° 


also LNAP'’=ZAP'N=45°. 
Hence LPAP'=90", 
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EXAMPLE 4. Prove that the area of the triangle inseribed in 
parabola }2=4ax is 


1 
“уд Oan 02 уз) за) 


where Ул, Ys Уз are the ordinates of the vertices of the triangle. 
Let (x, ул) be one vertex of the triangle. Then 312--4ах:--0 


=> xy=—— 


42 
= one vertex is (= я ) 


Similarly the other vertices are e У: | and эй, уз |. 
eee nk 4a' ?* 4а 


Hence the required area of the triangle is 
LP oy? 2 2 

>| = Озу) +92 0з) ton) | 
1 

= ya О-о 20а) уз угээ) 
8a 
1 

= Gq 01079) (Paya) 03733). 


24.8. A Line and a Parabola 

We now consider the intersection of a parabola with a line. Let 
the equation of parabola be y?—4ax «a+ (1) 
and let у=тх+с e (2) 
be the equation of any line, 

(1) and (2) will intersect each other, if and only if they have some 
point (or points) in common. Solving the two equations, we get 

(mx + c)? —-4ax 

or т?х?--2 (mc—2a) х-с2--0 2443) 

This being a quadratic in x, has two roots and thus we see that 
the line (2) cuts the parabola (1) in two points, which may be real 
and di-tinct, coincident, or imaginary. 

Condition for (3) to have coincident roots is that 

(тс—2а)2--тс2—0 
ог шон 
т 
Hence the condition that the line y —mx--c bea tangent to the 


parabola у? —4ax is that c =-©®. 
m 


24.9. Tangent in Slope Form 
The condition for the line y=mx-+c to bea tangent to the para- 
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bola y2=4ax is that «=. and hence the equation of tangent to 
the parabola, in the slope form is 
a 
15787 bows 
Also putting value of c in equation (3), we get 


a? 
nPx*2(a—2a)x + y =0 
=> х=—- 
and so y=m.—_+—=—: 


Hence the point of contact of the tangent у=тх+-= 18 


та, ау 
mn ӘР 
REMARK. Since the two lines y=mx-+e and yemx are 


parallel, we see that one tangent can be drawn to a psrabola 
parallel to any given line. 


24.10. Tangent at Any Point (x1, y1) 

To find the equation of tangent at any point (xy, у) on the para- 
bola y? —4ax, 

Let the given point be P(x;, уу). Take another point Q(x», y») on 
the parabola. Since both P and Q lie on the curve, we have 


у =4ахі i (E) 
yy? 4х, PET C 
Also equation of the line PQ is 
Va t E 
Pate E (х—х1) ХЗ) 


(1) and (2) on subtraction give 

уз? — у =4а (x4—2x1) 
ya—yi _ 48 
Xi—Xx УР». 
Thus, equation of PQ ppm 


or 


Е As (х=). 


Taking limits as О tends to Р (i.e, xo-»x1 and yai). we get 


4a 5 
у—уг= 95, (x -3)) 
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or 3y1—21*—2ax—2ax 

or Yyi=2a(x+x;) by (1) 

which is the required equation of the tangent to the parabola 
J*=4ax at the point (ху, 73). 


24.11. Norms! at Any Point (x;, y1) 
To find the equation of normal at any point (xi, уу) on the para- 
bola y*—4ax. 
Equation of tangent at (ху, №) is 
712a (x1). 


Slope of tangent = 22. 
Thus, slope of normal =— д 


Since the normal must pass through (хи, у), we have the required 
equation of the normal as 


Yt (xx) [у—уз=т (хх) form] 


$e 2а 


24.12. Equation of Normal in the Slope Form 
If in the above equation of normal, we put, 


СЭ 


slope of the normal: - - aq (Nh 
we get Yı -2ат 
"2 
and, therefore, х= cam. 
Thus on substituting for x1 and уу, the equation of the normal 
reduces to }+2am=m (x—am?) 
or y:mx—2am-— am? 


which is the equation of the normal at the point (am?, —2am) on 
the parabola j?—4ax, 

EXAMPLE 5. Find the equation of the tangents and the normals 
to the parabola y?—4ax at the ends of its latus rectum. 

The extremities of the latus rectum are (a, 2a) and (a, —2а). 

Equation of tangent at (a, 2a) is 


>.2а=2а(х+а) 
ог у=х+а. 
Equation of normal at (a, 2a) is 
2a 
y—2a-—— а (x—a) 
or y-—x43a 


or у4-х=3а 
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мм equations of tangent and normal at the point (a, — 2a) 
wi 
у=—(х+а) 
апа у—х+3а=0 
EXAMPLE 6. Show that the line 3y—6x—2=0 touches the 
parabola 3)*— 16x and find the co ordinates of its point of contact. 
Solving the two equations, we see that 


3 ( Sy лв 


or 9x*—6x--1—0 
ie., х=} 
6x42 4 
So у= — 3 =F" 


Since the two points of intersection are coincident, the line 
touches the curve and the point of contact is (+, 4). 
EXAMPLE 7. Find the condition that the line Ix +ту+п=0 
may touch the parabola у? =4ах 
Suppose the Ипе/х--ту4-л-0 toüches the parabola у’? =4ах at 
the point (хү, уу). Then equation of tangent at (xs, 1) is 
ууу 2а (x) 


ог 2ах —)1Y 426x417 0. 
Comparing co-eflicients of the two equations 
1х Emy-+n=0 
and Зах Jy +2ax,=-0 
which represent the same line, we get 
P M ply a ties 
l m^ mn 
> pe uu 
= 157 
and ‘= 2am " 
Since (x1, уу) lies on the parabola y? —4ax 
у1?==4ах1 
4а?т? п 
or р SA -F 
or ат? —nl. 


which is the required condition for the line /x+-my-+n=0to 


touch the parabola )*—4ax. 
Also, then the point of contact is 


(1-3/7) 
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24.13. Tangents from a Point 

Let equation of parabola be y?—4ax and let (ху, у) be any given 
point. 

Any tangent to the parabola is given by 


a 
ycmxd-,- vs 1) 
Tf this passes through the given point (х1, 71.) we have 
E a 
emu 
or mx, —my;+4=0 Pr.. 


which is a quadratic in m, giving two values of m. Corresponding 
to each value of m, equation (1) gives a tangent through (xs, vi). 

The roots of equation (2) are real and distinct, real and coinci- 

dent or imaginary according as 

J1?—4ax1»,—, or <0 
ie, according as the point (x, уу) lies outside, on, or inside the 
parabola, 

Hence, we conclude that two tangents can ke drawn from a point 
to a parabola, and: these tangents are real and distinct, real and 
coincident, or imaginary according as the point lies outside, on or 
inside the parabola. 


24.14. Chord with Given Middle Point 

To find the equation of a chord of the parabola y?=4ax having 
(x1, yı) as its middle point. 

Let AB be a chord with its middle point at (xj, уу). Also let 
сее of A and В be (х', у’) and (x", у"). Now equation of 

is 
y—y,—nm(x—»xi) ++ (1) 

where m, the slope of AB, is to be found out, 
since A and B both lie on the parabola, we have 


2—4ax* 

y"?=4ax” 
Subtraction gives y'*—3'*—4a (x' —x') 
yoy 4a 
or Sa 
x'—x' уу 


Again since (x1, уу) is middle point of AB, 
xx" np 
= ==, n=" хаа 
and thus m, the slope of АВ is given by 
i ess 344% 2 48-2-20: 
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Putting this value of m in (1), we get the requi i 
Nee (1) g е required equation of 


2 
(ха) 
Ji 


or J31—J1? =20х —2ax, 
or 3y1—2a(x x1) -333—4ax, 
or T=S}, where Tzyy,—2a(x4xi) and S,z),?—4ax,. 


24.15. Locus of Middle Points of a System of Parallel Chords 
„Let equation of the parabola be y*=4ax and suppose we are 
given a system of parallel chords of this parabola, having slope m. 
If (xi, уу) is the middle point of any one chord of this system, 
then we wish to find the locus of (ху, J1). 3 
Now equation of the chord with middle point (ху, y1), is 


ууу—2а(х 4:x31) 9 y,$—4ax1 
Slope of this chord 
. 1 


But since slope is given to be m, 


or he 
Hence locus of (х1, y1) is 

22 

2 т 


which is clearly a line, parallel to the axis of the parabola. 
Such a line is defined to be a diameter of the parabola. 


Remark. Evidently the diameter y= tt, meets the parabola 


у%=4ах in the point (5; 34) The tangent to parabola at this 
point is, 
2a a 
y Thana (irs ) 
or у=тх+ Si 


which has slópe m and is therefore parallel to the given chords. 

We thus conclude that the tangent to a parabola at the point 
where the diameter cuts the curye is parallel to the chords bisected 
by the diameter. 


510 BUSINESS MATHEMATICS 


24.16. Parametric Co-ordinates 


We note that the point with co-ordinates (аг, 2at) lies on the 
parabola y?—4ax, whatever be the value of г. We thus say that 
the parametric equations of the parabola are 


хасаг, y=2at, 
In short, the point (att, 244) is usually referred to as the point “г. 
It can be easily seen that the equation of tangent to the parabola 
)*—4ax at the-point ‘2’ іе 
їу=х-Еа? 
and the equation of the normal at the point ‘Г is 
Y 4 ix=2al-+at?, 


Parametric representation of a point is sometimes very helpful 
as will be seen in the latter part of the chapter. 


24.17. Chord of Contact 


To find the equation of the chord of contact of tangents drawn to 
the parabola y*—4ax from a point P (xı, уз) outside it. 

Let PT and РТ” be the tangents drawn through P. Let T and Т" 
have co-ordinates (х’, Уу) and 
(387707 
Then equation of PT is 


yy’ =2a(x 4-x') 
and equation of PT" is 
yy" —2a(x-i- x"). 


Since both PT and РТ” pass 
through P (x, уу) 
3 we get љу =2a (x, +x’) 
"m У" —2a (x3 4-x"). 
The two equations show that 
Fig. 24.9 the points (x^, у’) and (x",^) lie on 
3y1—22 (x xj). 


Since this is a linear equation in x and y, it represents a line and 
hence is the required equation of the chord of contact TT’. 


(Nore. If the point P (xi, Yi) Нез on the parabola, the chord of contact be- 
comes the tangent at Р.) 


24.18. Definitions 


Let the tangent and normal at any point P on the parabola cut 
the axis of the parabola in the points T and W respectively. 
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Draw PM perpendicular to the axis of the parabola. Then TM 


Fig. 24.10 


is defined to be the sub-tangent and ММ is called sub-normal at the 
point P, 


24.19. Propositions on the Parabols 

(1) The sub.tangent at a point on a parabola is bisected at the 
vertex. 

Let P (xj, уу) be any point on the parabola у? —4ax. Let TM 
be the sub-tangent at the point P. (See the above Fig. Equation 
of tangent at P is 

312a (x xi). 

Co ordinates of the point T, which is the point of intersection 

of the tangent and the x-axis are given by solving the equations 
Yy1772a (x 4 х) and y —0. 

This gives x=— x y=0. 

Hence T has co-ordinates (хі, 0). 

Also co-ordinates of M are (x,, 0). 

Their middle point is (C, 0) i.e., the vertex A. Hence the result, 

(2) Sub normal at a point on a parabola is of constant length and 
equals half the latus rectum. 

Let P (х1, у) be any point ор the parabola and let PN be the 
normai. (See the above Fig.) 

Equation of the normal PN is 


Y 
Ny e (х—ху) 
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Put, y=0 in this to get co-ordinates of №, which come out to be 
- (2a+%1, 0). 

But M is the point (x, 0), 
so MN=Sub-normal=AN— AM 

=2a+x1—x,=2a 

Hence the result. 

Definition. Any chord of a parabola passing through the focus 
is called a focal chord of the parabola. 

(3) The tangent at any point P on d parabola bisects the angle 
between the focal chord through P and the perpendicular from P on 
the directrix. 

Let the point P have co-or- 
dinates (12, 241). Draw РМ 
perpendicular on the directrix 
and 1е PT be tangent at Р. 

Equation of tangent at P is 

ty=x+at? 

Now slope of the focal chord 
LOCUS Re a ROREM 

qi age me wy 


Also slope of the tangent 


РТ-41--т,, зау. 


Fig. 24.11 
226 
Mom _1%—1 t Y 
Thus tan SPT 144558 2/7703 =1һ. съ (1) 
ату 


1 
Now q = ma=slope of tangent PT=tan PTS=tan TPM and 


hence (1) gives ZLSPT=ZTPM. 
This proves the result. 
Corollary. The normal at any point of a parabola bisects the angle 
between the focal chord and the diameter through that point. 
{ (4) The tangents at the extremities of а focal chord of a parabola 
intersect at right angles on the directrix. 
Let P (аг, 2at;) and О (ate®, 2at,) be the extremities of a focz 
-chord of the Parabola y?=4ax. 
Then equations of tangents at P and Q are 
hy=x+at? 
toy =x-+ate2. 
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Solving these two equations, we get the point of intersection of 
the two tangents as {at,te, а(11 4-13)). 
Again equation of the chord PQ is 
yam (x —at,?). 
or (2+2) у=2 (хай 14) 
Since РО is a focal chord, it passes through the focus 5 (а, 0), 


and therefore we have 
(ti +2).0=2 (a+atite) 
or 18=—1. 
and thus we see that the x co-ordinate of the point of intersection 
of the tangents is—a, and therefore the tangents intersect on the 
directrix, (Equation of directrix is x==—a). 
Again slopes of the two tangents at P and Q are 
1 and s but since f; t,—— 1, 
t ts 1 
product of the slopes of the two tangents is equal to —1 implying 
thereby that they intersect at right angles. 
Hence the proposition. 
Corollary 1. The extremities of a focal chord of the parabola 


y*=4ax have co-ordinates (at?, 21) and ( $,- 2) i.e., they are the 


points t and — Ї A 

Corollary 2. The tangent at one extremity of a focal chord of a 
parabola is parallel to the norma! at the other extremity. б 

(5) The portion of a tangent to a parabola cut off between the 
directrix and the curve, subtends a right angle at the focus. 

Let P (x, уу) be any point on the parabola у? —4ax 

Then equation of tangent at P is 

31 72a(x 4x1). tam) 
Also equation of directrix is х= —а. + (2) 
If the tangent at P cuts the directrix in К then co-ordinates of 


К are 1—a, Нэгний which we get by solving the equations(1) 


and (2). Let 5 (a, 0) be the focus. 


2a (x,—a) 
Eros p ВОНА, 
Then slope of SK = —7 — n 


0 


zh yam 
Slope of PS — за м=а 
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Since the product of the slopes of SK and PS is —1, it. follows 
that PK subtends a right angle at the focus. 

(6) If SV is the perpendicular to the tangent at any point P cn 
the parabola whose focus is S and vertex A, prove that V lies on the 
tangent at vertex (i.e., y-axis) and also . 

SV?=AS. SP. 

Let the point P have co-ordinates (ar^, 2at). 

"Equation of the tangent at P is 

then ty—x-rai?. а) 

Now SV is а line which pass- 

es through S(a, 0) and is per- 
pendicular to the tangent at P. 


Slope of tangent-z 1. 


So slope of SV —-—1 
Hence equation of SV is 


y—0=—1(x—a) 
L or y+tx=at a when 
If we solve (1) and (2) to find 
Fig. 24.12 their point of intersection, we 


see that the x co-ordinate is zero and thus the point of intersection 
V lies on the y axis, or the tangent at the vertex. 


To prove the second part, consider the points 

S (a, 0), V (0, аг), P (аг, 2at), А (0, 0) 

SV* = (a—0)?--(0—at)* —a? +-a°2=a? (14-12) 
А5=а, SP-- у (a—at*)? +(0— Zat} 
=a (?+1) 
And hence SV:—AS.SP. 
(7) The ortho centre of the triangle formed by three tangents to a 
parabola lies on the directrix. 

Suppose the triangle is formed by the tangents 


ту=х+ац? arse (1) 
t;y—x-at;? 63342) 
fsy xat! sx (3) 


to the parabola )?—4ax at the three points ‘ty’, ‘fe’ and ‘fg’. 
Point of intersection of (1) and (2) is 
(at; to, a (1442) (See Proposition 4) 
The line through this poini and perpendicular to (3) is given 
by 
y—a (t,4-1;)— — ta( x — at,t;) [ Slope of (3) is +] 
3 


or У+хіз=а( +12 +4 hols) ... (4) 
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Similariy equation of the line through the point of intersection 
of (2) and (3) and perpendicular to (1) will be 
у+хи=а (5-13) .. 5) 
The ortho-centre is the point where the lines (4), (5) meet. Оп 
solving these equations, we see that the x co-ordinate of the ortho- 
centre is — a and hence the ortho-centre lies on the directrix. 
EXAMPLE 8. Prove that the locus of middle points of the focal 
chords of the parabola у?=4ах is another parabola. 
Let (ху, уз) be the middle point of a focal chord of the parabola. 
Then its equation is 
ууу—2а (x- 33) =" —4axi- 
Since this passes through the focus (a, 0) 
—2a (аху) y? —4ax1 


or yit—2a x,—2a? 
or yr =2a (х1—а) 
Hence locus of (x1, y1) is 
y*—2a (x—a) 


which is a parabola. 


EXAMPLE 9. Find the locus of the point of intersection of two 
tangents to the parabola y'—4ax, which are at right angles to each 


other. 
Let equations of the two tangents be 


a 
y-mx4- 58 
54а: 
and у=т xu А 
Since the two are at right angles to one another. 
тт=—1 
9 1 
ог m= —— 
т 
Thus the two tangents will have equations 
a 
у=тх+ m 
1 
and == шх ат. 


То get the locus of the point of intersection, we solve the two 
equations. 


Subtraction gives 


0-- ( m+ 5) s+ +ат 
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or x (m+ 1) d m+ a )-? 


or xta=0. 


which is the required locus. Note that the locus is the equation 
of the directrix. 


24.20. Change of Origin 


Suppose we have the co-ordinate axes OX, OY and wish to shift 
the origin O to another position 
O'. Let co-ordinates of the point 
O' be (h, E) with respect to the 
co-ordinate system OXY. 


Take O'X', O'Y' lines through 
O' parallel respectively to OX 
and OY. 


Let P be any point in space 
having co-ordinates (x, y) with 
respect to the old system OXY 
and suppose it has co-ordinates 
(х’. у’) referred to the new axes 
Fig. 24.13 O'X'Y'. 

Drop perpendiculars PN and PK on the axes OX and OY res- 
pectively. Suppose PN meets O'X' in M and PK meets O'Y' in L. 


Then x=ON=KP=KL+LP 
=h+x' 

and y=PN=PM+MN 
=y'+k. 


Hence an equation in x, y is transformed to am equation in х” 
and у’ by replacing x by х +h and y by y' +k. 

The use of the above change in origin would be clear in the 
following example. 

EXAMPLE 10. Find the co-ordinates of the vertex, focus and 
the equations of the directrix and the axis of the parabola 
G) X*-F20y +4х=56 
qi) y+2y+4x+5=0 

Solution. (i) The equation of parabola is 

x?--Ax +20y—56=0 


or х2--4х--56-20у 
or (x +2)?=4+456—20y 
or (x2) =—20(y—-3) 


Shift the origin to the point (—2, 3) 
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The equation of the given parabola becomes (referred to the new 


system of axes). 


x= —20)' 
[It is of the form — x*— —4ay] 
New equation of axis of the parabola is x'—0 
ker х+2=0 [referred to the original axes] 
Again comparing the equations 
x'22 —20)" 
and x?= —4ay 


We find, here a=5 
Thus equation of directrix is y'—a 
or y—3=5 


or у=8 


Also clearly the vertex is the new origin i.e.; the point (—2, 3) 


[referred to old system of axes] 


Since focus Нез on the axis of the parabola, its x co-ordinate 


is —2. 

Now y co-ordinate of focus should be —a 
Le; —5 

So referred to the original axes, it is 

—543— —2 

Hence focus has co-ordinates (—2, —2) 

(ii) Equation of parabola is 
у%+2у+4х+5=0 

от (y+1)}=—4x— 5+1 
or (y+1)?=—4x —4=—4(x +1) 


Shift the origin to the point (—1, —1). The equation of рага» 


bcla referred to the new axes becomes 
у= —áx' 


Comparing with = —4ах, we find a=1. 
Now equation of axis $ — »'—0 


i.e., у+1=0 

Equation of directrix is x'=a 

ies х+1=1 

i e., x=0 

Co-ordinates of the vertex are, of course, (—1, —1), the new 
origin 

Again focus has co-ordinates (—a, 0) 

i.e., (—1, 0) 


referred to the new axes, 
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These referred to the old (original) axes will be 


i 


(—1 —1, 0—1) 
.е., (—2,.—1). 


EXERCISES 
Find equation of the paratola whose focus is the point (a, 5) and the 
directrix is the line 4-1. 


A point moves in such a way that its distance from the point (2, 5) is 


. equal to the dis ance from the line 2x--4y—3-—0. Find the equation of its 


1. 


12. 


13. 
14. 
15. 


16. 


path. What is the name of this curve? 
[Hint, (2, 5) is the focus and 2x+4y—3=0 is the directrix.] 


A point moves in such a way that its distance from the point (2, 3) is 
equal to the distance from the line 4x+3y=5, Find the equation of its 
path. 


Find the equation of the parabola whose focus is the point (5, 1) and 
whose directrix is the line 3x—4y--5—0. 

Find the equation of parabola with its vertex at (3, 2) and focus at (5, 2). 
Find the equation of parabola whose focus is (1, —1) and vertex Rith 


Show that the line y—x=2 touches the parabola 3*=8x, Find the co- 
ordinates of the point of contact. 

Find the equations of the tangent and normal at the point (4, 6) to the 
parabola у? =9х. 

Find the eauation of normal to y2=8x, perpendicular to the line 
2x-F 6y—5=0. Find foot of the normal also, 

Find the equation of the tangent to the parabola y2=8x which makes an 
angle of 45° with the x-axis. 


If the point (a2, 201) is one end of a focal chord of the parabola у? = 4ах, 
find the co-ordinates of the other end, and show that the length of the 


chord is a (+) 
Prove that the. line y=mx+c touches the parabola 5?—4a (x+a) if 
c= та+-2- 


Find the length of the side of an equilateral triangle inscribed in the para- 
bola y2=4ax so that one angular point is at the vertex, 


Prove that the locus of the middle Point of all chords of the parabola 
y*—4ax passing through the vertex is the parabola у?=2ах. 

Find the equation of the chord of the parabola y?—4ax, joining the points 
(at13, 2at1) and (ats?, 2015) Hence deduce the equation to the tangent at 
(at:3, 201). 

Find the co-ordinates of the vertex, focus and the equations of the 
directrix and the axes of the parabola 

(i) y2+2y+4x+5=0 

(ii) 5x?-F30x--2y--59—0 

(ii) y2—4y—8x428—0 

(iv) y—6y+20x+49=0, 
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1. (ax—by)8—2a*x —2b*y--a!-- «252 - b! —0. 

2. 4x®+y2—4xy—17x+44y+ 10, parabola. 
3. 9x3--16)3—24xy— 60x—120y + 300 —0. 

4. 16х2--9у2--24ху-280х-10у--625--0. 

5. y2—4y—8x+28=0. 

6. 4х2+у2—4ху+8х+46у+91=0. 

T 
9, 


(2, 4). 8. 4y—3x=12; 4x+3y=34. 
y=3x—66, (18, —12. 10. x—-y+2=0. 
an (Rm -A) 13. fav. 
15. (t1-+t2)y=2(x-+arita) 
ty-x-at?. 


16. (D (—1,—1) (-2, —1), x=0, y+1=0. 
5 71 
Ор 03: =7),(=3, РҮҮ ). 10у +69=9, х+3=0. 


(iil) (3, 2), (5, 2), x=1, у=2. 
(iv) (—2, 3), (—7, 3), x=3, y —3—0. 


Section B 
THE ELLIPSE 


2421. Definition 

An ellipse is the locus of a point which moves in such a way that 
its distance from a fixed point (focus) bears a constant ratio e 
(0 e« 1) to its distance from a fixed line (the directrix, not pass- 
ing through the focus). 


2422. Equation of Ellipse in the Standard Form 
Let S be the focus, ZK be the directrix and e the eccentricity of 


Y 


Dr] 
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the ellipse. Draw SZ perpendicular to the directrix ZK. Since 
0<е<1, we can divide ZS both internally and externally in the 
ratio i:e, and the two points will be on the same side of ZK. Let 
the points of division be 4 and A’. 
Then we have AS=e. ZA 25 . (1) 
SA'—e. ZA’ 2214) 
By definition, the points A and A’ lie on the ellipse. 
Let C be the middle point of AA’ and let 4C—CA'—a. 
Now (1) and (2) can be written as 
AC—SC=e (CZ—CA) 
SC--CA'—e (CZ - CA!) 


or a—SC=e (CZ—a) 

SC+a=e (CZ +a) 
Addition gives 2a=2e.CZ or CZ—aje 
and subtraction gives 25С--2еа or SC—ae. 


Now take the origin at C, the x-axis along СА” and the y-axis 
along the perpendicular to СА’ at C. 

Then co-ordinates of the focus S are (—ae, 0) and the equation 
of the directrix ZK is x --—a[e. 

Take P (x, у) any point on the ellipse. Draw PM 1 ZK and join 
Р and S. Then by definition 


PS=e PM 
PS®=:e? РМ? 
oF бае) (y На 
or x? (1— 6?) 4- y? —a* (1— e?) 
xi Mr 
or 2301 Ее i 
Put а? (1-е*)=6?. [Note 1—e?>0 as е<1] 
We get the required equation of ellipse as 
LAWA 
at = b 


If we put x—0 in the equation of the ellipse, we get у= +0, 
which gives the intercepts CB and CB' on the y-axis. 


2423. Definitions 
АА! is called the major axis of the ellipse and its length is 2a. 
BB' is called the minor axis of the ellipse and its length is 25. 
The points А and А’ are called vertices of the ellipse. 
The eccentricity of the curve is given by the relation 
201-6)-8 or e2 =1—b*/a? 
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24.24. Shape of the Fllipse 
2 ә 
From the equation=3+-5=1 of the ellipse, we find that the 


curve is symmetrical about both the axes and passes through the 
points (+a, 0) and (0, +b). It is a closed curve and looks like a 
circle when elongated along one diameter and flattened along the 
perpendicular diameter. The complete shape is as shown in the 
figure. 

From the symmetrical nature of the curve, it follows that there 
is a second focus 5” (ae, 0) anda corresponding directrix Z'K" 
with equation х=а/е so that the same ellipse is described if a point 
moves in such а way that its distance from 5" is e times its dis- 
tance from the directrix x=a/e. 

We observe that if a point (xi, y1) lies on the ellipse then so 
does the point (—x1, —21), implying thereby that any chord of 
the ellipse passing through the point C (0, 0) is bisected at C. If in 
a curve, there is a point, such that all the chords passing through 
it are bisected there at, we call such a curve a central curve and 
the point is called the centre of the curve. In case of the ellipse, 
therefore, C is the centre of the ellipse. 


24.25. Latus Rectum 

The chord of the ellipse passing through the focus and perpendi- 
caler to the major axis is defined to be the /atus rectum of the 
ellipse. 

If LSL' is the latus rectum, then by symmetry LSL'—2LS. 

Since co-ordinates of S are (—ae, 0), x co-ordinate of L is —ae 
and y co-ordinate is given by 


ate? 2 y 2 
t dl E lies оп == + po! ] 
mae 2 2 
or y=b vViTā-+Ë as ei 


2 
Hence semi-latus rectum 5-2 


or that the length of the latus rectum of the ellipse 
putt ү м 


24.26. The General Equation of an Ellipse 
To find the equation of ellipse, when the co-ordinates of the focus 
and the equation of the directrix are given. 

Let the focus 5 have co-ordinates (x1, 71) and let equation of the 
directrix ZK be ах-ЕБу-Ес--0. If (x, J) are the co-ordinates of any 
point P on the curve, we have by definition 

pS?—e PM? 5201) 
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where PM is the perpendicular distance of P from the directrix 


(1) gives 

b 3 
Gore) HPP EO) 
as the required equation of the ellipse. 


24.27. A Point and an Ellipse 
The point (xı, yı) lies outside, on, or inside the ellipse 


2 2 
PI Зэ 1, according as 


2 21 
A E is», =, or <0. 


The proof of this is similar to what we did in parabola. 


24.28. A' Line and an Ellipse 
We show that a line cuts the ellipse 


weg 5.50) 
in two points. 
Let y=mx+e AUR E» 


be the equation of any line. If we solve the equations (1) and (2), 
we get 


x? (тх--ср 
qur peel 
or x? (B +а?т?) -E2a*emx 4-a (c3 —55) —0 
This is a quadratic in x and therefore has two roots, giving two 
points of intersection of the line (2) with the ellipse (1). The two 


points will be real and distinct, real and coincident or imaginary 
according as 


(atem)? — (P*-- an) a? (2-4) is >, =, or <0. 
The two roots are coincident if 
(a*em)* — (L2 4: ат?) а? (с2— 22) =0 
orif ' с=-+ Уат фз 
Hence the condition that the line y=mx+c be a tangent to the 
ellipse AH is that c— + vam ps 


24.29. Tangent in Slope Form 
It follows from above, that the lines 
y-mxc уат: РБ 


23 53 
are tangents to the ellipse A m whatever be the value of т, 
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REMARK. Since the lines y=mx+e and y=mx+ у ата are 
parallel, we see that two tangents can be drawn to an ellipse parallel 
to any given line. 


24.30. Tangent st Any Point (х;, у!) 


Proceeding exactly as in case of parabola, it can be shown that 
the line 


XX) уу! 

stg cl 
represents the equation of tangent at the point (xj, у) on the 
T х3 38 1 
ellipse ЭНЭ 


The reader should attempt this as an exercise. 


24 31. Normal at the Point (ху, y1) 

Slope of the tangent.at any point (x, 33) is 
But eae 
ay; 


24.32. Parametric Co-ordinates 
We note that the point with co-ordinates (a cos $, b sin $) lies on 


the ellipse Mh whatever be the value of $. These are called 


the parametric co-ordinates of any point on the ellipse, the para- 
meter being ¢. 
in short the point (a co; ¢, b sin $) is usually referred to as the 
point ‘$’. 
The equation of tangent at the point ‘$’ is 
xa cos ф yb sin $ ЫН 
Р үйө Rupe 


ог = cos $+ а sin $—1. 
Aiso equation of normal at the point ‘$’ is 
ax sec ó—by cosec 4 —a*—b* 
$18 called eccentric angle of the point. 
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24.33, Propositions on the Ellipse 
(1) The sub-tangent and sub-normal of a point (xs, yı) on the 


ellipse EN are LA х; and b?xı/a? respectively. 
Р a" pe x ) > y 


Let P be the point (хз, у) 
on the ellipse. Let the tan- 
grntand normal at P cut 
t.e x-axis in T and М res- 
pectively. Then МТ is the 
sub-tangent and NM is the 
sub-normal of the point P. 


2 


Now T is the point of Х 
intersection of the lines 
XM) Ул 
ate 
and y=0 
Solving the two equations, 5 
We get the co-ordinates of 5 


as Fig, 24.15 


(5-9) 


Again N is the point of intersection of the lines 


EDU n est vel 
aya — ув 809 y—0. 


Solving these we get the co-ordinates of N as (s = nr 0). 


Hence MT-CT-CM- T s, 
1 


CN—CM—NM-x,— (s e )- xb 
а а? 
are the lengths of the Sub-tangent and sub-normal. 
(2) If the tangent at any point P on the ellipse ES AS + --1 meets 


the major axis in T and the minor axis in T’ and PM and PM’ are 
the per pendiculars from P on the major and minor axes respectively, 
then (i) СМ.СТ--а 
(i) СМ".СТ--33 
where C is the centre of tlie ellipse. 
Let co-ordinates of P be (х2, ул). 


Equation of tangent at P is A =l. 210) 
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Equation of x-axis is у=0. Te 


у’ 


Fig. 24.16 
Co-ordinates of T are obtained Бу solving these two equations, 
xxi a 


Put y=0 in (1); д2 719г tA 


So the poiat T has co-ordinates (£, 0) 
1 
Similarly putting х--0 in (1), we get the co-ordinates of T’ as 


(5) 


Now CM=x, CT = = 
^1 
Bal OMIGT x =a 
xi 
also СМ'= у and CT'=E/y; 


= CM'.CT' =b. 
Hence the result. 
2 3 
(3) If the normal to the ellipse at = =] at any point P, meets 


the major axis in N, then CN=e. СМ 
where C is the centre of the ellipse and M is the foot of the ordinate 
through P. 

Let co-ordinates of the point P be (хи, y). Then equation of 
normal PN is 


х зд ү 
жї" ШЙ ES Fig. of Prop. 2 ] 
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To get co-ordinates of N put y=0 in the above, thus 


х—Х( 22-43 
=—8 oi x= Two м=ех.. 


Thus CN=e*x, 


(4) The product of the perpendiculars from the foci on any tan- 
gent to an ellipse is equal to the square of the semi-minor axis. 

Let S (—ae, 0) and S' (ae, 0) be the foci of the ellipse mt г =I) 
and let SY and S’Y’ be the perpendiculars from 5 and S' on any 
tangent to the ellipse. 

Any tangent to the ellipse is given by the equation 


У=тхт уат? + ог тх уф ұуазт 402-0 


ел ве ает-- v'an? -4 b: 
Бу= LMT Vam EE cy, бӨМТ ус? 


Now = " 
ут? M lm? 
tyr Em --Б--а 
Hence SY.S'Y'— Е 
NZD 
T p 
BI m) 4 
ЕИ 


Hence the result. 
(5) The sum of the focal distances of any point on the ellipse is 
equal to the length 
d of the major axis. 
Let P (x1, у) 
be any point on 
the ellipse, with 
fociat Sand 5’. 
Drop perpendicu- 
lars РМ and РМ | 
on the directrices | 
x ZKand Z'K. 
Then SP —ePM 
and S'P—ePM' 
= SP+S'P 
=e(PM+ PM’) 
" =eMM'=eZZ 
Y 
=2e.CZ=2a. 
Fig. 24,17 


, 
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EXAMPLE 11. Find the equation of the ellipse whose focus is 
(1, 2) and eccentricity is $. Equation of directrix being 3x - 4y —5. 
Solution. Let S (1, 2) be the focus 
‘ =}, the eccentricity 
and let P (x, у) be any point on the curve. 
then by definition 


PS=e PM 
where M is the foot of the perpendicular drawn from P on the 
directrix. 
We thus have, 
аа ee SAP HS 
1-1 tate ret, LL — "ns - 
ЕО 916 


Which оп squaring and simplifying reduces to 
91x*+84)?—24xy—170x—360) +475=0 

This is the required equation of the ellipse. 

EXAMPLE 12. Show that the length of perpendicular from the 


centre of the ellipse >= + Y? ==] to the tangent at the point Ч i 
a 5 8 P Y 


dite es ul 
y atsintó + со ` 
Equation of tangent at the point ‘¢’ is 
191 
b 
Then the required perpendicular TUNE ил (0, 0) is 
1 


x wale d 
тү 59 4 sing =l. 


а. 
суб Сш у II 


aè b 
EXAMPLE 13, Find the condition that the line Ix-+-my+n=0 
1 1a :35 

be a normal to the ellipse ST po: 

Suppose that the given line is a normal to the ellipse at the 
point ‘$. 

Equation of normal at ‘Ø’ is ax sec d—by cosec ф==а®—%. 

Since this equation and the equation x - my -- —л 
represent the same line, we have 


=Й с suis Ld 
asco  —bcosecó а: 
| 1 соѕ ó —msin $ —n 
"Iris A а:—5 
AU. — j b 
This implies cos ф = 08:28)” sin $ P у . 
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Squaring and adding, we get 
2 Ж: a*n* у bn? 
l=cos? ġ-Hsin? ф == Fiabe + "EP 
“шд bep ] 
Pn2(a?—b*)? 


:, 


=n 


or 


which is the required condition. ~ 
EXAMPLE 14. Find the equations of the tangents to the ellipse 


х = Г which make with the x-axis an angle of 60°. 


р $ d ANC 
Equation of the ellipse is iT us EN 


Any tangent is given by 
yemx- aimi b 
Herc at= 16, b5—1, m=tan 605 — 4/3 
Hence the required equations of tangents are 
ye 3xd v 16.341 
142 yema/ 3x27. 
EXAMPLE 15. Find the locus of the point of intersection of two 
perpend cular tangents to the ellipse. 
If m is the slope of one tangent then slope of the other tangent 
will be —-- 
m 
Equations of the two perpendicular tangents are 
yemx у atmt Fb? 


"MEE үд 
and J ms Ws HB, 
Which can also be written as 

y—nx—A/ aii ЕЕ 
my+x= v at Emi 


To get the locus of the point of intersection, square aud add 
the two equations and obtain 


(14-2))5--(14-112) х3--а2 (12-m2) 4-Б (12-2) 
or х+)=02 +6, 


which is the required locus, Note that this is a circle with its 
centre at the centre of the ellipse, 1.6, (0, 0). This is called the 


^ 
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Director circle of the ellipse. : 


EXAMPLE 16. The tangent and the normal at a point Р оп an 
ellipse meet the minor axis in T and М. Prove that TN subtends a 
right angle at each of the foci. 


Let co-ordinates of P Бе (ху, J1). The equations of tangent and 
normal are 
2 ite не. FH 
at eee xja Ц 


Also equation of minor axis is х--0, By solving these equations 
we get the co-ordinates of T and N as 


(o. x) and (o. »-— on), 


Now equation of the circle on TN as diameter is 


er Yamal t= ө 


Since it passes through the foci (+ae, 0), it follows that TN 
subtends a right angle at each of the foci, because the angle in a 
semi-circle is a right angle. 


Aliter. Show that the product of the slopes of the lines TS and 
NS is —1, where S is the focus. 


EXERCISES 
|. Find the equation of the ellipse whose focus is the point /—1, 1), directrix 
is the line x—y+3=0 and whose eccentricity is $. 
Find the eccentricity, foci and the latus rectum of the ellipse 2x*+5y2=20. 
Show that the line у= х 5/6 touches the ellipse 2x2 Е3у2=1, 
Find the equations of the tangent and the normal at the point (1, +) of 
the ellipse 4x24+9y2= 20. 


5. Show that the triangle whose vertices are (1, 2), (—2, 1) and (3, —1), lics 
wholly inside the ellipse x2 4-2y2=13, 


Find the tangents to the ellipse 4x2+3y2=1, which are perpendicular to 
the line 3x—4y+5=0. 


1 
Find the equation of a chord of the ellipse = Hl with given middle 
point (ху, y1). 
8. Find the locus of middle points of a system of parallel chórds with slope 


i ELO OS 
m, of the ellipse womb 


9. Show that two tangents can be drawn to the ellipse ex =1, from 
any point (ху, yi). 
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10. Find the condition that line lx+my+n=0 be a tangent to the ellipse 


ха. 3. 
аз to! 


M. Find the equation of the chord of contact of tangents drawn to the ellipse 
з y 
28 tA 71 from a point (xi, у), outside it, 


12. Any tangent to an ellipse is cut by the tangents at the ends of the major 
axis in the points T, T’. Prove that the circle whose diameter is TT’ 
passes through the foci. 


13. Show that the tangents at the ends of the latus recta of the ellipse pass 
through the intersections of the axes and the directrices. 


2 
14. Find the angle between the tangents to the ellipse 5 £e and the circle 
3 
а at their point of intersection. 
15. Show that locus of the middle point of the portion of a tangent to the 
Пре Ud 1 гаг бн Бела ta air P enl 
pse cy р =1 inclu ween the 231541: 87 4. 


16. Show that the locus of middle points of normal chords of the ellipse 


a T 
X =118 given by E += [а + ] (аз) 


ANSWERS 
1, Tx8+2ay4+7y24+10x—10y+7=0. 2, 4 3. vs o, “М. 
4. x*3y—520,9x—3y—5-0. 6, 4x+3y=+V7. 
xxu x* p. Q B 
7. + TS 8. =~ am * 
10. а218-+-62т2 =, п. нь 
21614 fw 
14. tan У 
Section С 


THE HYPERBOLA 


24.34. Definition 


A hyperbola is the locus of a point which moves in such a way 
that its distance from a fixed point (focus) bears a finite constant 
ratio е> 1 to its distance from a fixed line (the directrix, not pass- 
ing through the focus). 
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24.35. Equation of Hyperbola in Standard Form 
Let S be the focus, ZK be the directrix and e the eccentricity of 


y K 


the hyperbola. Draw 
SZ perpendicular to 
ZK, the directrix. 
Since e>1, we can 
divide SZ internally 
and externally 10: the 
ratio e: 1 and these 
points will be on the 
opposite side of ZK. 
Let the points of 
division be A and 4’ 
Then we have 
SA-eAZ ... (1) 
SA'—eZA' .., (2) 
By definition the 


Y points A and A’ lie 
Fig. 24.18 on the hyperbola. 
Let C be the middle point of АА’, and take 
AC —CA' =a, 


Now (1) and (2) can be written as 
CS+CA=e(AC+CZ) 
CS—A'C=e(—ZC+AC), 
addition gives 2CS-—2ae ог CS=ae, while 
subtraction gives ZC=al/e. 
_ Now take the origin at C, the x-axis along CS and the y-axis 
along the perpendicular line CY. 
Then co-ordinates of the focus S are (ae, 0) and equation of the 
directrix ZK is x=ale. 
Take P(x, y) any point on the byberbola, Draw PM LZK. Then 
by definition 


PS=ePM 
or PS2=e РМ? 
1 
or. (x—ae)*-- (y-0)—e*. (=-= 2) 
х? а en 

а жае" 

Put а?(е —1)—b*. [Note. е®—1>0 as е> 1] 

We get the required equation of the hyperbola as 

жт” ЖА i 
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The eccentricity of the curve is given by the relation 


Be =a%(e2—1) 
> , 62 
or e=- +1. 


24.36. Shape of the Hyperbola 
2 2 

From the equation = - E of the hyperbola, we find that 
the curve is symmetrical about both the axes. Also if x=0 or the 
value of x lies between 0 and a, the corresponding value of y is 
imaginary. Thus no part of the curve lies between the lines x —0 
and x=a. 

At x—a, y--0 and as x gets larger, y also increases. The final 
shape of the curve is as shown in the figure. 

From the symmetrical nature of the curve it follows that there is 
a second focus 5’ (—ae, 0) and a corresponding directrix with , 
equation х= —аје so that the same hyperbola is described if a 
point moves in such a way that its distance from $' is e(> 1) times 
its distance from the directrix х= —a]e. 


Just as in case of ellipse, we observe that if a point (ху, 1) lies 
on the hyperbola then so does (—x;, —у1), implying thereby that 
any chord of the hyperbola passing through the point C(0, 0) is 
bisected by C. Thus the hyperbola is a central curve and the point 
C is the centre of the hyperbola. 


24.37. Definitions 


The points А and A’ (where the line joining the two foci cuts the 
hyperbola) are called vertices of the hyperbola. 


The line joining the vertices is called the transverse axis of the 
hyperbola. The length of the transverse axis is 2a. 


We know that the hyperbola does not cut the y-axis. But if we 
take two points B and В! on the y-axis such that BC=B'C=5, the 
line BB’ is calied the conjugate axis of the hyperbola. 


24.38. Latus Rectum 


The chord ofthe hyperbola passing through the focus and per- 


pendicular to the transverse axis is defined to be the /atus rectum of 
the hyperbola. 


Its length can easily be seen to Бе 2b?/a. 


2439. Some Results about the Hyperbola 
In view of what we have done earlier, the following results can 


z 2 
easily be established for the hyperbola PSI 
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(1) The equation of tangent at any point (xy 71) on the curve is 


а: DER 
(2) The equation of normal at any point (хү, 71) on the curve is 


(3) The lines y=m) + Мат 6° are tangents to the curve:for 
all values of m. 
(4) The line y=mx-te is a tangent to the hyperbola if 
cA ап 0, 
(5) Two tangents can be drawn from a point to the hyperbola. 
(6) The equation of chord of contact of the tangents from any 
point P(x, уз) is 


(7) The equation of chord of the hyperbola with given middle 

point (ху, 31) is 
Хус, prs aute ieget 
di AU gk Hp 

(8) The locus of middle points of a system of parallel chords 

with slope m is 
АБР 
Ут“ 
(9). The line /х ту +n=0 is a tangent to the curve if 
atf —bim n. 

The reader is advised to prove all the above results. 

EXAMPLE 17. 1/ S and S' are the foci of the hyperbola 

2 з 
48-01 =] and P(x, y) is any point on the curve, prove that 

S'P—SP —2a. 
The co-ordinates of S and S' are respectively 
(ае, 0) and (—ae, 0). 

Draw a line through Р 
parallel to x-axis, meeting 
the directrices in М and 
M' (see figure), 

By definition 


K, Y K 


SP=ePM 
ze(x—a[e)—ex—a 
[Equation of ZK 
is x-- ale]. 


Similarly S'P—ePM' 
ze(x-rale)--ex-4-a, 
subtraction gives S'P—SP —24a. Fig. 24.19 
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REMARK. The distances SP and 5'Р are called the focal distances 
of the point P on the hyperbola and thus we have proved that the 
difference of the focal distances of any point on the hyperbola is 
constant and equals the length of the transverse axis, 

EXAMPLE 18. Find the equation of the hyperbola whose direc- 
trix is the line 2x+y=1, focus is (1, 1) and eccentricity is УЗ. 

Let P (x, y) be any point on the hyperbola. Draw PM perpendi- 
cular on the directrix, 

Then by definition 

SP=ePM where S(1, 1) is the focus, 

i.e., 5Р:=еРМ* 

ог оо 


or  7x?--12xy—2)1—2x --41—7 50 
is the required equation of the hyperbola. 


24.40 Parametric Representation 

It is easy to see that the point whose ‘co-ordinates are (a sec 6, b 
хор 1 
LE 

These are called the parametric co ordinates of a point on the 
hyperbola, In short this point may be referred to as the point ‘0’. 

Clearly equation of tangent at the point ‘6’ is 

xasec0 — jbtan& 


dorsi New et 


tan 9) lies on the hyperbola 


or Бу. sec à— - tan @=1. 
а b 


Similarly, equation of normal at the point 407 is 
by cot 0 ax cos 0—a*4- В. 


24.41. Asymptotes 


A line which touches a curve at infinity but does not lie wholly at 
infinity is called an asymptote of the curve. 
To find the equations of the asymptotes to the hyperbola 
x? 7% 1 
mw pol 440) 


Suppose the line y=mx-+¢ is an asymptote to the hyperbola (1). 
Now points of intersection of (1) and the line y—mx--c are given 
by the equation 

2.2 (тх- с)? 
а? ISTE 
or x*(atm! —b*) + 2a$mcx +a? (c? 5) 0 
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The two roots of this equation will be coincident, each equal to 
infinity if 
ат? —%=0 
апі 2a*mc=0. This іп turn gives that 
m=bja and c=0 
Hence the equations of the asymptotes are 


Tp 
72а 
"ME: b 
and у = a* 
Easel, У 
ог Я 0 and S E 0. 


24.42. Rectangular Hyperbola 
A hyperbola in which b=a, is called a rectangular or equilateral 
hyperbola, Thus the equation of rectangular hyperbola becomes 


x? у 
a at 
or x?—yt=q* 


Also since we have the relation 22-02 (e*—1), 
for rectangular hyperbola, it follows that 


a*=a? (e*—1) 
or ei—1-1 
or е=\/2 


Hence the eccentricity of a rectangular hyperbola is A/2. 
A hyperbola is rectangular if and only if its two asymptotes are at 
right angles to each other. 
If the hyperbola is rectangular, then by definition b=a and there- 
fore equations of the asymptotes become 
x—y=0 and x+y=0 
which are clearly perpendicular to each other. 


Conversely if the asymptote: L-—4-0 and 2 + $ =0 аге at 
right angle to each other, the product of their slopes is —1 
А Быз —br 
di ei qae an 
or =a 


= The hyperbola is rectangular, 
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2443 Rectangular Hyperbola Referred to its Asymptotes:as Axes 
Let the equation of a reciangular liyperbola referred to its trans- 
verse and conjugate axis be 


х2—)2=02 2440) 
We now obtain equation of this hyperbola when its asymptotes 
Y DD'and EE' are 
taken as co-ordi- 
54 nate axes. 


Since the hyper: 
bola is rectangula! 
the — asymptotes 
DD' and EE' are 
at right angles to 
each other, and 
their equations 
are 


х—у=0 

and х+)=0, 
Clearly the angle 
D'CX is 45? as 
slope of DD' is 1. 


Fig. 24.20 


Let (x, y) be the co-ordinates of any point P on the hyperbola (1) 
referred to old axes CX and CY. Let (ху) be the co-ordinates of 
ihe same point when the equation of the curve is referred to its 
asymptotes as the axes. 

Draw PQ parallel to CD' to meet EE' in Q. Also draw PN 
perpendicular to CX and produce it to meet a line through О рага» 
llel to CX in the point K. Drop OLLCX. 

Then CQ-—x', РО=у' 


Now x=CN=CL+LN=CL+QK=x' cos 45°+ у" cos 45° 
E sd, 
=Vit v2 
and уе PN=PK—NK=PK—LOQ =)" sin 45° —x' sin 45° 


" , 


цаас: 

X42 42 
Substituting these values of x and y in (1) we get 
(Xy oxe 


2 2 


=a 


or у= а (Say). 
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Changing to current co-ordinates we get the required equation of 
the rectangular hyperbola as xy—c*. 


2 y? 
[Моте. If we have the hyperbola 25-03 =1, with asymptotes = 42-0, 


then also by proceeding as in the above case we can find equation of this 
hyperbola referred to its asymptotes as axes in the form xy=c®. But in this 
case the two asymptotes are not perpendicular to each other and so the new 
axes of co-ordinates will not be rectangular, but will be oblique.) 


24.44 Equation of Tangent to the Hyperbola ху=с? at any Point 
(ху, уг) 
Let Р (xs, уз) be a point on the hyperbola 
xycce* 24011) 
at which the equation of tangent is required. Take any other point 


О (xz, уз) on (1). Then equation of the line PQ is 
2 


ШИНЕ ЕЕ 
фарыз. (х—ху) CRO 
Since both P and Q lie on (1), we have 
xi 


These give 


or 


Putting in (3), we get the equation of PQ as 
252223 
PERA (х—х1) 


This line becomes a tangent to (1) at P when 0--Р i.e., XgX. 
So taking the limit we get 


УЕ 


с? 
Ii ag 9 


geste eet 
m (х--х3) as =. 
or xyit3x2x3 
or Tuc 
У: 


This is the required equation о? the tangent at (хз, 71). 
[Note. The above equation of the tangent is also sometimes written as 
ху: ух: —2с?.] 


24.45. Equation of Normal to the Hyperbola ху= с? at (xı, уз) 
Equation of tangent at (хз, 31) is 
xyit3x1=20%, 
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The slope of tangent = — n 
1 


giving slope of normal to be Po 
1 


Hence equation of the normal at (x1, 1) is 
= (их) 
Ji 


or Xxi—-yyixy*— ys? 
24.46. Parametric Representation 


It is clear that the point with co-ordinates (e. ух always lies on 


XJ —c*, whatever be the non-zero value of the parameter 1. These 


are called the parametric co-ordinates ofa point on the hyperbola 
ху=е. 


Equation of tangent at the point ‘f° will be 


T үл +) .ct=2¢? 


or 4 +3t=2e. 


Equation of the normal at the point ‘? оп the Tectangular hyper- 
ola ху==с? is 


с c? 
do нерсе се 


ог xi$— yt— eti— c. 


24.47. Geometrical Properties of the Hyperbola 
(1) 7f the tangent at anv point P on the hyperbola 


meets the transverse axis їп T and the conjugate axis in T' then 
CN. CT—a* 
€N'.CT'5 р 


where N and N' are the feet of the perpendiculars from P on the 
axes and C is the centre o f the curve. 
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Let the point P have co-ordinates (xi, J1) then equation of 
tangent at P is 


хху Уу 


4 


Y, 


Fig. 2421 


Put y=0 to get co-ordinates of T, which come out to Бе 


а 0). Simi i fT’ are (0 х) 
(5 y Similarly co-ordinates o are ( ond 
2 
Thus EN Chem =a 
Xi 


CN erg би 
JA 
which proves the result. 
2 2 
(2) If the normal at any point P on the hyperbola m Чи = 
meets the transverse axis in G, then 
Сб==е?. CN 


where C is the centre of the hyperbola and N is the foot of the 
ordinate through P. 


The equation of normal at any point P is 


ХэсХүсү XE =0 


xia? ^ yb 
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To find co-ordinates of G, put 7—0 in this to get 

с—ү. 2 

TA ИО or x (ж +1 ) = сб. 


хуја? 
Now e CN=e ху 
p 
= (= +1 рз 
Непсе CG=e?.CN, 


(3) The normal at any point P on a hyperbola meets the trans- 
verse axis т С and the conjugate axis in g. Е is the foot of the 
perpendicular from the centre C on the normal. Prove that 

PF.PG—b 
PF.Pg-—a*, 

_Let the point P have 
co-ordinates (a sec 0, 
btan 0). Then the equa- 
tion of the normal at 
P is 
by cot 0--ax cos 0 
шинэ 20401) 

То get co-ordinates of 
С, put y—0 in this, we 
Bet ах cos 0—a*-- p? 
o занар 

асоѕ 0 

Thus the point С has 


coordinate (2. о), 


a cos 0" Fig. 24.22 
Hence 
pg, [( | H 
JG cosa 4 sec 6) +2 tan? 0 
б ee sing. Ё а 2 
ПА санд + ‚сону aci V ETH sin uL 0) 


Similarly by putting x=0 in the equation we can find co-ordinates 
of g and then 


a c 
Pg= Foo pV +a sin? 0 585443) 


Now PF=perpendicular distance of C from the tangent at Р. 
Equation of tangent at P is 
x e E 
2 sec 0 р tan 8-1 
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1 ab cos 0! 
Чайна Ч т sin УРТ...) 
а? cos? 0 02 cos? 0 
Hence from (2), (3) and (4). 
PF.PG-—b 
PF.Pg =a 


which proves the result. 


EXAMPLE 19. ‘Show that the portion of any tangent to a rectan- 
gular hyperbola intercepted by the asymptotes is bisected at the 
point of contact. 


Let equation of the hyperbola, referred to asymptotes as the axes 
be xr-c*. Take Р (ct,c[t) any point on it. Then equation of 
tangent at P is 


x+y=2et. 


It meets the asymptote х==0 at 


and the asymptote у=0 at 
x=2et, 


Thus the points where the tangent mects the asymptotes have 
co-ordinates (2ct, 0) and (0, 2с/1). 


‘Co-ordinates of the middle point of these are (ct, c/t), which is 
the point of contact P. 

Hence the result follows. 

EXAMPLE 20. 7f a triangle is inscribed in a rectangular hyper- 
bola, prove that the ortho-centre of the triangle lies on the curve. 


Let equation of the rectangular hyperbola be xy-—c? (referred 
to asymptotes as axes). 


Let | ch, £y (сь £) and R (cts <) be the vertices of 
1 2 3 / 
the triangle. 


Then slope of the side QR is 


ЕСИН с 
1417 ts 
сіз сі. 
1 


or Е 
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Hence equation of the line passing through P and perpendicular 
to OR is 


ere * == tatz (X— сі) 
1 


c 
EI БУ Cats qas SUM 
or Y-d-€tyfotg ut, (s iE ) (1). 


Similarly equation of the line passing through О and perpendi- 
cular to RP is 


` [4 
Y efitita7t3t; ( X ass) ++» (2) 


Solving (1) and (2), we get 


с Р 
ывх + вах — . 
ti t 


This gives PAE i 


Putting in (1), we get 
v= —Chylely. 
Hence co-ordinates of the ortho-centre are 


с 
еши 
( уз ws ) 


, Substituting in xy-c? we find that they satisfy the equation, 
implying thereby that the ortho-centre lies on the curve. 


EXAMPLE 21. Show that the locus of the middle points cf normal 
chords of the rectangular hyperbola x1— 2?-—q* із 


(3—x1)3 —4atx1y2, 


Let (x1, Jı) be the middle point of one of the normal chords. 
Then equation of this chord is 


Xxi—JY)1—x13—)3? 24201) 


Suppose this chord is normal to the hyperbola at the point 
(a sec 0, b tan 9). Then equation of the normal is 


х cos 04-у cot d=2a. 42:4(2) 


Since (1) and (2) represent the same line, comparing coefficients, 
we get 


cos@ сої Ө 2a 
pet Shad ces 
Xi —y, 2—5 
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which give cos @ = 22H = 
Хүлэг 
sin 6 = — 11. 
3i 


Eliminating 0, we get 


or 


or 


(333—292) —4a25*)3*, 


Hence the required locus of (ху, уу) is 


- Show that the normal to the rectangular hyperbola xy 


(9? —x?)8 = дах, 


EXERCISES 


. Find the equation of the hyperbola whose focus is (2, 2), the correspond- 


ing directrix is x+y=2 and eccentricity is V/2. 


» Show that the product of the perpendicular distances of a point on a 


hyperbola from the asymptotes is constant. 


If S and S' are the foci of a rectangular hyperbola and P is any point on 
it, prove that 


SP.S'P—CP* 
where C is the centre of the hyperbola. 


- A line cuts a hyperbola in the points Q, Q' and its asymptotes in the 


points К, К’. Prove that QQ’ and КК” have the same middle point. 


с? at the point t 


Meets the curve again at the point г’, such that (117-- 
Find the equations of the tangents to the hyperbola 3x?— y2=3 which are 
(i) parallel to the line y=2x+4 

(i) perpendicular to the line x+3y—2=0. 


+ Find the condition that the line x cos x--ysin x—p should touch the 


. Show that the tangent at any point of a hyperbola cuts off a triangle of 


constant area from the asymptotes. 


Show that the line 5x+12y=9 touches the hyperbola x?—9y2—9, Find the 
Point of contact. 
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ye 2 
10. A tangent to the hyperbola E ds cuts the ellipses + eel in А 
and B. Find the locus of the middle point of AB. 


ANSWERS 
1. ху=2. 6. 2x—yX1-0: 3x—-y+V6=0. 
7. a? cos? a—b? sin? ®=р?. Эг (s. Le 4) 


хэд гэ 
10, (Sth) <% X 


CHAPTER 25 


Differentiation 


25.1. Functions and Their Limits 


In Mathematics we usually deal with two kinds of quantities 
namely constants and variables. A quantity which is liable to vary 
i$ called a variable quantity or simply a variable. Temperature, 
pressure, distance of a moving train from a station are all variable 
quantities. On the other hand, a quantity that retains its value 
through all mathematical operations is termed as а constant quan- 
tity or a constant. Numbers like 4, 5, 2.5, = etc., are all constants. 


Suppose now that x is areal variable (i.e.. x takes up different 
values, that are real numbers). We explain what we mean by a 
function of x (a concept that we have already talked about in the 
chapter on sets). We shall discuss it here in a little different way. 
Consider the quantities log x, sin x, x? etc. In these log, sin, square 
are the functions. 

Let us write y—x?. 

Then if x=2, y is 4, if x is 3, y is 9 etc. 

Thus for each value of x, y gets a unique corresponding value 
and this value is assigned each time by a certain rule (namely, 
Square.) This rule is what we call a function. 

So in general, by a function of x, we mean a rule that gives us 
a unique value corresponding to each value of x. 

So if y—sin x then when we give different values to x we get, 

ch time, a corresponding unique value for y [with the assistance 
of the function sine]. 

Above are some examples of certain weil known functions, When 
we are dealing with any function, we simply write 

y=f(x) 
and say that y is a function of x although to be very correct we 
should say that y is the value assigned by the function f corres- 
Ponding to a value of x. And we call x as the independent variable 
and y the dependent variable. 


» 
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We remark here that the above definition of a function is equi- 
valent to the definition given in the Chapter on Sets. 

Functions play important role in Mathematics and its applica- 
tions to Physical and Social Sciences. 

A function which assigns a fixed value for every value of x is 
called a constant function. For example, f (x)—3 is a constant 
function, since for any value of x, f(x) remains equal to 3. 

The next important notion is that of the limit of a function. It is 
quite possible that f(x) may not be defined for all values of x. 
As an illustration consider f (x)= 23 . This is a function of 


x, provided x takes all real values except 5. If it were defined at 


x=5, we would have got f (5)= $—5 = а meaningless quan- 
0 
0 
etc. since 0x 5—0, 0x z—0. One could perhaps say here that why 
don't we cancel x —5 first and then put x —5 to get f(5) equal to 10. 
There is a lapse in this argument as x —5 is zero when х= 5 amd 
cancellation of zero factor is not allowed in Mathematics, because 
we would get very absurd results like 1—2 and 3— 15 etc. since 
0x1=0x2 and 0x3—0x15. Asa consequence we cannot deter- 
mine f(5) the value of f(x) at x=5. But we do not leave the 
problem here. Instead we try to evaluate the value of f(x) when x 
is very near to 5 (and this will finally lead us to a value that would 
almost be the value of f(5) ). 

Thus we can evaluate f(x) at х--4.9998 or х-=5.00001. The 
technique is quite simple. Cancel x— 5 first (This step is perfectly 
legitimate as x is mot equal to 5); then substitute the value of x. 
For example /(4.9998)--44.99984-5--9.9998 and /(5.00001)= 
5.00001 4- 5— 10.00001. 

We now write down some of the values given to x and the 
corresponding values acquired by f(x) in the following tables. In 
first iable values of x are increasing up to 5 (being always less than 
5) and in second table values of x are decreasing downto 5 (being 
always greater than 5). 


tity. v can take any finite value whatsoever, like Ü =5. =r 


TABLE 25.1. 
Value of x Value of f(x) 
4 9 
4.235 9.235 
4.976 9.976 
4.99998 9.99998 
4.9999959 9.999999 


+ + 
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TABLE 25.2. 

Value of (x) | Value of f(x) 
7 | 12 
6.31 11.31 
5.7984 10.7984 
5.2175 10.2175 
5.0039 . 10.0039 
5.0000001 10.0000001 

+ * 


The above is expressed mathematicaliy as: x tends to 5 from 
the left [In the Table 25.1] and x tends to 5 from the right [In the 
Table 25.2]. In the first case we write x—5— and in the second case 
we write х->5-. 

Observe the pattern of change in the second column of each 
table. One could, after slight concentration see that in the first 
situation /(х)->10— while in the second case /(х)--10--. Thus we 
are tempted to assert that f(x) approaches 10 (both from left and 
from right) as x approaches 5. This number 10, we call тїї of f(x) 
as x approaches 5. ' 


This fact is denoted by lim f(x)=10. 
x5 


Consider now any small positive number, say, .01. When 
| x—5 | «01 ie, —.01<x—5<.01 
ог 4.99<х<5.01 then —.01<f(x)—10<.01 
ог | f(x)—10 | «01 
[4.99<x<5.01 and х= = f(x)=x+5 

This yields in turn f(x) —10=x—5 

so —01<f(x)—10<.01] 

One can repeat the above experiment by starting with another 
small positive number say .00002 and note that whenever | x—5 
«00002, 
then | f(x)—10 | <.00002. 

The expected conclusion will be that however a small positive 
number є we may start with, we shall always be able to find a 320 
such that whenever | x —5 | <8 then | f(x)—10 | <e. In the above 
illustration 3—« will suffice, 


Thus we are led to the following definition of limit 
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We say that lim f(x)=/ if corresponding to any 220, we can 
xa 


find 370, such that | f (x) —/ | <= whenever | x—a | <8. 


We shall evaluate some limits using this definition. Later on 
we'll give other convenient methods too. 

[Мотг. The reader is reminded that we have already talked of the limit 
concept for a sequence in chapter (on sequences)] 

ҒЧАМРІЕ 1. Evaluate lim x. 

xa 

Solution. Let є2>0 be any number, 

Take 5=e. Evidently 20. 

Now | x—a| < | f(x)—a|<e 

Since f(x) x. 


Hence lim х=а. 
x-a 


EXAMPLE 2. Evaluate lim x?. 
x2 


Solution. Let «0 be any number. 
Take 8=—24+/4+e. Clearly 80 
Now | х+2 | = | x—2+4 | < [x—2 | +4 «8544 
So | x—2 | <è> |х2—4 | =| x--2| | x—2 | <82+48 =e 
Hence lim x*—4 
x2 


EXAMPLES. Determine lim iL 
хэ * 


Solution. d =>0. 


Put à— TE 
Now |x-3| <8 > |x—3| < 95е а 
Also |х-3 |< = —8«x—3 
a ec Ye Е 3 
2 ЕЕК 

L 143. 
TEX < 3 AS 
(1) and (2) imply 

7-5 553 Sa led 
14-36 3 x) 


Consequently lim 1 
x3 E л 
хоо 


EXAMPLE 4. Find out the limit of —— las x1. 
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Solution. Let =>0 be any number. 
Take 8=є. 
Now |x—1| «9$ = |х—1| < 
> |x+1—2 | <e 


25.2. h-method for Determining Limits 


We put a+h in place of x and simplify such that h gets cancelled 
from denominator and numerator. Putting h=0, we get the limit 
of f(x) as x a. 

EXAMPLE 5. Evaluate lim x*—1 
хэ! =] 
Solution. lim x9—1 lim( 1+A)8—1 


x71 xs—]  h-0 (НЕ 
= lim 344-352 1-53 


h>0 7 2h ut 

= lim 3--344-1* 

h>0 "Uh 
SEA 

T. 


253. Expansion Method for Evaluating Limits 
> This method is applicable to the functions which can be expanded 
in series. Following expansions are often utilized. 


(D (а) pm AOSD |, есе E 


| x | t and n is any real Ra vies 


(Nore. If n is a positive integer, the expansion on RHS has finite number of 
terms only] 


. provided 


(2) log а+ә=х—5-+® 82 Ua +... 


provided | x | S 
(3) ё-11х4-3р AE) = ан doo 
d а 
агар 


(5) cosx=1 — T ge 


(4) sin х=х— 20,00. 


. 0 
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The method will be illustrated by means of the following examples. 


EXAMPLE 6. Show that lim sin x 
PE gor 
Solution. lim sinx lim x8 x8 
xo CIE DCN Pees ^^ " 
x 


— lim x? x* m 
то ( IE +2... er 
REMARK. The result of Example 6 shall be frequently used later on. 


EXAMPLE 7. Evaluate lim | e*—e* 


xi 


x 
Solution. lim ete 
x70 
x qx \_ оа 
im tet et 2 -( x+ ) 
хэ0 х 
=lim 2 (tar 3 A Б ; 
x0 
x 
slim 2 (155555 Te ) 
x0 
=2 


REMARKS 1. BA f(x) =1 if and only if 
nad сан f(x). 


х>а- 
If one of the two ачыша fails to hold we say that limit of f(x) 
as х—>а does not exist. 


E 1 
Consider lim Bu It can be easily seen that if х->0—,-— > —ео 
xo0* x 


` while if х->0--, епт co. So lim 1 does not exist. 


х--0 


2,116 Es RA exists then it must be unique. 


EXAMPLE $ в f(x) is defined as under 
f(x)-0 for x<0 
—-1—x for x>0. 

Show that us f (x) does not exist. 


Solution. lim m m f (0—1)—0. 


x20— 
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Also lim f(x)= lim f(o+h) = lim (1—4) 
x—04- h>0+ h—0 
1 


Since lim foe lim (f(x), 
0+ 


x>0— x> 
lim f(x) does not exist. 
x>0 
Proofs of following results on limits are beyond the scope of this 
book and so they are omitted. 
(A) If lim fix)=/ and lim g(x)=m 
xa 


ха 
then (1) lim [/(х):Ед(х)]=1-Е+т 
х-»а 
(2) lim. [f (x) g(x)]—4m 
х->а 


3 Жо) : 
(3) Энн = Em provided m 52 0 
(4) lim [Хх ==, provided /^ is defined. 
xa 
(B) If f(x) <g(x) for all x 
then lim f(x)< lim g(x). 
xa xa 


25.4. Continuous Functions 


We have seen in Example 2that lim x?—4 which is same as 
x2 


=. 
value of x? at x—2. Whereas in example 4, lim ко —2 but the 
x-l 


function itself is not defined at x—1. 


Again consider fix)= жээ 3 x358, 
=] х==3: 
; . —9 
In this case lim == 6, and f(3)=1 
хэз Х—3 


Thus a function may possess a limit as xa but it may or may 
Not be defined at x—a, Even if it is defined at x=a, its value may 
not be equal to its limit. This prompts us to define the following 
type of functions. 


A function f(x) is said to be continuous at x=a if lim f(x)= 
xa 
F(a). 


In other words, f(x) is said to be continuous at x—a if given 
ES iere exists 820 such that | /(х)—Да) | <=, whenever 
x—a |<. 
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EXAMPLE 9. Check for continuity at х--0, the function 
(x)=| x |. 
Solution. By definition of absolute value, we can write 

fQ)ex for all x>0 


=—x for all х<0. 
We note that f(0)=0 


Further Им f (x)—lim о) иа —(—Л)=0. 


хэ0- 1-0 
Also lim f(x) lim f(04-4)—lim 8-0, 
хэ0+ 1-0 10 
Thus lim f(x)=0= f (0) 
x0 


Hence / (х) is continuous at x=0. 


EXERCISES 


1. Evaluate the following limits 


lim (2-2 lim (x*--D, lim tan x.) 


x3 x—3 / хэ x20! x 
lim. (1+x)'/x, lim sin ax 
x0 320 (iz where 65% 
2. Show that lim х"—а" oy 
RUN ge mb d 
lim — xe'—log (14-x) 
3. Evaluate [X ТАН 203877 
4. Prove that if lim f (x) exists, it must be unique. 


xa 
5. Show that the function defined by 


é(x)-( 0 for x«0 
1-х for 0<x<} 


$ for x=4 
$—x foricx«l 
1 for x21 


is not continuous at x=0, 4 and 1. 


6. Show that f (x)—x sin, x#0 and f (0)=0 is continuous for all values 
of x. 
7. Evaluate lim [ se] 
x0 x 


8. 
f (x 


Prove that if f (x), g(x) ate continuous functions of x at х=а then 


) +g(x), f (x) а(х) and Ie [provided £(a)740] are continuous, at 
х=а. з 
lim (/ .., | 
Evaluate хто ( за 1 нэ) 


х 
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10. Prove that the function f (x) defined as under 
f (х)=х sin 4, х0 


=0, х=0 
is continuous at x=0. 


ANSWERS 


a 


4 
Р 1272.127 P 2.0 Td Os 3^ 


25.5. Differentiation 


Let y bea function of x. We call x an independent variable and 
у, dependent variable. 

REMARK. There is no sanctity about x being independent and y 
dependent. This depends upon which variable we allow to take 
any value and then corresponding to that value, determine the 
value of other variable. Thus т j—x?, x is independent variable 
and y dependent whereas the same function can be re-written as 
x=/y. Now y is independent variable, and x is dependent varia- 
ble. Such an ‘inversion’ is not always possible. For example in 
Arn х--х%--1ор x4-x!!* it is rather impossible to find x in terms 
of y. 


DIFFERENTIAL COEFFICIENT OF f (x) WITH RESPECT TO x 


Let у= Jf (x) 440) 


, and let x be changed to х--8х then if the corresponding change 
in y is òy, then 


y48y- f (x+8x) 20) 
(1) and (2) imply that 
ду= f (x+8x)—f (x) 
A» LOEN SO 
Вх 8x 


Lim f (x+8x)— f (x) 
axo I а а 


3 , If it exists, is called differential 


3 : 3 dy 
coefficient of y with respect to x and is written as Te 


dyr lim 8. lim  f(x15)— fx). 
dx ВХ О POI im ELT 


Let f (x) be defined at x—a. The derivative of f(x) at x=a is 


Thus 
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m P rh f (a h)— f (a). 


defined as provided the limit exists and 


then it is written as f (а), ог (2-) We sometimes write the 
x=a 


lim £@)—f@ 


definition in the form f (а) = lim -—7—7 


Note. f ‘(a) can also be evaluated by first finding out 2 and then putting 
in it, x=a 


Notation. Шу is also denoted by y' огу; 


dx 
or Dy or f'(x)in case y= f (x). 
ў dy dy 
EXAMPLE 10. Find 4 and (= 2 Ji урук 


Solution. We have y—x? 


6 Le 5х be the change in x and let the corresponding change in y 
e бу 


Then J-8y— (x4 8x) 


E 8y- (x-F 5x) — y— (x 43x) — x3 
=3х%($х)-Е3х (8x)*--(8x)9 
zh їзэх х2-4-3х(8х)--(8х)2 
Consequently oe Boat, 
Also (3) 2331-27. 
: dx /х-3 


EXAMPLE 11. Show that for y=|x |, 2 does not exist at x —0. 


Solution. If 2 exists at x=0, then 


lig Ct Ct- = FO) exists, 


C ue vd озеро. B Tun ro 


T 04-1)-- 
INow ГОА ю оого 


lim |h|—0 lim h 
= h>0+ h м т =! 
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Also "eun 20-070) = Fo =ч 25 omi 


lim л у 


НАРО oop 


lim — f (0+h)—f (0) lim f (0—4)— f (0) 
h É h>0+ E 


Hence ро 


Consequently po ч does not exist. 


Remarks. 1. A function f (x) is said to be derivable or diffe- 
rentiable at x—a if its derivative exists at x—a. 

2. A differentiable function is necessarily continuous, 

Proof. Let f (x) be differentiable at x=a 


Then a ус exists, say, equal to /. 


lim h f(at+h)— f (a) _ (limh) 1=0 
h SS HARE 


h>0 
> lim [ / @+h)— У (а)]=0 
> „im f (a+h)= f (а) 
> lim (к) (а) 

x>a 


h can be positive or negative. 

In other words f (x) is continuous at x=a. 

3. Converse of the statement in remark 2 is not true in general. 

We have seen in example 9 that | x | is continuous at x—0, where- 
as in example 11 we have proved that it is not differentiable at х--0, 


EXAMPLE 12. Show that f (x)=x* sin 4, x0 
=0, х=0 


is differentiable at х=0. 
Solution. lim f(h) —f (0: 
h 


h-0 
AUT TT prae s ) 
О ( 15 sin 0 
= lim (^ sin r) 
h>0 h 


2551, 
h sin F 


Now «in 


sin as |<! and so 
h 


= Иш D sin Ll. Иш | =0 
Hence lim 70070) с 
h0 h 
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їе, f(x) is differentiable at х=0 
and f'(0)=0. 


25.6. Algebra of Differentiable Functions 


We now prove the following results for two differentiable func- 
tions f (x) and g (x) 


C) дя О) + go) 
@ RI g= aE) g 09 


(3) d [ fix) J- Sog Sg) 
ахі a(x) J (gx) 


(4) = [ef (x)]=cf (х) where c is a constant 


where, of course, by f'(x) we mean -8-709 


Proof. (1) -E +g 
m х 3х14-8(х- 8х71--1/()4-8000) 
: 


= lim ГЕО) О), (х-4-8х1--803) 

p рее" 
a fcx) — fi :8(х--8х)-48(х) 

Ep c ap lim eee нар АБЭ) 
3x0 x By x 

= (х) +805) 


Similarly it can be shown that 
d 1 7 
dx ШО) 691 — fi g'G) 
Thus we have the following rule: 


The derivative of sum (or difference) of two junctions is equal to 
sum (or difference) of their derivatives 


О) gh (fe) ко) — lim Д elt 88) — 60 et) 


= lim -2094-8х|Лх-58х)--/034-/0х3  (х--3х)-202) 
35x20 ox 


Ah : У(х-8х)--/(х) 
= ровна ern] 


a [gŒ +x) —#(х) 
sof tsi] 
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= „n [ f(x+8x)—S(x) 
Е СЕА 


: Г.  g(x+8x)—g(x) 
+ [lim f(x) ит ем 
8x70 fe) L 8х-0 àx ] 
=8(x) f'Q)--f 928 (2). 

Thus we have the following rule for the derivative of a product 
of two functions. 

The derivative of a product of two functions=(the derivative of 
first function Х second — function)--(first. function x derivative of 
second function). 

fe) fe 
a AG) |. gu в) — g(x) 
) dx| g(x) АШУ àx 


= Ни АЕ Дн соу. 

x80 8x.g(x +8x)g(x) 
= lim gio fc +x) — f()] —/(х)[#(х-Е&х)—я(х)], 

8x20 8х.8(х-88х)8 (5) 
Г dim 1] дю 200108) 09] 
|", 8(х--8х) gE) 1 Jie ox 

_ f(x) [g(x -+8x)—g(x) 
-im Female ee) | 


[i ор e "()—f 9) 601 


 f'e)gG) — feo 8100) 
[#(х)]® 
The corresponding rule is stated as under 
The derivative of quotient of two functions, 


(derivative of Numerator x Denominator)—(Numerator 
x Derivative of Denominator 
(Denominator)? 


228228 шин ыен 


5 x+8x)—S(x 
= С Les х): Zn ] 
8х-0 m 
=c f'(x) 
So the derivative of a constant function is equal to 
the constant x derivative of the function 
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25.7. Differential Co-efficients of Standard Functions 
t 
d ni в-1 
1. rdi (x7) nx 


Proof. Let y=x" 
Then (y4 82) = (x 8х)" 
= $у=(у+8у)—)=\х-+-дх)"—х" 


esr 
Є + -)+ NON х ye Tj) ] 


=пх"10ӧх) + UP ) ex ates 
E ы containing powers of 2х 
> lim ЗУ can 
8х-0 9X 
dy 


Hence oR == их" 
и. (i) Ё (а”) =а* log. а 
] C 28126) 
(ii) dx (е) =e 


Proof. Let y=a* 


then y 3y—a* 35 
Bohne are saad 
=a" (a° —1) 
, M, аха —1) 
ЗЕ 8х 
8х 
dy 52 98у, 2 (4 -1 ) 
Soo = lim. — a" lim | 
dx 8x0 9X &х>0 N bx 
(хэ? 2 
[ res doe) (хи бов а ү Net -1] 
=A" |i 
=a lim —= 
8х-0 x 
=a" lim [log a--terms containing èx] 
x0 
=a" log a 
=a? loge a 


proving the first part. 
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Since log. e=1, it follows from result (i) that 2 etme 


à 1 
ш. tog. х= 


Let y= logx 
=» y-Sy- log (x+8x) 
> ЗУ log (х-5х) —log x 


кє = 8 (+ саа Xm) 
s юц( 1+ ) 
> === шин 
х èx 
11510 8x 
т (1+) 
1 dx \=/8= 
d to 1+ ) 
zs 
> lim L lim ters ( 143 ibi 
3,09X X 8х0 
1 
=— log-e= as lim ( + | =е 
and log.e—1 


4 
IV. TEX (sin x) — (cos x) 
Proof. Now y=sinx = y+éy=sin(x+5x) 
> Зу —sin (x -8x)—sin x 


-2 cos s+) sin BE 
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f sin =| 
зу Ae ЭЕ? 
> lim wa Soe box) || 85:20 ze dm 
$x—0 OF 8x0 L 2 J 
sin al! 
=[cos x] Es ЕЭ 
(3 ) 
" =(cos x) (1) 
= cos х 
dy 
= Fe 7008 x 


у. & (cos x) - — sin x. (The proof is similar to that of (IV). 


REMARKS l. The technique employed in the proofs of (I) to (IV) 
above is known as "ab initio" technique. Since we have utilized 
(apart from simple formulas of Algebra and Trigonometry) defini- 
tion of differential coefficient only. We have no-where used the 
algebra of differentiable functions. 

2. In (VI) to (XII) we shall utilize the algebra of differentiable 


functions. 
d р 
VI. "dx (c) —0, c is a eonstant. 
Proof. Let у==с=сх°. 


ay _ „(К B\ дцохол)- 
Then сг -4 een 1)=0. 


d ў 
Vil. Td (tan х) = sec*x 


Proof. Let y=tan ELM 
cos x 


b. у Е а 4 
We (sin x), cos x—sin x НО х) 


dy 
dx _ (cos x)* 
(cos x) (cos x)—sin x (—sin x) 
БУ (cos x)? 
_ cost x-+sin? x 


cox 


1 = 
=——_ 0 8668 Х. 
cos? x 
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VIII. Ё (sec x)=sec x tan x 


Proof. Let y = sec xe 1 
d d 
dy ая (1) cos x—(1) EM (cos x) 


t =_= 
hen dx (cos х)? 


d. (0) (cos x) —(— sin x) 


cos? x 
sin x , 
mis 
соѕ x 
sin x 1 


| сох  cosx 
= tan x sec x. 


Before we proceed further, we introduce hyperbolic functions. 
-к 


We define hyperbolic sine of x as T and write it as 


sinh x LR 


T -z 


Hyperbolic cosine of x is defined to be < Lt and is denoted 


by cosh x. It can be easily verified that 
cosh*x —sinh*x=1 
Since (cosh 0, sinh 0) satisfies the equation x*—)?—1 of a 
hyperbola, these functions are called hyperbolic functions. 
In analogy with circular functions (i.e., sin x, cos x etc.) we 
define tanh x, coth x sech x and cosech x. 


TA ._ sinh х Ms 1 
Thus by definition, tanh x Siol e coth x ПЕ л 
1 ул. 
зесһ um Oh and cosech S BENT 


d 
IX. dx (sinh x)—cosh x 
Proof. Before proving this result, we remark that 


RASA TT. 
dx € )= —е-=, because 


e-*— (el) 
у Me) (e) log, (e) 
=e*(—1) 


= —е = 
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Now let y=sinh x=} (ez—e-*) 


dy oru а" 023 
Then 2-3 КО e») 
rs dieto (e )] 
= iere) 
=cosh x 


d - 
X. RES (cosh x)=sinh x 


Proof is similar to that of (IX). 


d 
XI. de (tanh x)—sech? x 
ши _ sinh x 
Proof. Let y=tanh x= CODE 


ay A (sinh х) cosh x —sinh xf (cosh x) 


dx (cosh x)* 

_ {cosh x)(cosh x)—(sinh x)(sinh x) 
E. cosh? x 
cosh? x—sinh? x 1 

cosh? x = Cosh? x 


=sech? x, 


XH. 2 (sech x) — —sech х tanh x 


Proof. Let y'=sech Ne EE 
d 4 d 
ЙО (1) cosh x RAM es (cosh x) 
dx = cosh? x 


_ 0) (cosh x)—sinh x 
E cosh? x 


да [inr Nus 
~~ cosh x ( cosh x ) 
= —tanh x sech x. 
EXAMPLE 130), 17 =x sin x, fnd 2. 
Ix 
(C.A., November, 1976) 
Solution. This is a problem of the type = (uv). 
x 


So we apply formula (2) of $ 2.5.—6, 
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Ба ie (x3) sin х2 i (sin x) 
—2xsin x +x? cos x 
EXAMPLE 13 (5). If y—x? cosec x find a 
ME { х? : 
Solution. We can Write y as — 
sin x 
Now formula (3) of $ 25.6 can be applied 
л 
Эра ЕТЕ 
—— (x3) sin х--х2 die (sin x) 
is dy _ ах ах 
dx sin? x 
. 2xsin x—x2 cos x 
"S sin? x 
25.8. Chain Rule of Differentiation 
This is the most important and widely used rule for differentiation. 
The rule states that 


"If v is a differentiable 


function of z 
function of x, then y 


ion of x and 
dy . dy dz 35 
dx ~ dz ах: 
Proof. Let y—F(z) and z= f(x). : 
If àx is change in x and corresponding ch 
1, 02 respectively, then 7+8) 


anges in y and 2 are 
=F(z+8z) and 2--82--/(х--8х) 
Thus Sy =F(z+8z)—F(z) and 8z ^f (x - hx) — f(x) 
Now 3,3 èz 
6x 82 8x 
> lim M lim 23 lim ко 


3x0 82 ay .9 8х 


Зу \ 42 . 302-4 
рш жыры, LL р 
ds: (im 82 ) ax’ Since 8х-»0 implies that 2—0 


Corollary. И y isa differentiable function of Хі, X1 is a differen- 
tiable function OF Xu. Xn isa differentiable function of x 
then y is a differentiable function ofx 
dv dy dx dX» 
and Ti dx, dxa ... 


dx 
Proof. Apply induction on п. 


and z is a di, fferentiable 
is a differentiable Хипс! 1 
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EXAMPLE 14. Find differential coefficient of sin log x with 
respect to x. 
Solution Put z=logx then y—sin 2 


dy dy | dz 

Now ‘dx dz dx 
gus eae 

x 


at cos (log x). 


EXAMPLE 15. (i) Find differential coefficient of 
(i) e*i^*? (ii) log sinx? with respect 10 x. 
Solution. (i) Put x'ey, sin x*=z and и--е"т ** 
Then u=e’, z= sin y and y—x? 
By chain rule 
du du dz dy 
dx ^ dz dy dx 
=e? cos y 2x 
=e!" v cos у 2x 
==2хе+'!" =? cos №. 


(ii) Let u=x? 
v=sin x*—sin и 


Then y-—log sin x*—log sin и 
=log v 
du _ dy dy. 1. 
So x da cos и and -y = 7 


dy dy | dv , du 
Then dx ау аи dx 


1 
=— .cosu.2x 
y 


=2х cot и 
==2х cot x?. 
REMARK. After some practice we can use the chain rule, without 
actually going through the substitutions. For example 
re у ау 1 и 
if y—log (sin x?) then dx = gnat 00833. 2x 
=2x cot x?. 
Note that we have first differentiated log function according to the 


formula 4 (log =- Since here we have log (sin x2), so the 


first term on differentiation is 255 d 
sin x? 
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Now consider sin x* and differentiate it according to the formula 
23 (sin и) = cos u. Thus second term is cos х?. 

Finally we differentiate x? with respect to x so the third term 
is 2x. 

Then we multiply all these three terms to get the answer 
2x cot x?. We illustrate this quick method by a few more examples. 


EXAMPLE 16. Find 9 when уже 3% 
Solution. Since ae) =et and 
d(2v) 

dv 
say 
dx 


аа 
и 


and 


=2 мере! 
=el tI) 3095 4.3)2.(2,1-+40) 


абоз) е Я 


EXAMPLE 17. Differentiate y=/og {sin (3x*+5)] with respect 
to x. 


Solution, cos (3x? 3-5) 6x 


ИН, 
dx ^ sin (3x°+5) 
=6x cot (3x? 2-5) 
EXAMPLE 18. Differentiate y —1an* (/x+3). 
у 1 

Solution, 2 —2 tan ( V/x43) . sec? (V/x 3-3) . D 

tan (Vx 3-3) sec? (Vx 3-3) - 
= nrc] OUO 


EXERCISES 


Differentiate with respect to x, the functions 
l. cot x, cosec x. 
2. coth x, cosech x. 
3. 3х2—6х-+1, (2x8 4-5x—7)5/8, 
4. x—1 ах Аха, 

х+1 hx®+bx+-f 
5. SIN х үр, aN X рор sin? хз, log ах 
6. \1—x8, sin x cos x, tan x log x 
7. Gx-4 (02-х). 

Sx2+1 

8. УГ-Заал! x. 
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12. Мор х log $ n x. 
13. sin x^, tan x^, 
14. 


16. e? log v sin x 
17 sin x cos x sin 2x. 
Axtt6x-7. 


Vx 
19 (х2-1 sin x. 
7 log x 
20. Prove that 2% dX | 


dx dy 


ANSWERS 


1 —cosec x cot х. 

2. -—cosech? x, —cesech x coth x. 

3. 6x—6, $ 4x45) (2x2 -5х--7) 8, 

4 2 ‘аб ht: ха ‘а/п х-+ fl—bg 
(the (47:517257) 


im" 1 
5. cS!" Y cos x, 2cosec 2x, 6x2 cot xt. E log,” 


tan x 
==» COS 2 x. sec? x log x+ 


Vil=x? 
7 200 34x 5х#—15х°) (3х--4)% 

2 5. 
8, —3 tan x sec? x pee tan? х)-1/2 


9.  —cos (+ —) 


10 Uwe UTE 


sin vx ) 


Б 22-13 
1 1 > 
12. ш! cot x log x TON log sin х]. 
54 2 HET 8.9 
13, 189 “05°, 2 sec? x 


14 2х cos [log (1--x9)] 
i 1+x2 
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E (sin x log x-- x^ sin x—cos x) 


15. sin? x 
16. e°" (3 log x sin x+x™ sin x4-cos x log x). 
17, sin 4x. 
18 ASx*+54x+43 , 
i 26х+3)3/2 
9 [2x2 sin х--(х5—х) cos x] log x—{x2—1) sin x 
19. x (log x)® 


25.9. Inverse Trigonometric Functions and their Derivatives 
Definition. If sin 0—a then 0 is defined to be sin^la. 
In other words 8 is that angle whose sine is equal to a. 
In similar manner we can define cosia, tanla, sec-la, and 
cosec-la, sinh 1а, cosh"!a, tanh^la etc. 


We remind the reader that sin-1g 15 not single-valued since there 
are infinitely many angles whose sine is equal to a, Al! such angles 
are given by nz 4-(— 1)" 8 where n is any integer. 

So according to our definition of a function ѕіп-1а is not a func- 
tion of a. To make it single valued we restrict 0 to be between 
— 


> and > In this manner 811774 is single valued. Thus we shall 


confine to the case +s sina S. Similarly. we shall. always 


assume that 0 < cos-!x«- апа < гап x < 


d APUD 1 
(1) a (sin^! x)= Vis 
Proof. Let — y-sincix 
Then sin y—x = Z- cos у= [—sin? y= уі 


We take only + уе sign under radical as cos y is always positive 


hoe у apu 
for -7 8) < VE 


Now ax Td 
> dy dx | шах 
dx dy а T3 
y 
iy H 
ES 
d 1 
(II) ах Gor х)=— Vica 
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Proof. Let у=со 1х 
Then x=cos y > 95 —siny=— УГ y 
=y Tx 


Again sin yis +ve since O0<y<z, so sin y = /1—x? 
This in turn implies that 


diac 1 
dx Vv 1—x? 
d 1 
| -1 x)= 
(ш) ax (an x) ine 
Proof. y—tancd х > хап у 
dx 2 
277 —sect у 
=l+tan? y 
=1+x? 
dy 1 
So dx s 


25.10. Parametric Differentiation 
When x and Y are separately given as functions of a single vari- 


able t (called a parameter) then we first evaluate ду ала and then 


dt dt 
use chain formula PE , to obtain 
dy 
ын dt 
E 
dt 


The equations x=F (t) and y=G (t) are called parametric 
equations. 


EXAMPLE 19. Let x—a (cos t + log tan.) and у= a sin t, 


dy. 
find Fz 
dx 3 1 eit 1 
Solution. 4 a( —sin t+ tan 2 sec y. 3) 


3 1 
8 4- sin t-F5 in 1/2 cos т) 


В 1 
= a( sin t- ) 
sin t , 
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a(l—sin? t) acos?; 
Е sin Т Pasing 
and 2 =a cos 1 
dy 
Hence ду dt ^.  acost 
dx dx (acosit/sin т) 
dt 
sin t 
= crunt 
EXAMPLE 20. Determine 2 where x=a (0--sin 0) and 
у==а(1— cos 0). 
Solution. dx а (14-соѕ 0) =2а РА 
49 2 
Also 2 a sin Ө= 2a sin 5 сор 
dy 
So — dy a8 _ sin 2 _ 0 
dx ах cos 0/2 2 
49 


25.11 Logarithmic Differentiation 


Whenever we have a function which is a product ог quotient of 
functions whose differential coefficients are known or a function in 
which variables occur in powers, we take help of logarithms. This 
makes the task of finding differential coefficients much easier than 
in the usual method. The technique is illustrated below with the 
help of examples, 


EXAMPLE 21. Prove that ох (1--108 х) 
(C.A., November, 1976) 


Solution. Let y—x* 
Then log v=x log x 
d 1 
> dx (og »)=(1) log x+x( 2 ) 
=1+logx 

d dE 
> Ер (log y) dr -1-1о х 
- ши ЛЭГ, 1+log х 


у dx 
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d . 
32 =j(1--log x) 
=a7(1+log х) 
REMARK. Since log e=1, the above result can also be written as | 

2. (х=) =х° (iog ex) 


EXAMPLE 22. (i) Differentiate y —x*(x 4-1) (x°+3x4-D 
with respect to x 


(ii) If x"y"—(x--y)"*", prove that 2 Ex +. 
Solution. (i) y —2x*(x--1) (524-3х4-1) 
д log у=2 log x--log (x+1)+log (x3+3x+1) 
М ау) |22. 1 2324-3 
" y dx x "xl 3435 
i dy |, (4 1 3x53 
nj dx x ЖЕ * XepAE ) 
Д 2 1 3(x*-1) ] 
=x 23 хо : 
xD) (x +| + tae 
(ii) р(х)" 
m log x+n log y=(m-+n) log (x+y) 
т.п ду (mcn ат 
4) oar, (157 ) (: d 88) i 
gioi (- manhin zZ- aise re 
a A E х 
iN —тур—пу +nx+ny у mx-cnx—mx—my — 
yr») MT xx r2) 4 
10 [ Sete. (=my +nx) dy _nx—my ni 
Jy) Јах sat) 
dy y 
X dé x' 
EXAMPLE 23. (i) If xv—e*-v, show that 
dy doge 
х (1+log x)* 
г : "СЛОЕ Vile 
(ii) Find qe Мунх (СА. May, 1976) | 
Solution. (i) 22720 
EA y log x—(x—)) log e 
=x—y 


= y(1--log x)=x 
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х 
т PET I+log х 
1 
3 dy _ (0(144ор х)—х (+) 
x (I-- iog х) 
LL bog x—I 
n “(Flog х) 
log x 
(TF log x2 
(ii) Let ухе” 
log уе log x 
E | dy #3 РНЕ | 
с ydp: e Зе 
- EROR (e log x =) 
ax US 


=e (e log x4- e] 


* er 04-65 х- 
=x" € log x4. e ех". 


25.12. Differentiation of one function with respect to another func- 
tion and the substitution method 


Parametric differentiation is also applied in differentiating one 
function with Tespect to another function, x being treated as a 
Parameter. Sometimes a proper substitution makes. the solution of 
Such problems quite easy. 


EXAMPLE 24. (i) Differentiate x with respect to ХЗ. 


(ii) Differentiate tan 1 AS with respect to x. (C.A., May, 1976) 


Solution, (i) Let y=x and т=х? 
dy 


Wea ate 27 
re to evaluate s 


Now 5 Гага СЕ n3 


So 


(i) Let ye ten Ч 22 ) 
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Putting х:=(ап 6, we see that 
tani 2 tan 6 
JN Ігар? 0 

=tan! (tan 28) 


2220 
=2 tan"! х 
dy 1 
S dx = 1+x? 
Seas - 
pop 


EXAMPLE 25. Differentiate sin x with respect to log x. 
Solution. Let y=sin x and z—log x 


dy. газ, 
then dx 7605 х and qi 
dy 
- imply that pra s 3 
dx x 
=x cos X 


EXAMPLE 26. Differentiate tan) (ae ) with respect 
x 


to tan x. 


Solution, (i) Let y=tan-* (ae) ) and z—tan^! x 


1 
(үйү 2x ) гай 
Then e : s EE Ч 
ах + (mn) RI 


Ё х x pt v TEX 
x 14x24+1-2V 1432 xwv 


2: is 1 = 4/1 +x 1 
2W14x2 (4/14+22-1) virx 


and DOT 
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dy 
So 4x E il 
-dz 3A 12 
dx 
Solution (ii). z=tan-] x = x—tan z 
So у= (апт! У" 2-1 ) 
tan 2 
ins UE Sees 
tanz 
TSi 1— = 
sin z З 
2 sin? 2[2 
edes Er sin 2/2с05 2/2 
шаал! (tan 212) 
24212 
- dy el и 
2 dz =2 q 


25.13. Differentiation “ab initio" or by First Principles 


Earlier we discussed how to differentiate some standard functions 


Starting from the definition. We give more examples to illustrate the 
techniques. 


EXAMPLE 27. Differentiate Vcos x with respect to x by first 
principles. 


Solution. Let y— /cos x 


If èx is change in x then the corresponding change dy in y is 
given by 


у+др= М соз (x+5x) 


So Ay 4/cos (x 4- х) —4/cos x 
бу cos (хх) соз х 

or E POTE НЮ 
Ax ax 


~ i 605 ›$ (x+ 3x) —cos : Kv 
— Bx[A/Cos (vx) + /cos x] 


ЭН) тыд ДЕ Noc s 23 
2 sin r) sin (=+ x) 


Ax[4/cos (x +5x)+ Усоз x] 
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—2 sin іх 
Thus ау dim У lim 2 ) sin x 
dx Mero 4 со8 x++/cos x 


NES 
3 : ип —^ 
a sin X lim 2 
QUIS. gi d 
2үс05 x jn x 
2 


sin ud 
s sin x ü 2 
их ae йн aa ac 
2/cosx 2% вуз бх /=1. 
2 


EXAMPLE 28. Differentiate e* ‘х qb initio. 

Solution. Let i —eV* and let Sx be change in x, correspond- 
ing to which èy is change in y 

Then yt ByseV xt 8x 


“Ур бу=еУх+®х et 
$ 


e (еу х+ёх— Vx.) 


514 


S AEA 
х 
allie evxt8x-Vx_] Ухэйх-- LX 
Vxtix—V¥x ES 
vette C 3 
ыг e [isti + =". tmi] 
Vx Fix Vx i 
мх-8х=Ух ] 
ёх 
| ея èx ҮЙ? 
ер & ахул) Jv (+S) zi 
ax 
D —Df x Y 
pce ce 
ў d ! 
i 2 =(e м), Ша 3x 
lim 5 га 1 3x 
Vx x) эхэд m x 8x we) 
lx 
Miror 
fT ev 
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EXAMPLE 29. Starting from definition Jind the derivative of 
tan (2x +3). 
Solution. Let y—tan (2x 4-3) 
then y+8y=tan (2x 4-28x 4-3) 
= dy=tan (2x--28x4-3)—tan (2x4-3) 
38 sin (2x+28x+3) sin (2x43) 
cos (2x-4-28x--3) ^ cos (2х3) 
RS sia (2x +28x +3) cos(2x 4-3) —sin(2x +3) cos(2x 4- 28x +3) 
cos (2x 4-28x 4-3) cos (2x 4-3) 
__ + sin (2àx) 
cos (2х--28х--3) cos (2х4-3) 
sin (2 àx) . 1 
х cos (2х--3) cos (2x--28x 4-3) 
I i sin (2 3 x) 1 
вхо 23x | сой 2х3) 


=2 sec? (2x +3) Г1 
as lim 26а TT. 


aoe 22x УЕ: v s 


EXERCISES 


Differentiate with respect to x. 
Sec? x, cot™! x, cosec^!x. 
8177 x, cosh^! x, tanh^! х, 
Sech™ x, cosech ! x, coth™ x. 
(sin x) тов dog x) 508 T 
x*tan^! t, y=t sin 2t. 

AW l-a 
cos TES ) 
(Hint. Put x —tan 9]. 

-; a x—x , 

T. yatan Шуу 
8. y=cos! (4x3—3x), 

{Hint. Put x=cos 8]. 


Ф ee enn 


3at 307381077 
9. Xm p ae ла ET) 
10, y=(sin х) х7 X. 
117 у=х** 


12. Differentiate from first principles 
(i) х: (ii) x sin x (iii) log sec x (iv) el (у) sin ух (vi) log cos x 
(vif) sec x (viii) 35/8. (ix) tan-x® (x) log (3x41). 
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13. Differentiate 


же ГЫЙ 
(1) tani with respect to sin HH} ye 


2x 
1-x* 
[Hint. Put x—tan 6]. 
(ii) зіп? x with respect to (log х)?. 
Vitx-V z) 5 

=) with respect to cos! x. 
(ii) ^ tan BEI ET wi р! 
[Hint. Put x=cos $]. 


14. ух (Hint: 
15. у= pp a/xtVxt... ad inf 


16. If y=(1—x)!/2 (sin x) ех . 


prove that AY (ү ууч (sin х) ех [1+со! х-4 (—3)1]* 


dx 
17, КУТЕМ у= (ху) 
% prove that ay e А 


dX y У 
[Hint, Put x2—sin 0, »?—sin $]. 
18. If xVity+yVi+x=0, prove that 
yc цш 
dx (1+x)2* 
19. Differentiate with respect to x 
4) (х+1)(х+2)(х—1) 


x xsin x 
UD nx 
20. Given that cos cos се соз Es Nae ae inte 81 


X 2 n CD AUN: 4 
prove that $ tan>- ts tan atr tan Pt ... ad inf, 


1 
=——— cot x. 
x 


ANSWERS 


1 1 _ a Й 

ху 1’ уха 
1 i. ae . 
vati Узы 1-2 
491 Lic WEN Lk 
x(ü—x2)'  xü-x2) ' 1—х% 
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4. (sin х) 08 X (x71 log sin x--x cos? x) +(log x)*9$ *[— gin. x log x 
+(x log х)! соз. х]. 


5. (14-19) (sin 2t4-2t cos 21). 
2 

6. 1+x3 

7. =>. 

& Зза 
Міха ма 
40-0) , 

t: (1—20) 


10. (sin x)* [log sin x--x cos х)+х*ЇП Хов x) (cos x)+x7 sin x]. 


1 
x log x 


12. (i) 2х (ii) sin х+х cos x (iii) tan x (iv) exe 0) 3 cos Ух 
(vi) —tan x (vii) secxtanx (viii) $ x33 (ix) 2x sect хӯ. 


үх 
И. хоо x*lox [retos x+ 


P 
Е 
x sin x cos x 
13. (09 1 (ii) XH TEES (ii) —{. 
ee (s ma 
x(1— y log x) 1-2у 
16. 00 ^0 G2 ох [ty tx] 
x+1 х4272х-1 
хилх 
ай ae (37 sin х+ (соз x) log x—2 cosec 2x ) 


SUCCESSIVE DIFFERENTIATION 


25.14, Let. у= х) then 2-5 again a function, say, g(x) of x. 


We can find 48:00. This is called second derivative of y with 


dx 
2 5 ау 
respect to x and is denoted by Дит © by у,. 
diy, ay d for any 


In similar fashion we can define dE A or pe 


positive integer п. 
REMARK. Sometimes j(" or D"(y) are also used in place of 

dry 

dxs OF Jn 

The process of differentiating a function more than once is called 

‘uccessive differentiation. 
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EXAMPLE 30. Differentiate x8+5x*—7x-+2 four times. 
Solution, Let y=28+5x2—7x+2 


then уу -3х24-10х-17 
Yo=bx-+10 
уз=6 
and у=0 


SOME STANDARD FORMULAS FOR THE N:^ DERIVATIVE 


I. y (ax 4- b)» 
Here yiem(ax -- в)" Та 
=ma (ах--Б)"-1 
уз=та (m—1) (ax -b)"-* a 
So Jg m(m—1) a? (ах+ 5)" 
Thus Уз=т(т—1) а? (m—2) (ах+Ь)"% a 
=m(m—1) (m— 2) a? (ох--5)”-3 
poene in this manner, we see that 
Yn=m(m—1)(m--2) . . . (n—n+1)a”(ax+b)”-" 
Aliter. The above result can also Be obtained by principle of 
Mtem tig Induction The result has already been proved true 
or n=1. 
Suppose it is true for я=К 
Le, Yx=m(m>t)(@n—2).. .. (т--К- 1) a* (ax4-b)m* 
Differentiating once.more with respect to x, we get 
Ука=т(т— 1)(m— 2) ... . (m—k--1) а (m—K)(ax -b)"-*-! a 
=т(т—1)(т—2).. (m—k-J-1)[m—(k--1) + Ја (ax 4-5)-(**1y 
Hence the result is true for n=k+1 also. Consequently the 
formula holds true for-all positive integral values of п. 
Corollary 1. И y —x" then 
yn=m(m— 1)... . (m—n4-1) xn-^ 
1 Corollary 2. If y=x™ and m is a positive integer then 
Jn -m(m—1)...(m—m-4-1) x?=m! 
and уты=0, yn—O v. n2 m. 
Corollary 3. if y—(ax --b) * then 
м Ya=(—1)(—2) .. . (—1—n--1) a^ (ax 4-b) +" 


> Yn=(—1)" n! а" (axb) ("+10 
IE y sin (ax--b) 
Here yi=a cos (ах--5) 


=a sin (265) 


[ since sin Є а cos 1 
27 
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Jo=at® (2:05) 

=a! sin (acr +5) 
=a sin ( ax+b+2 5. 


2 
Js—a? cos ( ax+b+ =) 


=a3 sin (s) 


Proceeding in this manner, we get 
Yama" sin (oco x ) 
Nore. All the formulas discussed above can be proved by using principle of 
Mathematical Induction. We have illustrated technique in alternative 
method of formula (I). 3 


Corollary. For y=cos (ах--5) 
1703 Ла: 
Унаа cos (ax+5+ 2 ) 


Proof. y=cos (ax+b)=sin ( ax+b+5) 
т сў, ES n 
So J»-a" sin (xo 2577 ) 
=a" соң ах+5+-5®) 
ш. 272 
Clearly у=аес® 
yate" 
Уз=аеге i 
... and so on, till we get 
Я По 
IV. y=log (ах--5) 
Here N= oe $ =a(ax+b)1 


am (а) ma(— 1) (2 1la ах +b- 


by Cor. 3 to (I) 
z(—1)^71(n— Hla" (ax +b)" 
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i3 (=> n-ta", 
(ax +b)" 

v. y=e™ cos (bx+c) 

In this case yy=ae*” cos (bx -- c) — Бех sin (bxc) 
== сах [ү соз Ф cos (bx -c)—Y sin р sin (bx--c)] 

where a=y cos 9 and b=y sino 

so yi e*?* cos (bxc 9) 

Again  ya=ylae®* cos (bx--c- 9) —be^* sin (bx+c+9)] 
=y%e8* [сов 9 cos (Вх-Ес--9)-8Ш o sin (bx+e+9)] 
=үзе2хсоз (Бх+с+2%) 

Proceeding in this manner, we get 

ya=y"e**cos (bx-- c n9) 


where {ап = 3 and y=(a®+5*)!'2 


[since ae y cos ү, b—Y sing > tan е and a+b =y?) 


Corollary. For yea sin (bx-- c) 
УлэагүледХ sin (bx-- c--n9) 
where sectas and y= (a*-- b3)!/2 


Proof is left as ай exercise. 


vi. yu (2) 


Now Ул--сАГ 5: 
а 


а 
ем) where i= 4/—1 


1 1 1 
=5 5-8 xal 
=f (ia tia) ] 
> Jae D" (уу) 
- xe) (=t (x—ia) 1707» 


—(n—1)! (—1)"71 (Hay en] 
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= CD UD (s iy — Ge Ha)nl 


21 
Put x=y cos 0 and a=y sin 8 
a a 
then tan = and ye und 
—1)"-1(п—1)! 
Thus у= Oe [y^^ (cos 0—i sin 0)-" 


—y "(cos 04-i sin 0)7"] 

(—1)7 (a—1) : 

fee [cos nd+i sin nO 

—(cos n9 —i sin : ?)] 

[By De Moivre's Theorem (cos 0+i sin 6)"=cos п0--1 sin nô for 
an integer n] 


= (—1)*7! (n— 1)! 2i sin n8 
21ү" 
NG (—1)”-1 (n—1)! sin n 8 
a"|sin" 6 
P 1)^71(n— 1)! sin n0.sin^ 0 


where o=tan-t( 2 ) 


REMARK. Since tan 0 


2 =cot 0-а1аа y 


we get 0= — — y, so the above formula can also 


be put in the form 
(—1)"2 (n— 1) ! sin «(5 — ) sin - у) 
а" 


J= 
To prove De Moivre’s Theorem for an integer we proceed as: 
For n=1, (cos 0 +i sin 6)!=cos 0+ i sin 6=cos 18-1 sin 19 
For n=2, (cos 04-1 sin 0)!—cos? 0—sin* 6+ 2i sin 9 cos 9 


=cos 20--i sin 20 

Proceeding in this manner (cos 9-1 sin 0)7--сов n 0--1 sin n 6 
In case n is negative integer, put n— —m, m>0 

р 1 1 
(cos 84-41 sin 8)" (cos 0--1 sin 6)” ="cos m 0—-i sin m 0 
cos m 0-4 sin m 0 E 
-- msnm =cos m 6—i sin m 0 
=cos (—m)#+i sin (--m)0=cos n 6+i sin n8. 
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Notation. By y»(a) we shall mean the value of yn at x—a 
Thus for example if y—sin 3x 


т д 47 т 
Jn (3) = (= sin G) at х= 
=81 sin Gx+2n) at x= 


=81 sin 3x at x= 3 
20. 


25.15. Leibnitz Theorem 
If и and v are two functions of x possessing derivatives of every 
order, then 

(мт) — us +" Ciunt "Сип Уу 
This is called Leibnitz Theorem. 
Proof. For n=l, LHS-(uv)—ui4-ur; by product formula 
and ВН$=шу-{ иу, so the theorem is true for n—1 
Let the theorem be true for n=k, i.e., 

(uv), шу Суше ivi" Couns Yo ..- 
+... HPC pnw угт УС ур Urr- а... +... Ни 
Differentiating with respect to x, we get 
(иу)х+у= (шеш Уш) НС (иву  их-1 Y2) + 
®C,(ux-Wetur-ovg)t+ ... d 
HEC (иу-гал У ear Vra) + 
ХС ца (ux-r уе urr- Vega) to... F (Шух иу) 
zug Y -(Co4-*Ci)um- (Cid *Cs)ui-i Vo 
+... + (С.С ик +... 
+... Жик, аз *Co=1 
ze VHH Слики Court . . 
Слики +... + Ча 
since АС, +С, = С, for all «К 
Hence (иу) аи y **1 Cuni Cou лу, ... 
dec Са ирина... 
+... има 

In other words the theorem holds for n=k+1 
Consequently Leibnitz Theorem is true for all positive integral 


values of n. 
EXAMPLE 31. (i) 1/у- 2 gib ‚ show that 2y33—3y4. 


Gi) 1f y=4 (sin! x)? show that (1—x®)y.—x)1= 
(С AS May, 1976) 
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Solution. (i) з= att эў €— 
> mz 
(ex - d) 
. — 2e (ad —5c 
у йд, 
a уус Se (ad—be) 
(cx+d)* 
ЯАГ ad—bc бе? (ad—bc) 
So 25 з=? ae СКАЙ 
12c* (ad be)? , 
(сх+4)% 
whereas 3j,2—3. vL 
.. 12€ (ad —bc)? 
(cx d 
Hence 2улуз=3у. 
(ii) y=} (мал! x)? 


sd 2 (sine) 
эф 2 (in = аы рэг, 


y Г y,—sin' x 
(1—23)1,?— (sint x)! =2y by (1) 
Differentiate again with respect to x, to obtain 
-2хуу -4(1--33) 275 уз=2 
Cancelling out the common factor 2), we get 
=xJr+(1-x*)y2=1 
or (1х2) y,—xn 1 


EXAMPLE 32. If »-( L J prove that 22. 


10 zero. 


ds 


т 
Solution, y+(<) => log y=—x log x 


Layo. "m dl 

> y "xi TO x gm 
=—log x—1 

> n= ey (tog x) 


Now at x=], y=1 so y;——(I40)——1 
Further yo — yx (1 + log. x) 
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- (I) 


at x= 1 is equal 
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So at x=1, ya=1(1+0)—1=0. 
Hence у2(1)=0. 
EXAMPLE 33. Мочи 6 соз (108 13 зїт (108 х) 


prove that х? A $x Z+y= = 
Hence reduce that e bio 1)yn=0 
Solution. y=a cos (log x)-- b sin (log x) 


a sin (loz x) dà b cos (log x) 
x x 


=> hmm 
> xyy=—a sin (log x)--b cos (log x) 
Differentiating with respect to x, we get 
a cos (log x) № b sin (log x) 
x E 
ог xyi4x?yg——a cos (log х)— sin (log x) 
E 


> x? 


waive — 


That proves first part. 
Now differentiate n times termwise, using Leibnitz theorem for 
each product, and we get 


пых "С: Унаа (2х) "Сә ул (2) 
узы X "C3 у» (1) +3 n=0 


or X? Ynya tH 2n X Yngit-n(n—1)¥n 
+X Ynyitnynt+yn=0 
or X? Ynya (2n 4- 1)xyo41-F(n0*2-1)y4—0 


EXAMPLE 34. If y=sin ax--cos ax prove that 
Yn=a" (14-(—)" sin 2ax]!'* 


2 
[By Formula II and its corollary} 


=al sin (a ) eso ту Jr 
за sinë (x25) con ( ax) 
л = үтү 
+2 sin( ax 5 yes ( ax+ 5-)] : 


=a" [1 +sin (2ах-Еп-)]!!? 
—a"[1--(— 1)” sin 2ax]!/2. 


Solution. ул=а" sin( ax pan cos( ax) 
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EXERCISES 


Differentiate with respect to x, n times 
1. sin? x sin 2x, cos! x, cos? x sin? x. 
2. єг log x, x? log x. 
x . 

(x—a) (x— b) (x—c) 
x71 (од х. 
- х3 cos x. 
6. If y—x ед, show that 

уп= и, 1) Ya —n(n—2)n yı+4(n—1) (n—2) y. 
7. If y=sin (m sin"! x) prove that 
(1—x?) yo—xy,  mty 20 

Deduce that (1— x3) уз,» —(2n--1)xyn (i —m)ys =0. 
If y=sin (sin x) prove that уз+у; tan x+y cos? x=0. 


“a 


e 


9. If yn a (x" log x) prove that yn —nys a--(n—1)! 
10. Prove that 2/2 sin "= =nc,—nC,4n¢, ,., 
(Hint, Use —#”_ (ees sin bx)=(at+62)"/2 гав sin (хл) 


where tan 9 =+, Apply Leibnitz theorem to LHS and then compara 
the two results after putting a=b=1 and х=0]. 
11. If y=ef" prove that 


азу азу. 2dy 
аха аа + dx 5 


e &. 
12. If yet sin x show that 


diy ^ Жы СРВ 
ауа ty ах? 

13. If y="? x ргоуе that 
»-4- (1+4 cos 2x—cos 4x) 


14, НЕ the values of constants A and В such that if у==е® (A cos x+ 
B.sin x) then for all values of x 
diy" унау, ee a 
ax 3 ae +4y=e* sin x 
15. Giver that y=e% sin x, prove that 
diy aaa? (at =0 
mn 2а yy tet y 


Hence or otherwise calculate 
ух (0), y» (0), уз (0,, y4 (0) and уз (0). 


16. If cos (Z) = log (xy 


show that xty».»-4-(2n-- 1) xyn.1-- 2n2yn—0. 
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17. If y=e™ Sin x 


show that (1--32) ya— xyi—m?y —0 and deduce that 
(Их ул — (2-1) хул — (ит?) у" =0. 


ANSWERS 


- 


. 2^7 sin (2x+ Ясан 20 Ax) 
e пт 41 =) 
2 71 cos (2+5 )+ 2 cos ( 4х+ 2 


а: 1223) GAY nS qam үг- 38. m 
won (+= )+% sin (229 2 )- 3 510 ( 3x+ 2 


1 nm ,nn—l) | n(n-V(n—2) (—1)^7! (n—1) ! 
али. -00-2) +... YT 
^ а 
и “> (aac ау 8787 
a, АЦА pisci once т Саш] 


5..[x*—3n/n—1) x] cos (x+ ESI 3nx*— ni Din ] sin (x+ £) 
14. A=B=}. 
15. 1, 2а, 3a2—1, 4а3—4а. 5а—10а° 4-1. 


25.16. Partial Diff erentiailon 


Till now we’ve been talking about functions of one variable, But 

there may be functions of more than one variable. For example 

xy " 
= ——, u=x?+ y8+2? 

Е pere ХЭТ 

are functions of two variables and three variables respectively. As 
another example demand for any good depends not only on. the 
price of the good, but also on the income of the individuals and 
on the price of related goods. 

Let z= f (x, y) be function of two. variables x and y. xandy 
сап take any value independently of each other. If we allot a 
fixed value to one variable say x, and second variable y is allowed 
to vary, f (x, y) can be regarded as a function of single variable y. 
So we can talk of its derivative with respect to y, in the usual sense. 
We call this partial derivative of z with respect to y, and denote 


5 02 
it by the symbol ny 
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Thus we have 
22 im. f(x +) f (x, y) 
ey by>0 дун par m 
Similarly we define partial derivative of z with respect to x, as 
the derivative of Z, regarded as a function of x alone. Thus here y 
is kept constant and x is allowed to vary. 


ё2_ lim Лех, y)— f (x, y) 
So x 8x30 8х 


REMARK. кы is also denoted by zz and 


x 
027) 
“ay? OY Zy 
: [122 
In similar manner we can define 3 
253 
622 - N 3 Кш. A 
Thus aya d nothing but axl ) $ Roy is 


ame ле ЙЕ (220) [oo ene ez 
Ne &( y ) ех = ( ax ) ana ae = 5 ay ) id 


this manner one can define partial derivatives of higher orders. 


CAUTION. In general хер үф i.e., change of order of 
2 дхду” дудх 2°" 


differentiation does not always yield the same answer. There are 
famous Theorems like Young’s Theorem and Schwarz Theorem 
which give sufficient conditions for two derivatives. to Бе equal. 
But as far as we are concerned all the functions that we deal with 


in this book a osed to satisfy the relation - ae b 
5 DO: re Suppose О Si J eia ахду = Ayex 


EXAMPLE 32. Evaluate Z ава £2 
Ox ey 
h xi 
ko PUE 
Sol х? 
Solution. zz РЕЯ 


We Cements 
тах yt-1) 


CZ... 2x (x—y+1)—x? 
adl (х—у--1)# 
_ 2xt—2xyd2x—3(1) 
Go Gar oe 
xt—2xy-2x 
UU Gcyrp 
x(x—2y4-2) 
> оу’ 
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- Again 
d “(5-0 а ) 
28 -1 
x? 5 [x-y +) 
д D 
=x [-e-» $5 o») 
=—х(х—у-+1)Җ—1) 
Pa US PUR 
v cy ppt 
EXAMPLE 33. Verify that for z=log (x?— y?) 
az _ _ Or 
P “7 Qyex 
Solution. 25... 2 Р [log G8 9) = 


ey 


053 8 2x PE 
& = й "E 4 у (3-4 

= 2x{ 093, (-39 | 

=+2х(%— y?y? (—2y) 

_ Ay 

P. (ей 
further Ei == [log (х2—у2)] 

00-074 

xt—ys 
zo 0 2y 


2 E 
Ax | заа |200 lot» 


= c2» [=e 2-09 | 


4ху _. 
EXT x2— y2} 
Hence the result follows. 


2 
EXAMPLE 34. Show that let Зее уе 


2 eae л боо сү 
Solution. ay {хуем} = > fezev(x-I- y)) 


=e" (ev(x-- y) ev) 
ere Gyr D 


эл {сое = as (€ (х+7+1)) 
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Lid ss 2 ter (x+y+1)} 


=e ers 1) +e} 
—e*e* (x4 y4-14-1) 
erty (x4-y4-2) 
=(x+y+2) erty 
EXAMPLE 35. If u=log (x*+y*+2%), prove that 


eu, ёш. Due 
Хуст 7 22х ~ 7 axay 
Solution. u —log (x24 2422) 
ёи э yt 
Fon Жура) [log (А-г (Oot te) 
аа 2х 
2 ара 2 TM 
2и 9 | ди 
ё20х - (= ax ЗО) НОЕ (22) 
iei —4xz 
TEX 
uA а 82u —4xyz 


ézex ^ (xis 24-22)2 


„ыш ош 
Anio “Sey = Dyer m zs &]-- о 00) 


—4ху 
= батя 
La. ЖЕ 4xyz 
= 2 му ^ GHOEBR 
Similarly it can be shown that 
= OM +, 4 xyz 
8792 (кафу rz 


(1), (2) and (3) give the required result. 
EXAMPLE 36. 1/и--/ (r) where г= 722557) 
Prove that 


tu cu 2, dz 
бул дуу S OL fo 


Selution. r=(x?+ me 
er р 
SE EC tt) 108.25 
ae а 
VES т 
Similarly Ренд 
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Now А и= (г) 
y cas == 
= = #® where иг asin) 
Ime xcd êr ЕЯ 


А DY) Ж x 

= Su where u „= 
rte т ба dr? f 
WW xu xs 

мча аи 
TOUR US 


In a similar manner it can be proved that 
Cu aw yu" 32 А 
бух" rt ee 

28, ^ ” 2 
ma iam ete 439) — 55 (att) 


So 


ene omer ea 
Ju LAU. М, 
EN curn 

: 
cU 

r 


отли 


EXERCISES 


ez 9: 3 
1. Compute "ex and ЗУ for the functions 
(0 2=(x+ у)? (ii) z=log (x+y) 


(lii) z= (vy) z = 27 


AL HER 
х%+ y? 

(9) z=% sin by (vi z = log (x*+y2) 
2. Hz=tan (ytax)+(y—ax)?/2 


i 83: 322 
Find the value of ayes 42 ay 


3. If 6—te-r №, find the value of п which will make 


28 2 (=) equal to 3» 
Е a 


ee ee eee 


DIFFERENTIATION 591 


4. If v=r™ where r2=x2+y2 Fz', show that 
aN азу aiv 
Эх? ауз ә? 
5, Ни= f(ax* -2hxy t by), у= ф(ах®+2Лху-+Ьу% 


а CEN RE ay 
Prove that i "ax эх ( и 2) 
6. I u—(1—2xv4- y2)71/2 prove that 


a ди а ди 
8, x2) |+ (ye 1-0, 
Fla 5 x] gy \ 7 (22 
а?у 


7. и =з” has a solution of the form 4—2 sin (wr—by) 
ax? or 


= т(т--1) 9-2 


prove that a=b=(drwk)!/2 


» Show that 


axi dy? zi = 
9. If z(x+y)=x2+y2, [jp ы: 


oz _ ( l9 az 
ax ae ax ду 
1 4 9832 
10. Find the value of P iata he ae when а2х24-02у2--03:8--0 
ANSWERS 
? 1 ша 22> x2 Sax! 
1. (0) 2(x+y), (i) LY (iii) (хауз (уту 
(iv) yetv xv-!, xve*v log x (v) aea? sin фу, be9? cos бу 
2x iy 
(vi) xtby' хї+у® 
2. 0. 
3. n= —3/2 
1 
103 c?z 


25.17. Homogeneous Function 
A function f(x, ЧЫ is called homogeneous function of degree лїп 


x and y if for all A 
Sx, Ay) =A" f(x, y) 


For instant + 3xty—xyt— ys and E are homogeneous 
functions of degree 3 and 1 respectively. Since it is easy e see 
that Qut 2-303)? (Ау) —Ax(Ay)2—(Ay)3 


=А%х3--3х®у—ху%— y3) 
(Ax)8+(Ay)3_, x8+y3 


ane Qa) Ey ^ ау 
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As an example of a non homogeneous function consider x*+y. 
(Ах)з-РЛу=Азх2-- Ху 
Since А?==Л may not hold for all A, x*--y is not а homogeneous 
function of x, y 


25.18, Euler’s Theorem 
If f(x, y) isa DE ИЙ; function in x and y of degree n then 


x of 222 7 пу. ax 
Proof. Since fax, d A^ fix,y) for all A, 


Д 1-3 Их, у) [Put r=] 


or f(x, y) x"f(My]x) 
ie, /=х"ф\(у/х) 
where /(1,у/х), being a function of у/х above is put equal to e(y/x) 


ПО Aa ea: 
x пх"! ф(уу/х)-Ех* 2 (>) 


nxi 2 „id у\аүу 
^ ч( х ) + aix 9 ( x s (5) 


[Note the step: If 2 is a function of u where и is a function of x 


and y then д2 dz Qu and д2 —42 Qu 


Now 


Ox du ex ду du ду 
CEP DANNY Be? to | 2 у 
Then ys nx te (=) eme (£X - 2) 
d Жү 
where asp (2) ie 
of sux r falter) e Lease ue gr 
> 25 nx"! o (2) yx"! р юэ 12) 
ie a | 
also ay =x" Фу 9 i 
d PA VC A 
d(,x) * x Ју \ x, 
, 1 j 
say (2m ei «(£) a) 
/2) and (3) imply 
ef 
б) m (В) я) 
-x" 9 (2) 


DIFFERENTIATION 593 


Hence Euler's Theorem is proved. 


EXAMPLE 37. Verify Euler's theorem Jor 
(i) ax?’ +2hxy+bys, 


жа, 
(ii) BEES 


Solation. (i) ^ Here J= ах?+2Аху+Ьу? 


2f 
> 2x —2 ax+2hy 
2f 
and T =2hx+2 by 
fo 2 
So х ax TY ay =(2 ах +2hxy)+(2hxy +2by2) 
=2(ax?+ 2hxy + byt) 


Also 403)? -2hQx (Ay) +5 (Ay)? 
=A ax? 25x y-J-by2) vA 


PU Ле a homogeneous function of degree 2. Hence: Euler's 
Theorem is verified 


25507 00087252 А 
(ii) In this case TAFA А ЖЕУ for all 
implies that the given function is homogeneous of degree 3 
XE 
Let f= ED 
9f  4x*(x4- Y)—(x4+y4) 3x1 4x3y — ya 
m ax = (x+y)? Оуу? 


As fis symmetric function of x and y (ie, if we interchange x 
and y, fis unaltered) 2 


OJE 3y*-FAxy3— x4 
ay” WFE Ae 
9 д/ 3х5--4х4у--ху4--3)5--4ху —xty 
ина 
__3х5--3х4у--3хуб 35 
ЕЕ (x+y)? 
= Зх y) -y1(x3)] 
mee ay T 


3682-4) (x+y) 
(xy)? 


= 3]. 
Hence Euler's Theorem is verified. 
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EXAMPLE 38. If z=xy f (x|y), show that 


Solution. z=F (x,y)=xy f (ху) 
FOE Хун Ax ay (s) 


= X xy f (x/y) 

=A? F (x, y) 
Hence z is a homogeneous function in x and y, of degree 2 
By Euler's Theorem therefore, 


az az 
Аа ——==2, 
д xt? oy д 
з 2 
EXAMPLE 39. If u= log = 
du ди — 
prove that хах +y » =], 
2 
Solution. Неге u(x, y)= log ХАР 
А224. Aty? 
= и(\х, Ау)= (ня, 
Axt + y?) 
"op (x+y) 


This shows that u(x, у) is not a homogeneous function of x 
and y. 

x+y? 

x+y 


then clearly z is a honfogeneous function of x and У, of degree 1. 
So by Euler's Theorem 


However if we put х=еи= 


па 975 
ог х ae 1: 5 fins 
But etri 
So we get, zx и 
or rice Du 


DIFFERENTIATION 


EXERCISES 


1. Verify Euler’s Theorem for the functions 
@) т=(х*ї+ху+уз)-—1 


(ii) z=sin tant 
Ee x3/4-- yt4 

(ш) z inis 

(iv) z=x73 log 


5 4. 
2. If u-sin! A show that 
хан уди 


4. Find the value of 
ди ди 
хуу +y Фу where u=f (ух) 
5. If u-—tan! SEM. prove that 


ди Сие 
5 +y ay = зіп2и 
6. Let z=f (х+у) -(x +у)Ф(уГх) 
93: 91: wz ЫЗ 
Show that x| bci) зу (55-32. dy ) 


7, Prove that z=x f (y/x)+g(y/x) 


satisfies the relation х? A 2xy 3 18 +» їл =0, 
8. If wis a homogeneous function of degree n in x and y, prove that 
х? гг + 2xy sot У: m —n(n—1)r 
9. 1Гикчал”! PAD fnd the value of x1 e + 2xy *5 +уё E 
10. If w=sin VAT. prove that 
viis ий E 


ANSWERS 


4. 0. 
9. (1—4 зіп? u) зіп? u 
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CHAPTER 26 


Applications of Differentiation 


SECTION A 
TANGENTS AND NORMALS 


26.1. Geometrical Interpretation of 2. 


We recall that the tangent at any point P of a curve is the limiting 
position of a secant (i.e . a line intersecting the curve at two points) 
through P such that otser 
point of intersection appro- 
aches P. We shall show 

dy : 
that dx at any point of a 
curve is the slope of the 
tangent there at. 

Let A, B be two points 
on a plane curve y=f(x) 
with co-ordinates (x, y) and 
(x+8x, y 4-3y) respectively. 


Fig. 26.1 


Let 6 be the angle that secant АВ makes with the +ve direction 
of x-axis. 

As дх—0 and 8у—>0, the point B approaches А and conversely if 
B>A then 8x0 ду->0. So in limiting portion, secant АВ coin- 
cides with the tangent to r— f(x) at A. 


If y is the angle that tangent at А makes with - уе direction of 


x-axis, then lim 6=5 
8х—0 
Зу--0 
> lim tan 6=tan & [Note that х0 8у->0] 


8x0 
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But tan o= 2 where AN is perpendicular from A on BM, 


(BM being perpendicular from B on Xraxis). 
Let AK be perpendicular from 4 to x-axis, then 
BN=BM—NM=BM—AK=(y+5y)—y=dy 
Also AN—KM —0M —OK —(x 4-àx) —x—àx. 


Thus tan 0— Зу 
òx 
ду 
and so tan j— lim -= 
ME 
dy. 
та. 


Негсе our assertion follows. 


26.2. Tangent and Normal 
Let P (х, J”) be any point on a curve y=f(x) 
Equation of any line through (x', 37) 15 
y—)! 2m(x—x') 
In case this line is tangent at P, its slope must be equal to the 


dc NE): 
value of Ge it (xeu) 
dy 


dy а Гу 
Let us denote the value of dx 8 (ХУ) by ( 7x ) 


dy ү 
Thus m-( PE. ) 
Hence equation of tangent at (^, 37) of y —f(x) is given by 
у= -(2-)e- x) 
loco ds 2 
REMARK. Sometimes this formula is written as 
si fed. s 
Y (2) х) j 
where now X and Y are current co ordinates and (x, y) is the given 
point (i.e., the point of contact) 

A normal at a point P of a plane 
curve y=f(x) isa line through P in 
the plane of curve, perpendicular to 
the tangent there at. 

Sc if PT is tangent to a curve 

‚=/(х) at a point P and if PN is 
perpendicular to PT then PN is 
normal to the curve at Р. 

Equation of normal at P (x', 3”) is 

therefore 


y-y 2 ra) 
(2) 


Fig. 26.2 


598 BUSINESS MATHEMATICS 


or o- Z zy +a- х)=0 


REMARK. As, in the case of tangent, if we take X and Y to be | 
current co-ordinates and P as the point (x, y) the equation of | 
no rmal at P can be written as 


a-»(2-)-a-9-0 


EXAMPLE 1. Find the equation of tangent at (x', У’) on the ellipse 
х? у? 


ete 
xA ya 2. d 
"ӨӨ | a ав. ducis 19 
BS dts, dE 
MW dx ау 
К (2 JS UN Ani 
dx ]. (x ah 


or у-у- PT (х—х) 3 
> а? уу'—а? y? - —B*xx' bx? 
- bi хх pos yy =F x? tay? 
y n 
Ж yy! ye 


=] since (х), y’) lies on the ellipse. 


EXAMPLE 2. Find the equation of normal at a point (x, у’) on 
the curve y—a log sin x. 


Solution. Here gy a eub cos х=а cot x 


dx sin x | 
> (2) = a cot x' 
dx 


So the normal bas equation 
(y—y') a cot x’+(x—x’)=0 
le., aly—y') cos x'+(x—x’) sin x’=0 
EXAMPLE 3. Find the equation of tangent at a point (2, 2) on 
the curve y? —2x. 


Solation. Differentiating }2=2x with respect to x, we get 


4 
2у 2-2 
"yw 
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So S at the point (2, 2) is equal to 3. 
Фү. 

dx )73 

Hence equation of tangent to y*—2x at (2, 2) is 


ie., 


RAD d» , 
DEN (2 (x—x') 


ie, y—2=4 (x—2) 
or 2y—4=x—2 
=> x—2y+2= 


EXAMPLE 4. Find the equation of normal at a point ( 34) on 
ху=4. 
Solution. Differentiating xy=4 with respect to x, we get 


dy- _ 
У 
ay y: 
us qi 026 


dy i дека 
So ae at (3, 4) is equal to = QE 
Hence equation of normal at (3, 4) is 


(0—9) (—§) (x—3)-0 


us 


or (—4y +48) 4-9(x—3)—0 
or —12y+16+4-27x—81=0 
or 27x—12y—65=0. 


26.3. Subtangent and Subnormal 

Let PT and PN respectively be 
the tangent and the normal at a 
point P of a curve y= f (x). 

PM is perpendicular from P on 
x-axis. Let the tangent and normal 
at P meet x-axis at K and L res- 
pectively. 

Length PK is cailed, the Jength of 
tangent at P and length PL is called 
the Jength of normal at P. 

Further KM i.e., the projection of Pha ut 
KP on x-axis is called subtangent at P und LM, the projection of 
PL on x-axis is called the subnormal at P. 

Suppose that (x', у’) are the co-ordinates of P then if d is the 

0 


angle TKL, За! =tan у 


LMPL=5 -2КАМ- 5-(3 — Je 
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KM 2 
So subtangent at Р-КМ-РМ РМ Yet 


whereas subnormal at P=LM= py. oy tan ф 
(ау ү 
= (a) 
Length of tangent at P =PK 
=v PM2+KM? 


"(LS T 
"(y Л 


Also length of normal at P=PL 
=y PM?+ LM? 


= УУГ ‚ау үр 
2127) 
ey Vig dy Y 
dx | 


EXAMPLE 5. Prove that for the parabola 52--4ах, subtangent at 
any point is twice its abscissal and subnormal is constant. 

Solution. Let (x', y’) be any point on y*—4ax 

So )'3—4ax' ex) 

Differentiating we get 


2,29. =4a> gm 22 


dx 
dy \'_ 2a 
5 (=) Уу 
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Hence the Pes at (x', у’) 
y 


NOSE IN S 
LAE AE 
‘dx y 
4ах/ 
I; 7 by (1) 
=2x! 


= twice abscissae of the point P. 
Also subnormal at P is equal to y' (2- 


2а 
=)", y 5 a constant, 


EXAMPLE 6. Find the, 
point (x', y") of the curve у= » (ezia 


Solution. y= 5 СА Te ) 


x. 
=a cosh — 
a 


This gives that (4) = sinh = 


Then the length of Paga at (x', y^) 


"ev Tor 


pe ing X. 
а cosh a x [irsz 2 


E eoe C eee 


sinh — 
a 


as {х', у') ties on the given curve 


1 
x 
a cosh — 
x’ 


атат cosh—— 


sinh — 
a 


X x 
=a cosh — coth— 
a a 
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lengths of tangent and normal at any 


cen) 


602 BUSINESS MATHEMATICS 


Also the length of normal at (x', у’) 
f ауү 
wy J 21 
ж] ек d 
-{ а cosh T +sinh2 P 


x 
=acosh2 — 
a 


26.4. Intersection of Two Curves Г 

Definition. The angle of intersection between two curves is the 
angle between the tangents to the two curves at the point of inter- 
section. 


Let C; and C, be two plane curves intersecting each other at P. 
and let PT; and РТ» be tangents to 
C; and Со respectively at P. 


ZTiPT, is the angle of inter- 
section of the curves С; and С,. 


; Т; 
Suppose that PT, and PT; inter- 2 
sect ОХ at L, and Ls respectively. Cn. Dr Ln 


If АТХ = ф ава ZT, LX =h; A 
then  /Т,РТ,=%@ say 
is given by фа 01 


Now tan (;—slope of tangent at P 
to curve С, о pe X 


геч, PT A L 
TM Fig. 26.3 
and tan j,—slope of tangent at P to curve C, 
=ть, say 
m,—m; 


Then tan 0—tan (ф,--04)-- lionis 


WO 
(Nore. m; =( Эр ) for the curve C, 
while m=( £ | for the curve C».] 
dx " 


In case 44—44— + +. we say that С, and С» are orthogonal 


curves or Cy and C» cut orthogonally. 
Thus Сз and C; are orthogonal if and only if m m,——1 
EXAMPLE 7. Find the angle of intersection of 
(i) y?=4ax and x*—4by at a point different from (0, 0). 
(ii) x3--)2—.8 and x— 2y at (2, 2) (C.A., November, 1975) 
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Solution. Let (i) Р(х", у') be the point of iniersection different 
from (0, 0), 
So at least one of x', у’ is non-zero, 
Now'as P lies оп y2=4ax and `х®=4Ьу, 


we get y'*=4ax' and x't—4by' 
3 
> х’ =z and х3--4Бу 
ОНА аА 
ш 163 7 45 
> У=0 ог y'3—64atb i.e., y' —4gtispiis 


11 
Ia case у’=0, x= 0 which is absurd as one of x’ and y 


must be non-zero. 


ә 
74a? apis, hence х=. =4а1!3з1!3 
Thus Pis (4а1!3Ь®!з‚ 4528 bis) 
Эр 
”-(2) for J*-—4ax 
2a 2a 41/3 


Hence if 0 is the angle of intersection between given curves, 
тә—т, 
tan 0=—— 
an TA 
24113 Адиз 
Bus ^ 25i 
“72018 ав 
1+ gi 2518 
3agl pis 
Cis pis 
За1/3 piis 
И) 
Solution. (ii) x!4 31-8 
dy 


> 2x+2y ae = 


Hence 6 == tan! ( 
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4. 2 
At 0,2), m=5r=- 7-1 


For second curve x?=2y 


> d4.7X 


So at (2,2), m= 2 =2 


Hence if 6 is the angle of lai leis 

тюй. 2 PS 
3222 к=? 
Consequently 6=tan-! 3, 


EXAMPLE 8. Show that the curves e+e! and 7; Eee 


will intersect orthogonally if a®@—b®=a’2—b'*. 
Solation. Let P (x’, 2) be the ANC intersection 


tan 0— 


х уз x? 
Then z T^ B^ y $ 
229—4 а Bb? 
th eet, =) pn 
in 8-2 
X шин л 25-22 . 0) 


[We take +ve sign under radical since the two curves аге 
symmetrical in four quadrants.] 


Now » for any point on first curve is given by 


2х (2у dy 
gi dx о 
dy —bx 
> — = — 
ах а?у 
So у m= (2) for first curve 
dx 
bx 22 аа [bÉ—b3- 
= ahy т AP gib) 
г ba’ (55-33 
a2—g 
For second curve, we have, in similar manner 
b? х 
ms 22 у 
ab [p—p? 


СРР 
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The two curves C; and C, are orthogondl in case тту — 1 


: 52-312--1 
ie., if aig 
if = 824.6: 
if а%—Ь°=а'%—Ь% 
Hence the result foitows 
EXERCISES 


1. Find the equations of tangent and normal to each of the iollowing curves 
at the given point 


(i) у=х2—3х+2 at (2, 4) 
(il) x=a sin? t, y=b cos? t at р 


(iii) y8—4ax — at(x', y) 
(iv) x8+y*=a" — at (ху? 
(v) х=уз at (4am2, Bam?) 
2. Find the point on y*=4ax at which tangent is parallel to y-axis 
[Hint, Tangent at (x^, у’) will be Parallel to y-axis if and only if 


112 
Фу o] 

dx 

9 4 x? уз n 
3. Find the points on 3, + aol at which tangents are parallel to x=axis 
(Hint. Tangent at a point (х; у) will be parallel to x-axis if and only if 

куе 

ах i 
4. Find the angle of intersection of two curves 2y1—x5 and y1—32 x, at 
a point of intersection different from origin 
Prove that the two curves x2 +y?+4x+3=0 and Х%+ уу —3—0 cut each 
other orthogonally. 

6. Show that for any point on the curve у=а log (x*—a*) the sum of the 
subtangent and tangent; varies as the product of the co-ordinates of the 
point, 

7. For the curve xmtn— amin y% prove that the mth power of the subtan- 
gent at any point varies as the nth power of subnormal there at, 

8. If the normal to the curve x'[34-y*[3— 42/3 makes ап angle $ with the axis 
of x, show that its equation is У cos $—x sin $a cos 2$. 

9. Show that the curves xy—at and x? -++y*=2a? touch each other 
[Hint. Prove thatjthe angle of Intersection between the given curves is 
zero.] 

10. What should be the value of n in the equation to the curve y=al-n xn in 
order that the subnormal may be of constant length. 


ANSWERS 


1, (i) 9х—у=14, х+9у=38 
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x У 1 a+b 
E E a T Tae may 
(11) xx'-yy/—a*, | x'yexy' 
(iv) у=3тх—4ат%. | х--3туг-4ат!--64 amt 
(0, 0) 
. (0, b), (0, —b) 
. tan !() 
e 


ARUM 


Section В 
MAXIMA AND MINIMA 


26 5. Definition 1 

A point (c, f (o) is 
called a maximum point 
of y=f(x) 
if (D /с-я flo) 


and (it) f(c—^)« f(e) 
for small A720. 


y=f(x) 


f(c) itself is called a 
maximum value of f (x) 


Fig. 26.5 


26.6 . Definition 2 
A point (d, f (d)) is called a minimum point of у= f (x) if 
d) f (4-5) f (d) 
and (i) f (4-8) 2f (4) 
for all small ^20. 

f (4) itself is called a minimum value of f (x) 

Thus we observe that points P [c—A, f(c—h)] and О (с-4/, 
f (c -h)], which are very near to A, have ordinates less than that of 
A, whereas the points 

К [d — ^, f (4—В)\, and S [d-- h, fid+h)] 
which are very close to B have ordinates greater than that of B. 

We now prove that at a maximum or minimum point first 
differential coefficient with respect to x must vanish (in other words 
tangent at a maximum or minimum point is parallel to x-axis, 
which is otherwise evident from the figure) 

Let [c f (с)] be a maximum point and let ADO be a small 


number. 
Since f (c—h) < f (c) 
we have f (c—h)—f (c) «0 
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T 4-0-7 > AUS 

Again f (eth) /(с) = f (e+h)—f (c)<0 

E 70+ Af (о) о 2) 

(1) implies that — im денле 0, [put k=—A] 

and (2) gives that jim gies TCP 0 [put kA] 

Thus 0« tim AH co 

> (& ) at x—c is equal is to zero. 

Le., " (с)=0 

мин let (4, /(4)| be a minimum Point and let ^20 be a small 
number 

Since f (d—h)> f (d) 
we have f (d—h)—f (d) >0 

d Т0) с дык) 

Again PATH А 

» fato rd, . (4) 
(3) and (4) imply lim £. dto- (4 20 

k>0 
ie, /' (d)=0 


Hence our assertion follows. 

Before we proceed to find out the criterion for determining 
whether a point is maximum or minimum we discuss increasing and 
decreasing functions of x. 

A function f (x) is said to be increasing (decreasing) if f (x+c)> 
10) 2 f —o)t < f (x—c)] for all c0. 


26.7. Theorem 
Tf f' (x) 20 then f (x) is increasing Junction of x and if f' (x) 
SO then f (x) їз decreasing Junction of x. 


Proof. f œ) 20 = lim 48:50) 20...) 
Е 8х->0 23 


In case ôx >0, put с--8х, then (I) 
yields that f Ge) > У (x). 
In case 8x<0, put с= —àx, then (i) 


gives that £6-0- о 
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= 1 (к-0)-41 (3) <0 
> /@) > 1(х-0) 
Непсе f xto) > /(®) >/(—©). 
In other words / (x) is increasing function of x. 
Suppose that f'(x)«0 
Then tim 1080—7060 со ИМ 
8x0 х 
In case 8x>0, putting c=3x, we see 
that ` f(x--c) — f(e) «0 
ie, foro «fo. 


If 8x<0, putting c— — 2х, we get 
f 29-59 «o 


| > Д(х—с).—/(х) >0 
> Дх)</(х—с) 
So Дес) «Л (х)</ (x—c) 


This means that f(x) is a decreasing function of x. 

REMARKS. 1. А function f(x) is said to be strictly increasing 
(strictly decreasing) 

if Д(х+с)>/(х)>/(х—с) [Лаед Дх) «f(x —c)] for all с>0. 

2. It can be seen easily that f(x) is increasing if /(х);>/(у) 
whenever xy and f(x) is decreasing if x>y = f(x)</(y) and 
conversely. 

3. It can be proved as above that a function f(x) is strictly in- 
creasing or strictly decreasing according as f’(x)>0 ог /'(х)<0. 


26.8. Geometrically the above theorem means that for an in- 
creasing function, tangent at any point makes acute angle with OX 
whereas for a decreasing function, 
tangent at any point makes an 
obtuse angle with x-axis. 

Let A be a maximum point 
(с, f(c)) of a curve y=f(x). 

Let P [c—h, f(c—h)] and 
Qle+h, f(c--h) be two points in 
the viccinity of A (i.e., h is very 
small]. 

If фа "and js are inclinations of ee = 
tangents at P and О respectively, О X 
it is quite obvious from the 
figure that q is acute and фо is Fig. 26.6 
obtuse. 


Y 
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‚ Analytically it is apparent from the fact that function is increas- 
ing from P to A and decreasing from 4 to О. So tan decreases 


Fig. 26.7 Fig. 26,8 
us we pass through A [tan ф is {уе when ¢ is acute and is —ve 
when ф is obtuse]. 


Thus ду, —tan Ņ is a decreasing function of x. In other: words 


dx 
d?y 
Gat wo 


Since tan ф is strictly decreasing function of x ( f(x) is nota 


: а?у T 
constant function), so da <. Consequently at a maximum point 


(с, (c) ). 
f" (с)<0. 

Similarly it can be ‘easily 
seen that if В [d—h, f(d—h)] 
and S[d--h, f(d+h)] аге two 
points in the neighbourhood of a 
minimum point B[d, f(d)], slopes 
of tangents as we pass through B 
increase. (Here фу is obtuse so 
tan фі <0 and p, is acute so 
tan фо 250). 


Therefore for a minimum point 


d2 
(d, f (d) ), E 20 Fig. 26.9 
ie, f" (d)>0. 


REMARKS. 1, А point (x, 8) such that f'(«)=0, f"(a)=0 but 
f" (a)0 is called a point of inflexion. 


2. Any point at which > =0 is cailed a stationary point, thus 


maxima and minima are stationary points while a stationary point 
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need not be a maximum or а minimum point (it could be a point of 1 
inflexion). Value of f(x) at a stationary point is called. stationary 


value. 
We have the following rule for the determination of maxima and ^ 


minima, if they exist, of a function y=f(x). 


Step I. Putting z =0, calculate the stationary points. 


Step II. Compute 53. at these stationary points. 


dx 
Фу 
In case ах A >0, the stationary point is a minimum point. 
In case A <0, the stationary point is a maximum point. 


a — -z =0 then compute D 


If " s 370 for astationary point is neither a max. nor à min. 


if 


at ids dint 
du жу 
If 43 =0, find A И the fourth derivative is negative at 


that point then there isa max. and if it is positive then there is a min. 
d^v 
Again in case a —0, find the fifth derivative and proceed às 


above till we get a definite answer. 
EXAMPLE 9. Find maximum and minimum values of the і 


expression x8 3x*—9x 27. 
Solution. Let y=x8—3x? 9x 427 
dy 
uc EE -9 
Е АЖ ҮЙ 92 ау 
ог maxima and minima, re =0 
> ax2—6x—9 = 0 
> (x—3) (x+1)=0 
=> 1 
Now 
At х= 
of y 


Again at x=3, 
of y. 
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Hence maximum value of y is1(—1)3 —3(—1)1—9(—1)--27 


-436--1--3--34 
While minimum value of y is 33—3(3)2—9(3) +27 
=54—27—27=0 


EXAMPLE 10. Find the maximum and minimum values of the 
function 8x5 —15x4+-10x2 

Solution. Let f(x)=8x5—15x4+ 10x2 

=  f'(x)=40x4—60x3+20x 

f'(x) 0 - х=0, 1, —3 

So these are the points where there can be a max. ora min. 

Now /*(х) =160х3— 180x? +20 

Thus f^(0)—2070 = There is'a min, at x—0 

Again £"(—4)=160(—})3—180(—1)2+.20——45<0 

=> there is a max. at x=—} 

Since f^(1) —160—180--20—0, we cannot Say anything regarding 
а max. or a min. at x—l at this stage So we find f” (x) 

Now f” (x)=480 х2--360х 

But f'"(1)=480—36040 

= There is neither a maximum nor a minimum at x=1 

Hence /(—3)— 22 is maximum value 
and /(0)--0 is minimum value. 

EXAMPLE 11. Find out maxima and minima of sin x-+cos x, 
when x lies between 0 and 2 =. 


Solution. Let y—sin x-+cos x 0«x« 2- 
: sre ээх Хон: 

For maxima and minima Ta 
> cos x—sin x=0 
- tanx=1 

222 З= 
> Xe SOR ar 

d?y 3 5 
Now “ув 7 — в x—vos x 

x Фу uus LR 
At x= Па 5 у2<0 
E BC ei wen шуде овул 
and at х =, dicitur у2»0 


So x == gives а maximum and i gives a minimum point 


of given function. 
EXAMPLE 12. Find maxima and minima of 
sinx+cos2x for 0<х%2=]2. 
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Solution. Let y=sin x--cos 2x 
for maxima and minima РА =0 


cos x—2 sin 2x=0 


> 

> cos x(1—4 sin х)=0 

- cos x=0 or sin х=} 

> x -4 or x—sin! $ 
Now e = —sin x—4 cos 2x 


— —sin x—4 (1—2 sin? x) 
=8 sin? x—sin x—4 


At 3E. D} —з—1—4=3>0 


$0 x= =, gives а minimum point of sin x-4-cos 2x 
soles а?у 1 
= 11, —— =$ | — |--1- 
At x= sin bus (56) 1-4 
= E 
1 17 15 
> 


Consequently x=sin™ $ gives а maximum point of sin x+cos 2 x. 

EXAMPLE 13. The su m of two numbers is 24. Find the numbers 
if the sum of their squares is to be minimum. 

Solution. Let x and y be two numbers such that 


x+y=24 

Let s=x*+ y2=x*+ (24—x)? 
For maxima and minima, #5 —0 
> 2x—2(24—x)=0 
=> 2х=24 = x= 12 
Further Гын =4>0 

Ld dx? 
So x=12, y=12 give minimum value. 


Hence the required numbers are 12 and 12. 

EXAMPLE 14. Show that right circular cylinder of given surface 
and maximum volume is such that its height is equal to the diameter 
of its base. 

Solution. Let h be the height and г be the radius of the cylinder. 
Let its surface be denoted by S. 

Then S=2nrh+2nr? N- 
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If V is the volume of the cylinder, 


V-nr*h 
S—2nr? 
СИНЕЕ 
n T by (1) 
олау 7 
=> ($—2т r?). 
-3 Las 
For maxima and minima a= 
dr 
S : 
- КИН р 
= S-6zr* 
> 2nrh+2nr*=6rr*, by (1) 
> гр —4zr? 
> h=2r 
Also T -—6nr <0 (as ris always + уе) 


Hence h=2r gives maximum volume. 

EXAMPLE 15. A wire of given length is cut into two portions 
which are bent into the shape of a circle and a square respectively. 
Show that the sun of the areas of the circle and the square will be 
least when the side of the square is equal to the diameter of the 
circle. 

Solution. Let L be the length of the wire and x, y be the lengths 
of two portions 
Thus xty-L ... (1) 
Suppose that wire of length x is bent into the form of a circle 
and that of length y, into a square. 


So radius of the circle is sr whereas the side of the square is P 
jode б ван ot 
Area of cirele— т (radius)! = ds 


jg 
Area of square=(side)?= is 


шры. дА 
Let 22 4x * 16 
Lig. zx 


ae тена) 


5 as dK 
for maxima and minima, x =0 
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x 1—х 
287 78777 
> 4х—=Е-ях=0 
ЕТ 
=> х 5-4 
dK 1 T3 e 
Also de 7X3 290, so x= +4 


gives minimum value of K. 


Now side of the square is = + (L—x) 


23 pas ЕР. 
4 7+4 7+4 
у L 


Whereas radius of the circle 5 — 2044) 


Hence our assertion follows. 


EXERCISES 


Discuss the maxima and minima of 
1, x5—5x1--5x3—10 


2. (1). x3—3x!—9 Gi) x+ Sap 


3. x+sin2x (0&х<«т) 

4 (x+3)% 

Ху 

(i) cos x+cos 3x (0&x«-) 

(ii) Show that there is а min. at x=0 for the function 

2 
Рох) х^ ( T 2) +sin? x 

6. Show that the maximum rectangle inscribed in a circle is a square. 

7. The three sides of a trapezium are equal, each being 6 cm long. Find the 
maximum possible area of the trapezium. 

8, Show that the semi-vertical angle of the cone of maximum volume and 
given slant height is tan 1 4/2. 

9. A quantity of metal is to be cast into a half cylinder ( i.e., with rectangu- 
lar base and semi-circular ends). Show that in order that the total surface 
may be minimum, the ratio of the length ofthe cylinder to the diameter 
of its semi-circular end is 2+2) : =. 

10. Show that the triangle of maximum area that can be inscribed in a given 
circle is an equilateral triangle. 

11, The fuel charges for running a train with uniform speed over a given 
distance of 80 kilo metres vary as the square of its speed and at 16 kms/ 
hour they are found to be Rs 48 per hour. The fixed charges, salaries 
etc., amount to Rs. 360 for every hour of run. What should be the most 
economical speed? 

12. If the sum of the lengths of the hypotenuse and another side of a right 
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angled triangle is given, show that the area of the triangle is maximum 
when the angle between the above two sides is з 


13. Product of two numbers is 16. Find the numbers if their sum is to be 
minimum 

14. Prove that if the sum of the radii of two circles remain constant, the sum 
of their areas will be least when the circles are equal. 

15. A rectangle is inscribed in a quadrant ofa circle of radius 5 cm, two of 

the sides being along the bounding radii. Find tbe maximum value of the 

area of the rectangle. 

A lane runs at right angles to a road a cm wide. Find how many metres 

wide the lane must Бе if itis just possible to carry a pole b cm long 

(Б> а) from the road into the lane, keeping it horizontal. 


16. 


ANSWERS 
1. Max. at x=1, Min. at x=3 
2. (i) Max, atx=0, Min. at x=2 
(i) Max. at x=—2 
Min. at х=0 
3. Max. at x=, Min. at x= T 
3 3 
4. Max. at x- ; Min. at x —3 
5. Max. at x=0, Min. at x—sin ! NES т 
7. 27у3 sq ст. 
11. 40 km/hour. 
13. 4,4. 
15. 12.5 sq cm. 
16. (b2/*—a*'*)#/% metres. 
Section C 


26.9. Derivative as rate Measurer and Approximations 

Let y=f (x). Suppose when x is changed to x+8x then y is chang- 
edito у-у. Supposing that change in y is uniform when x is 
changing from x to хх, the average change in y compared 
z, But in fact y is continuously 
changing from y to. y+dy 50 we cannot assume that rate of change 
in y is uniform throughout the period x changes from xto x--3x. So 


to the change 3x in x is given by 


` 


the ratio z at ЕТ will definitely differ from the ratio 


at the point (x, y). But ds 8х-»0, this difference becomes smaller 
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and smaller. So we are justified in saying that 2. is rate of change 


of y with respect to x at the point (x, y). 
8 , 
Till now we evaluated 2 by first finding out i and then taking 


its limit as 3x—0. Now the converse problem arises. Suppose that 


у 3 ? oy. 
y is a function of x for which” is known. From e. lim >. it 
dx dX 3x-+9 9X 
БЖ, ы 8у dy, ee 
follows that if 3x and бу are negligibly small, ax ax he зу 8 


approximately equal 1927 
рр! уеч ae 


Let 5x be error committed in determining a certain quantity x. 


3x is called Absolute Error while its ratio with x i.e., = is called 


Relative Error. Percentage error is given by 10x5. 

EXAMPLE 16. The side of an equilateral triangle is increasing 
at the rate of 2 cm/sec. At what rate is its area increasing when the 
side is 20 cms. 

Solution. Let A=Area of an equilateral triangle of side a at 
time t. 


ET 
4= MIT 
gA vaa 
CP aa S) 
dAdi Уза 
dt da 2 
dA За da 
* dro Xr 
=4" 2= 4/3 a sq cm/sec. 
da са“ 
[As “ууя by hypothesis is 2 cm/sec,} 
When a=20, 21 7204/3 sq cm/sec. 


EXAMPLE 17. If the radius of a spherical balloon increases by 
‘1%, find approximately the percentage increase in volume. 


Solution. Let r be the radius of balloon and V, its volume, 


4 
Vase 


P 


APPLICATIONS OF DIFFERENTIATION 617 


dV 


=> qr nr? 
Vv 5 2 
Then E Lar (approximately) 
SV =4т/? бг. 
Now 100 ын = dr=(001) г 
Hence SV —4zr*(001)r 
—4zr? (001) 
—3V (001) 
=F (003) 
M. 
= m 003 
Hence percentage increase in volume 
opu 
=100 yl 3 


EXAMPLE 18. А cubical block of metal when heated expands 
slightly, remaining cubical. If its volume increases by x per cent, 


Show that the length of each edge increases by E per cent approxi- 
mately. By what approximate percentage is the surface area 


increased? 
Solution, Let a be a side of the cube and V its volume. 


И=а3 = РА = 3a? 


T == За (approx.) 


> 
8а 
ПА 
Now х--100-р, 
Vx 
24342 
zs 10034:7-6 
xa? Жо 
ТОО 527255 
x 100 да. 
ЗА 58 


ENIN 
Hence percentage error in a is Ер 


Further, surface of сире--5--642 
> 55 —12a 8а (approx › 


ax 
= 124 зуу 
ЁС 
2025 
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èx 
= 150 

100 85 x ay 

TET =100 (50 =з: 


EXAMPLE 19. Find approximate value of 38 


when x —2:04 


1 
Solution. Let а 


> 


Bye — = 5x (approx.) 


We know that when x=2 


If 


8х:=`04 then 8 ye (04) 
=—005 


Hence И х=2`04, approximate value of + is 


pu 
16 


mE 


> 


. Vander Waal's equation for a gas is ( pt y: 


: 32. 
—\1005= 4570575. 


EXERCISES 


A balloon which always remains spherical has a variable radius. Find the 
Tate at which its volume is increasing with radius when the latter is 10 cms. 


x) (V—b)=k where p is 


the pressure, V is the volume and a, b, k are constants. What is the change 
in volume per unit increase in pressure 


T 
The time of oscillation of a pendulum clock is given by rez]. 
8 


where | is the length of the pendulum and g, the acceleration die to 
gravity. Prove that if a pendulum clock J centimeters long is snortened by 
one millimetre, the clock will go faster by 43.2 seconds every day. 

[Hint. 1--100 cms for a correct pendulum clock.) 

Find approximate value of x'—3x? -4x—2 when x=1'03 

Theside of a square of side 6 cm is incorrectly measured as 6.11 cm. 
Find to one decimal place ihe resulting error in the calculation of the 
area of thé square. 

The formula v—8 ух gives the velocity v of а particle when it has 
travelled a distance x from rest. Prove that if ду and 8x denote the corres" 
ponding small increases in v and x respectively, s i 
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Hence find the approximate increase in the velocity of the particle 
when x increases from 36 to 37. 

7. If a point movesin a line 2y—7x—5=0 so that its ordinate decreases at the 
rate of 3 units sec. At what rate is the point moving in the direction of 
x-axis? 

8. The pressure р and the volume v of a gas are connected by the relation 
pv! 4=constant. Find the percentage increase in the pressure correspon- 
ding to a diminution of $ per cent in volume. 

9. Given log, 10=2'3026, find the value of log, (10702). 

10. A spherical balloon is being inflated so that at the time when the radius 
is < cm, tbe radius is increasing at the rate of "15 cm/sec. Find the rate 
of increase of the volume at this time 

If the rate of increase of the volume thereafter reinains constant, find 
the rate at which the radius is increasing when the balloon has a diameter 


of 12 cm. 
ANSWERS 
ier e ah (ied 4) 

1. 400 = cu. cm/unit ?. РИ aV +2ab 
4. 4:003 5. 1.3 sq cm 

2 LARA 
6. ЗЭ? а= 777 units/sec 
ЧУТ. 9. 23046 


10. 15 cu cm/sec, 7104 cm/sec. 


Section D 
EXPANSIONS, FAYLOR'S AND MACLAUR!N'S. THEOREMS 


1 4+ 
26.10. We know that +++..." = iz Lo (see Geo- 


metric Progression) and if | y | <1 and n-o then 
1 
ЕЯ any 299 [es 


since 77-90 as n-»co. 
d ! 
Coming to the converse problem, we consider at Apply the 
following process of division. (This process is called Long Division 
Method). 
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y 
А 


We observe that i= 


y4 


SITERE tiy 


SIHH.. tet. 
When | ү |< 1 andn becomes indefinitely large, ү" becomes 
very small and ultimately in the limit as nce, 1"—0, so 


qub ... Up to eo. 
The process by means of which a given function can be expressed 
in terms of a series is called Expansion. We have, in the above 
example, shown that when r is numerically less than 1, (1— y)! can 


be expanded. A series of type х" is called a power series. In a 
n=0 

power series powers of x ascend. Thus (1--ү):1 can be expanded 

into a power series if | y | «1. 

This problem can be generalized. Suppose f(x) is а function. 
“Can we find a suitable power series (convergent, of course) whose 
sum is equal to f(x)? 

A complete answer to this problem is beyond the scope of this 
book. But a partial answer to this problem is, ‘yes’, if f(x) has 
derivatives of each order. 

We tackle the problem in a different manner. Suppose /(x) has 
derivatives of each order and its expansion in a power series is 
possible, i.e., 

f(x) «9--aix-Fag x24 . . . upto infinity 

We shall determine xo, а, ag,.. еіс. If we can do so, then 
certainly we shall be able to complete our job i.e., to expand f(x) 
into a power series. 

Firstly we take the case of finite expansions. 

Let f(x)—29-4-«1 ха x2+ ... Чак x* 

This immediately implies that «9— f(0). 

Also f"(x)=01+2a2 х+ Заз x7 +... thax х 1 


> «=f" (0). 
Again f"(x)=205-+(3.2) ах... Fk(k—1) ar a 
> 2a,=f"(0) or аз=Н f" (0). 


Further /*'(х)= (3!) из + (4.3.2) ay x+. . ---k(k— 1)k — 2) x E3 
на (3!) a," (0) 
= а= Л”) 
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Proceeding in this manner, we get, at the end, 
1 
amor SO) 


а 
Непсе /бд=Л@ +х/'(@ + 27. "©+...+—- OOH... 
+2 © 


Where fo stands for the value of rth derivative of f(x) at x=0. 
The next question, which arises, is “Сар this method be used for 
infinite expansions?” 


The reply would be “not always." It can be done, of course, 
when series is uniformly convergent, a concept for a student of 
Advanced Real Analysis. Omitting the niceties and subtleties of 
such concepts to aficionados, we now assume that whatever func- 
tions we are dealing in, can be expanded into a power series which 
can be differentiated termwise. 


The above process, Bon: can be repeated to give 


Ло) = 70) --x /(0)4- 5. P (0)+ ... up to со 


2. 
* 
ә jj = 
T=0 
This is called Maclaurin's Ex pansion. 
EXAMPLE 20. Expand sin x into a power series. 
Solution. Let /(x)=sin x, then f (0)=0 
Also f'(x)-cosx > f'(0)=1 
Jf" (х)=—зїпх = f*(0)=0 
S"(x)=-cosx >  f'"(0——1 
etc. 
айлд 39220) 
Spt sr Т. +. 


REMARK. One can proceed Ej жи evaluating rth derivative at 
x=0 and then put r—0, 1, 2,. 


Hence f(x)=sin x=x— 


For instance, here f* (x)= sin т; zig) 


So 73 (0)=sin Ло if ris even 
7-1 


2 
=(—1)  ifrisodd 
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stor uid 
Hence RT (0) 


EXAMPLE 21. Show that 
7) x? + х5 
de TOM PF +. 


3 
(И) e*-1—x > TG 


ЧИ) Coefficient of x" in the expansion of 
ej ewi gis dessins: 
(1 +ax +bx?) e” is (=I) [ UT UEM S] 


sin x ARMS s Mal. 
Tin ve en Е ВЕ Е (C.A., November, 1974) 


Solution. (i) Let f(x) =e" 
Then /'(x)e f(x) -f"(x)9 .. es f'(x)2e 
Thus /.0)12/^0)2f'(00—.... . 
So by Maclaurin's expansion 
2 
fo = ipse m OVS sl а we get 
xt 


ын -Hot 5 


in 
| 


= zc bii 


(ii) Put x=—x in result of (i) and we get the required 
expansion, 
(iii) We have 
( 2 5 
(1-Fax-- bx?) etc beh 5 = ant хи | 


and hence coefficient of х" is 
Эх? xo?) ard ers 
їй--2 TE 


and 


the coefficient is 


Б зох ст „+, 
le ent eel Ce ий 
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(iv) Let ved ein X (hen y(0) — езіп Dia 

Also уу=е*" “cos x=y cos x 

= у1(0)==7(0) cos 0--1.1--1 

Again y,=)1 cos x—y sin x = 24(0)= 1100) cos 0—5(0). sin 0—1. 
Further J3—J,. cos x—2)y, sin x —y cos х 


E^ Уз(0)= y2(0) —5(0) — 1—1—0 

Lastly Уа=Уз COS x—3y. sin х—311 cos x+y sin x 
" J4(0)— y3(0) —37,(0) 20—3— —3 

Hence e? ®— / (Ору OFE f+... 


2 3 4 
TUER +}, 0C 3- ... 


^ T 
=1+х + > -% aed 
EXAMPLE 22. Prove that 
xt 


e sin? x=x?+ x3 + 9 


Solution. Let =e? sin? x 
Then 2(0)=0. 


Also Ji—e* sin? x--2e* sin x cos x ` 
=e (sin? x+2 sin x cos x) 
_ э0)-0 
Again a= e* (sin? x+2 sin x cos x) 


+e* (2 sin x cos x+2 cos? x—2 sin? x) 
—€e"(sin? x +4 sin x cos x —2 sin? x +2 cos? x) 
> ¥(0)=2 
Further Уз = е"(5іп2 x+4 sin x cos х—2 sin* x +2 cos? x) 
-Fe*(2 sin x cos x+4 cos? x—4 sin? x—4 sin x 
COS X—4 cos x sin x) 
—€* (sin? x—2 sin x cos x —6 sin? x4-6 cos? x) 
> ¥3(0)=6. 
Lastly ye=er(sin? x—i2sin x cos x—6 sin? x+ 6 cost x) 
+e (2 sin x cos x—2 cos* x4-2 sin? x— 12 sin x cos x 
—12 sin x cos x) 
=e* (sin? x —24 sin x cos x —4 sin? x +4 cos? x) 
= J4(00)—4 


Hence её sin? х= )(0)+x yı (0)+ р )%(0)+... ® 
=0 +04 2 + Nai E (0-2 27.00. 
а х 
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EXAMPLE 23. Show by using Maclaurin's expansion that 
2 
log а+д=х—< pees К, 

Solution. Let f (x)=log (14+ x) 
Then гот O= 

77 (х) = “Үр = f"(0)= -1 

05 —1) (—2 т 
ро = “PEA = fr =| 2 
09 ө= “т ets wes 13. 


and so оп. 
Thus by Maclaurin's expansion, 


2 
fG)- f (0x / 0.5 77 Өр... 
We get 73 
р 2 2 
log (1+x)=log LEX 5 (D+ RO Fpi.. 


[4.7 
La Idi 


> 


26.11. Taylor’s Expansion 

Let f (x+h) be expandable into a power series in the variable h. 
Again the flat assumption is that this series can be differentiated 
term by term. 

Taylor’s Theorem states that, under the conditions laid down as 
above, 

f (a--h) = f (a) -h f (0) + zy f" (am... e 


12 
2! 
Proof. Let f (a+h)=ag+arh+ah?+ash3+ ... oo 
Put h=0 to get «o= / (a). 

Differentiating each side with respect to h, we obtain 


аа ый Заз... © 


4 _ af (ac-h) d(ath) 
Ви 21764015 дара 40) 
) р =f' (a4-h).1— f' (a+h) 
This in turn yields that 
a= f (а) 
: пшн that f ' (a+h) is first derivative of f (a+h) with respect 
7 
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Again, differentiate both sides with respect to 44 
Thus f£" (a+h)=22,+(3.2) х, A+. 


> 2%= f"(a) or a= Lo 


Proceeding in this manner, we Pl 


t= T^ ' (a) 
5 ro” 
Hence father (a). 
1 
Coke 
EXAMPLE 24. Show that 
E Liew ky 721 
log (n+-1)=Iog n+ (as 2m 387 ai SED ) 


Solution. We expand log (n+h) in terms of h and then put 
hz. 


f (n+h)=log Оч = f (n)=log n 


Also Т'а-+®= ai gj; [log (n+h)] = xix 


» Рт = 1. 


Further / "(п + А) = — (9) 


and so on. 
In general f" (n44)— (= От 
(2123 
уе 
Ш 04012100 


Consequently by Taylor’s нА 


2 
log (n+h)= f(n)h 7004-3677 (n)... 


hr 
diim i£ iol. 
h h2 2! АЗ 
pent. corps 


(—1)-1 hr (r-1)! 
el (г!) nr 


+... 
Put A=1, to obtain 
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1 1 1 1 б 
log (n+-1)= log nt aiit 2225 ] 
EXAMPLE 25. Prove that 

1 SOS 
tani (x4-2)—tan! х+2 зіп 2 MI Qm sin? z 
(2sinz)sin3z _ 
3 


where cot z—x. 

Solution. We expand tan (x+h) by Taylor's Expansion and 
then put A=2. 

Here f (x-- h) —tan-! (x+h) > f (x)=tan x 

In this case f (x+h) =(—1)" (r—1)! sin*0 sin n 
where cos 0—x-- h 

Thus fu =(— D! (r—1) 1 sin", sin nz 
since by definition value of cot 8 at h=0 

is cot z i.e., 8—z 


2 
Hence tan“! (x-+h)=tan-! x+h sin 2 sinz + E (sin? z sin 22} 


#3 4 : 
+37 (2 ! sin? z sin 32)... 


1 2 sin? 
stan] x+h sin 2 A Eur sin 2z 


hi. Ч 
+5 sin? тїп 32... 


Put h—=2, to get the required result. 
EXAMPLE 26. Show that if x is numerically less than 1 


qur И 
(9+ -14-2х4-3х3--4х3-- 
n 1 | 
Solution. Here f(a+h) = Gaps 
& ла) 


' sis vb e 
Т(а4-0) = — dax 


- fe = -À 
г . Ха 
Again f (N= Gane 


APPLICATIONS OF DIFFERENTIATION 627 


and so on. 
By Taylor’s Expansion 
ОЬ ВУ GERSI 
ati а alta №... 
Put'a——1, h=x to get 


iab bet d 


1 
ог Ws = 142 21-60 
(l= xp + 2x +3x' + 
“ин that series on RHS is convergent only when x is numerically less 
than 5: 
x2 


definition), we use the series (1—х)-2=1-+2х-+3х2+ ... We could 
avoid this circular’ argument by finding out derivative of х", n is 
any integer by following technique 


REMARK. One might think that in the proof of E TIS ) (by 


af. Lox. nx^-l 
#( x ) х?" 
0.х"—пх"-1 

х2" 
—nx*-1 
en 


35 = —пх-"-1 


п 
“үнэг 

Now put n—1,2, 3, .. ., to get derivative of reciprocal of any 
integral power of x. 

EXAMPLE 27. Prove that 

5 4 5 x5 
log tan (3-4 Je з®..: 
Solution. Put f(a--4j—log tan (+ ) a=, їїсэх 


Жа) =log tan {aloe 1=0 


f'(a@+h)=tan (x[44-x) sec? (x/4+-x) 
i 
= Sin (5/4-рх) cos (n/44-x) 
2 
72 sin (z/4--x) cos (z/4--x) 
2 


“вш (x]2--2x) 
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628 
мемо vee) sec 2x 
cos 2x 
> J '(а)=2 sec 0=2 
f" (a-- h) =4 sec 2x tan 2x 
- f'(a)—0 


f" (a-- h) —4[2 sec 2x tan? 2х--2 sec? 2x} 
=8 (sec 2x tan? 2x-+sec3 2x) 

> f" (a) -8 

f (a--5)—8[2 sec? 2x tan? 2х- 4 sec? 2x tan 2x 

+6 sec? 2x tan 2x] 
—8[2 sec? x tan? 2x+10 sec? 2x tan 2x] 

- ft? (а) =0 
Finally 


ГӨ) (a+h)8=[4 sec 2x tant 2х-- 18 sec? x tan? 2x 
+60 sec? 2x tan? 2x -- 20 ѕес5 2x] 


= f 9(a)—8.20—160 
Hence by Taylor's Expansion 


” 3 
log sin (Grm )eno«r (a)x4- Do + 22 
3 
—042:4048 0 40429 +... 


4x8 


4_ 
=2x+ $+ M 


EXAMPLE 28. Prove that 


fiat ә 
Биш ee ee 
Е TA КА 


Solution! Here f(x)=sin-2x =  f(0)—0 


7 1 LA Ё “= 
Peay racer > FOI 
Го) —À( 38-31 (—22) 

=х(ї—#узз = jf*()-0 
f" фаза 27. ам) (—2х) 
-0 —2)-312 4-3х (1--х2у 98 
- Под 
f(x) = 4 —32)-5(—2x) -6x(1 —x?)-5/* 
зх 1—29) 78 (722) 
=9x(1—x2)-5 2+ 15x3(1—x*)-7!2 
d £'%0)=0 
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Finally 
FEY x)=9(1 —x?) $2 +9x (—3) (1—x2) 7? (—2x) 
$45x2(1—22)-7/2-4 15x3 (—1/2)(1 —x?) —9/2 (— 2x) 
-9(1--х2):5/24-90х2(1--х2у:5124-105х3 (1—x2)-9/2 
f® (0)=9 
Hence by Maclaurin's Expansion 


f= f O)+xf (0) TAE (0)+. 
сЗ 5 
> sin! х=0+х+0 + tA +... 


Roe ae бүр: une 22 
Нов о ант... 


EXERCISES 


Prove the following Expansions 
2 


4 
1. cosxe ter — 384004 


ml nude 
2. log sec x Je à as Mb 
2; 


3. (sinc! x)- 2% T xix 


4. ейт cos bx=1+ax + a х* 43167 


Ег Р 
еу т +5т БӨБ 


6. tanx=x +> gs eum xb oy 

8: oxi x$ 

7. cos x- 1— TOU (6: 

8. log sin (x+h)=log sin x+h со! x cosec? x4 . 


2 
9. log (I+tan x)=x 223 is 


10. Expand log sin x in powers of x—1 

(Hint. log sin x=log sin (1+х—1!. Now Apply Taylor's theorem to 
log sin (ath), a—1, h-x—1] 

11. Expand cos x in powers of x+2. 


ANSWERS 


-1)3 
10. log sin 1H-(x—1) cot 1 — (= er. cosec? 1+ c cot 1 cosec? 1 


11. cos 2—(x— 


CHAPTER 27 


Integration — Different Methods 


27.1. After having learnt what is meant by differentiation, we come 
to the ‘reverse’ process of it, namely, integration. To give a: precise 
shape to the definition of integration, we observe: If g(x) is a 


function of x such that 2. g(x)=f (х) 
then we define integral of f (x), w.rt. x to be the function g(x). 
This is put in the notational form as 
1 46373612) 
The function f (x) is called the Integrand. Presence of dx is 
there just to remind us that integration is being done w.r.t. X- 
As an example we note that since 2 sin x=cos x 


| cos x dx=sin x 
\ We get many such results as a direct consequence of the defini- 
tion of integration, and can treat them as ‘formulas’. A list of 
such standard results could be given: 


(1) | 14х=х because 14 (x)=1 

(2) | x^dx = 700+) because E (E) =x", n}— 1 
(3) | I dx=log x кес x (log x) — i 

(4) на because E (е®)=е* 

(5) | sin x dx=—cos x because 3 (—cos x)=sin x 


(6) | cos х dx=sin x because Ea (sin x)=cos x 
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(7) | sec? xdx=tan х because 7. tan x—sec? x 
(8) | cosec? x dx— — cot x because 2 (—cot x)=cosec? x 
(9) | sec x tan x dx=sec х because A (sec x)=sec x tan x 
(10) | cosec x cot х dx=—cosec x because 4 (—cosee x) 
=cosec x cot x 
(11) = dx=-sin-1x because їй; (sint x)= —1—— 
у 1—х? ах М1—х? 
1 : 4 1 
wey —tan- БЕ; ey es mur 
(12) ls dx-—tan^! x because ах (tan! x) ИЖ 
1 d 
1 ——— —— dx =sec™ i =. 5) = —— 
(13) ЇЕ ЭЛ dx=sec™l x | because =~ (sec? x)= X104 
1 log (ax+5) d Г log +07 
14 — = L| ————_. 
(14) Їнээ 4х 2 because = à А 
1 
= ах+ь 
па AED TU d 
a5) [бота OF в 
+1 ) 
because 18 C darti Hn —(ax4-5b)^, n = —1 


dx a(n+1) 


a 
2х = 
(16) | aax feu 


One might wonder at this stage that since 


d et 
because p =а* joga 


9. 
р (sin x+4)=cos x 


then by definition, why [cos x dx is not (sin x4-4)? In fact 
there is nothing very sacred about number 4 and it could very well 
have been any constant. This suggests perhaps a small alteration 
in the definition. 

We now define integration as: 


£ 4 во) ЈО) 


then [го dx=g(x)+e 


where c is some constant, called the constant of integration. 
Obviously, ¢ could have any value and thus integral of a function is 
not unique! But we could say one thing here that апу two integrals 
of the same function differ by a constant. Since c could also have 
the value zero, g(x) is one of the values of f f (x)dx. By convention, 
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we will not write the constant of integration (although it is there), 
and thus J f (x)dx— g(x) 
and our definition stands. 

The above is also referred toas Indefinite Integral (indefinite, 
because we are not really giving a definite value to the integral by 


not writing the constant of integration). Very soon we'll define a 
defiuite integral also. 


27 2. Some Properties of Integration 
(i) Differentiation and integration cancel each other 
The result is clear by definition of integration. 


Or, let x #(х)= f (x) 
then J f(x) dx=g(x) [by definition] 


> ооа ]- aen 


which proves the result. 
(ii) For any constant a, [а f (x) dx=a | f (x) dx 


1 а 
Since 8, (a J f (x) dx)=a dx J f (x) ах 


=a f (x) | 
By definition, f a f (x) dx=a J f (x) dx. 
(iii) For any two functions f (x) and g(x) 

J Efeox gon]adxe J feda] g(x) dx 


As ral J f(x) аха] бох ] = 2 — SS ()4х. + dx J g(x) ах 


A м dr жа, 
it follows by definition that 


. 117 Gaz gG9ldx— [f£ (x) dx +] g(x) dx | 
This result could be extended to a finite number of functions, i.e., 
in general, 
ПЛО) fa E fax) &... fin (x)] dx= eer dx + Sfo(x)dx 


«+ j falx) dx 
Let us now solve some problems to Шат the use of these 
results. 


EXAMPLE 1, Find J (2x —3)? dx. 
Solution. We have 
fQx—3)* dx=J (4x?4-9—12x) dx 
=] 4x: dx+J 9 dx— [12x dx 
=4Jxtdx+9 f 1. dx—12 [x dx 


x? 12x? 
=4 aby б 
3 iei 2 
4 
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EXAMPLE 2. Find | (2x+1)1'3 dx 
їз 3 2Q 2x1) BH 
1--1 i 


= “аг: 


Solution, We have | (2x+1) 


zi 
E С°З. x 
XAMPLE 3. Solve КК} ах. 
Solution. By division, we note 
x? 1 
SET -(3-х-1)-- ии 


3 
EXAMPLE 4. Find | v T+cos 2x dx 
e 


Solution, We observ 


| I-Fcos 2x а [Уз cos?x Ах=\/2 
—4/2 sin x. 


cos x dx 


EXAMPLE 5. Evaluate [vp 


x re |а| : 4х 
ух 
хи x 1+1 
ТРОЕ 
=$ x39—24x 


Solution. [== 


EXAMPLE 6. Evaluate 
0) lom о ) dx (ii) [^ xdx. 

(C.A., November. 1976) 
Solution. We have 


(i) ! ни. a &=|( а: dx 


1 
=a | xi aeu] хах+с fata E 
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dm +ex+d log x 


(ii) We have 
f sin? x dx —1J(3 sin x—sin 3x) dx 
-4| sin x dx—}J sin 3 x dx 
ен ia РВ 


=} (cos 3x —9 cos а 


REMARK. Note that as уа. (cos ax)=—sin ax 
а dx 


| sin ax dx=— See: 
a 
sin ax 
Similarly | cos ax dx=——— 
e 
and | en dx= = 
EXERCISES 
Integrate the following functions w.r.t. x 
3 
n4 d по Se wi) vx dt (у OE 
2. (i) e (ii) e> (iii) i 
рү ? 1 1 
3. (i -25) cde. 
S (vs vx NS MV YxTVXx ки -1-үух41 
И Rationalise! 
4. (i) (sin x—cos x)? (ii) sin? x (iii) cos* x 
"+ ИА - д sin 2x 
(iv) iau x (у) sin (4x+3) (vi) sin x 
ANNE SU ЯН VX E х*+х%+1 
5. (i) Saran (ii) 1x (iii) ae). 
P 1 vx+ x2)? 
(iv) 24——7— (VAEV X 
Aa sso x 
ANSWERS 
з 5/2 4 bx? 
1. 0) 2Vx (ii) "s шш PE пу SE 


20 =" ap = (iit) == 
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2 


с Нов x 09 ES (Lal 2334 

(i) —(x—19 -(x4 1988] 

4. Ч) xt gest (ii) i (x—sin x cos x)] 
Gii) Py (9sin x+sin 3x] (iv) tamx—sec x (y) — 808 СЕ 
(vi) 2 sin x. 
f d Жж $ 5 tafx? 

5. (i) 4 tan 3 (ii) log (+x) (iii) AES] 
NOTES 
(iv) 198201) хэ (v) stiang? xe 


27.3. Definite Integral 
Suppose f(x) is a function such that 
Sf(x) dx=g(x) 


b 
The definite integral | f(x) dx is defined by 


a 
b. b 
| =f go) } —g(b) ga) 
a a 
where а and. b аге two real numbers, and are called, respectively, 
the Jower and the upper limits of the integral. 


EXAMPLE 7. Evaluate | cos x ax 


o— nji 


Solution. We know that | cos x dx=sin x 


E 
2 

Thus | cos x dx -| sin x | =sin Š -sin 0 
0 


ona 


EXAMPLE 8. Evaluate K dx. 
a 


Solution. We know that | 14х-х 


Thus n dv] x в-а. 


а а 
REMARK. It might be noticed that in case of a definite ioterral, 
there is no-constant of integration. For, suppose 
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| /(х)4х=в(х)+с 

then ЁС: dx = [eoe р 

а а 


={g(b)+el—[g(a) +e] 
=g(b)— g(a) 
So when we talk of a definite integral, we note it has a.unique 
definite value. 
We will study in details the properties of definite integrals again 
at the end. 


EXERCISES 


Evaluate the following integrals 


a 
2 
S 
d: 
> 


1. | sin x dx 2: | хөхөх 
0 


4. [eem dx 
2j 


"3 
oc Moe оч 
«|- 
а. 
ч 


1 b 
5. та dx 6. | хЗах 
а 
ANSWERS 
1.1 2. 1 3. log 3—1og 2 
11 т . p—a 
Ee T QUIS 


27.4. Methods of Integration 


In the previous section we have seen that many integrals can be 
evaluated by using definition of integration. Still a good number of 
problems cannot be solved in this manner. We, in the rest of this 
section of the book, will try to list a few methods by which integra- 
tion is made possible. The very first (and perhaps the most useful) 
of them is the 
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ub. Mee Substitution 
n this method, we express the given inte | i 
e A r gral x)dx t 
of another integral in which the independent dS is ‘thanked 
to another variable ғ through some suitable relation x=¢ (t) 


Let I= | rear 

dI 
= fi 

ax 4 ©) 

di dI d 4 
Now ELUM ERN Uf x 

dT dx: a 70 a 

4. 
Thus г-Гө2-4- Ленд 
Note t we replace dx by «o'(t) dt, which we get from the 
x 


relation Eri (2) by assuming that dx and dt can be separated. 


In fact this is done only for convenience. 
The following examples will make the process clear: 


EXAMPLE 9. Integrate x(x*+1)3. 
Solution. Put x22-1—: = 24.1 
Thus =+ Ixdx=dt 
|на 13 dt=} Їе аа 
2572 
pa 8 


tan 8 
e 


EXAMPLE 10. Find | sect 0 40 


Solution. Put tan 0—1, then sect dg=dt 
Thus | pum 8 sect d= | fiar = 


cos x 
EXAMPLE 11. Integrate Tar SERES 


Solution. Put sin x=t, then cos x dx=dt 

dt : 
Thus |5 dx— | mw —tan-1 [=={ап^1 (sin x). 
4 


EXAMPLE 12. Integrate T 


tan 6 
е 


Solutiun. Put x3—t then 3x*dx=dt 
4х2 4-f dt Y } 
Thus m dx= 5| js i sinl t=$ sin-1(x3) 


—x* 
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EXAMPLE 13. Find 


Solution. Put tan "x 


Also 


BUSINESS MATHEMATICS 


i 
then Tix dx= dt 


x=tan t 


thus when x=0, 
, when х=1. 


Hence 


1 
(tan-! x)? ns 


Ге 
0 


tant=0 = 1=0 
tant=1 > t==/4 


zj4 [4 
у Кү т \3 0 
2 = р = | 25 
| qi E 1) 
0 0 
n? 
—192 


Nore. In the above method, when we make the substitution, we also change 


the limits accordingly, 
which correspond 


the. new limits being the values of the new variable 


to the values 0 and 1 of x. Alternatively we could attempt 
the problem in the following way: 


(tan^' x)? 


We first consider the integral | Up 4% 


i.e., we do not take limits. Then as before, by the same substitution 


(tan! х)? 
| бтр: ИНИ 


and thus 


3 


Ot Ыы) 
tanix d 
| pr ИЙЕР | 


1 


ЖК А 


_ (tan 130? 
3 


(алх) |, (tan^' 1)3 (tan"! 0)? 


3 0 3 3 
á (81371: галан Ld 
3 192 


It might be remarked here that although both the methods ас” 
correct, the first will prove very helpful in certain cases. 


1. Integate the following functions 


2 зах 

0 Vinx 
sinav x 
2. (1) ORE 


EXERCISES 
cos (log x) 1 
DT ee (ИЙ ste 
(утап sect 8 (iii) e'^* ^ sin x 
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3. (i) sec x log (sec x--tan x) (ii) tan x (iu) log x 
x 
(iv) зай! x 
4. (i) sinx cos x (ii) cos? x sin x (ii) — 
2 WS et? +1 
Lx SN 1+х 2х+3 
5. (i) [4x6 (ii) TEES Gi) ха+зх+17 
[Hiat. Put x=cos 6] 
6. Evaluate 
1/2 n/2 
27508 x ВЕ 
(9 | I+sintx 4* wo | sinx cos x dx 
0 0 
x/2 a 
(ш) | cosx sin x dx (iv) | Эрэн 
0 € 
1 
Lug Rc 
©) | V Daar 
0 
1 
7. Evaluate [жуа ха 
ANSWERS 
1. (0 d(sin-! x)* (ti) sin (log x) (ii) tanle? 
2, 0 Зову D E tanoa (un е0 


3. 0) quos (sec x+tan x)]® (ii) log sec x (ui) de 


tan? x 

шин хан sec x 

sin’ x _ соз? x Te ay 2x 
4. (i) TED Gi) TET (iii) jan ( e ) 
5. (i) + tan x* (Н) —[cos! x--4/1—x11 (iit) log (x8+3x4-7) 


в wt ani) pe- 
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27.6. To evaluate | БО ) dx where Г(х) is the derivative of f(x) 


Put f(x)=t, then f. '(x)dx— dt 


Thus | Le dx= ia dt = log t—log f(x) 


21.7. To evaluate JE)" f'(x)dx, nz£—1 
Put f (х) =, then f '(x)dx— zt 


me [tere [ese SU ОЙ 


27.8. To evaluate f f'(ax+b)dx 
Put ax+b=t, then adx —dt 


Thus 
[еа [ @ A s roa f(t) ag ae +P) 
EXAMPLE 14. mre (0) f tan x dx (ii) J sec x dx 


dx=log sec x 


() ВИН s sec x tan x 
cos 59 sec х 


sec x (sec x--tan x 
(ii) | sec ха [^ sext SETA 2: dx= log (sec x+tan х) 


EXAMPLE 15. Find | ху ЕТ dx. 
Solution. We have 
| ай dzi] (2x) 624-03 dx 
984-131 
-3 BN [using 27.7] 
Кио.” 


xti 
EXAMPLE 16. Evaluate j aUe 


x+l yet 2x42 , 
Solution. We have | ахз 447i РЕ 
=$ log (52--2х--3) 


—cos6x cos2x 


ЯС 12 4 
=— ЭЭ cos 2 x] 


x 
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EXAMPLE 17. Evaluate (i) § cos x cos 2x dx 
(ti) J sin 4x cos 2x dx [C.A.,(Nov.) 1976] 
Solution. (i) [cos х cos2xdx— $ [2 cos x cos 2x dx 
= # f (cos 3x--cos x)dx 
= ij cos 3x dx+} | cos x dx 
- 59 p sin x 
(ii) We have 
sin 4 x cos 2 х={ 2 sin 4x cos 2x 
=: віп (4х--2х)--8ш (4x—2x)] 
=4[sin 6x+sin 2x] 
Thus 
1 вш 4x cos 2x dx=} | (sin 6x--sin 2x)dx 
=f sin 6x dx+4 | sin 2x dx 
—cos бх cos 2x 
FZ) Lye 
= —} E 6x ү cos 2x ] 


EXERCISES 
Integrate the following: 
^ 1 1 
1. (D cot x (il) cosec х (iii) БҮГҮ (iv) Е =) 
2x+3 xb cos x 
2. (i) XXE (ii) Tex (iii) att sine (670) 


(sin7!x)4 
Vi—xi 


3. (i) tan?x . sect х 00) xvVgr—x3 (Ш) 
Gv) x4(1-+-x5)t 
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1—tan x 1 sec x cosec x 
2 1+tan х an Vex (ti) log tan x 
5. (0) егуге 00) (ee tems) (e—e7*). (ili) e(a+be®)n (b740) 
6. (i) cos*x (8) зийх (iii) sin 2x cos 3 х, 
(iv) УГ x 0) УГ-сов x 
ANSWERS 
l. (i) logsin x (11) log (cosec x—cotx) (iii) log (log x) 


(iv) log (1--log x) 


M 


6 
3, qj unt d) -i a © qu) do (inia 


(v) жив 


. (Ù log (x2+3x+7) (и) -log а (iti) plos (a+b sin x) 
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4. (i) log (sin x+cos x) (ii) 2 log (I-Vx ) (110) log (log tan x) 
$0 Lasers aD eret o (un TM 
6. (i) ie sin x sin 3 x) (iD ios 3x—9 cos x) 


(iii) 4 (cos x— uu ) (iv) 2 (inž —соз—5-) 


0) —2у/2соз + 


27.9. Six Important Integrals 
We now evaluate the following six integrals 


© anr dx (ii) | Заал ax (in| та Ber 
ш [vacas 0) | ра ах on [ужи ax 


(i) To evaluate | vec dx 
Put х=а sin 6, then dx=acos 6d 0 
Thus 
1 acos 6 dé a cos 0 
| vas ё- Уан” реа ЕС 


k 1 
ii) To evaluate Im 
( Jaga ^ 
Put x= a sinh 0, then dx—a cesh 0 d ө 


Thus 


| 1 4 | a cosh 840 = [5m 
мазх? ма? +a? sinh? 0 a cosh 6 


as cosh*#—sinh? 0=1 


-| di t-sinto( =) 


Aliter. Put x—atan 0, then dx—a sec? 0 d 0 
Thus 


d6 


ME | а sec? 8d 6 sec20 d 8 
4. == = = 
|= х "аа tan? 6 | ЕСС 0 f sece 40 


= log (sec 0--tan 8) 
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loi [+ +=] 
a a 
[е 


1 
(iii) То evaluate ae dx 


Put x-acosh0 then dx=a sinh 0 40; 


Thus 
а sinh 8 a sinh 6 dà -[2 


| = acf Va sinha? =] "1 


= 0 = cosh! >. 
a 


Aliter. Put x=a sec 0 then dx=a sec 0 tan 0 40 
Thus 


[ = dx= | erae m [seco d 0—log (sec 04-tan 9) 


log | сумаа 


(9) То evaluate | Ма dx 


Put x—a sin 0, then dx=acos 0d 0. 
Thus 


[vec [Vata into. а cos 9 дъ IE cos? 6 40 


ша ЇЕ +cos i 


а? 
T (6+sin 0 cos 8) 


2 ant £i 
= -F sin 84/1—sin* 9) 
a? р 2 
- ELE raul" e ] 
and hence 
——— /а2—х% а, > 
| мах: die I E, > sin 
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(у) To evaluate [У aix dx 


Put x=a sinh 0 then dx =a cosh 0 40 
Thus 


[марах | vasa Яам $ a cosh 0 dé 


= |a? cosh? 0 40 


a (nett a 88 2 со8120--1-РсовЬ 20 


n 207577 20 m ) 


- 8 cosh +0] as sinh 2 0—2 sinh 0 cosh 0 
Е EL кты. +] 


-Azi > + sinh! 31 
апд їїепсе 
[Мат dx= Туз + sinbi X. 
а 


Aliter, Put x=a tan 6, then dx=a sec? 0 49 
Thus 


| Vere dx= [vase тап20 . а sec?0 d 


-|ё sec? 0 40 


2 i 
= Flsec 6 tan 0--1о8(зес 6+tan 0)| 
[See Example 26] 


шоо ting х2 1х. 
IDEE PENA) es fo] 
= F Vette + g log [= ue te | 


(vi) To evaluate [меа dx 


.Put . x=acosh 6, then dx=asinh@ 48 
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Thus 
IA =| Vit coon баг a sinh 6 00 
=a? [rane 9 dà 

a fes 2-1 do 
a? (sinh 26 0 
-7( 207 ) 
a. 
=> (sinh 8 cosh 0—0) 


-2 [V/cosh20— i . cosh 0—80] 
-24 =l. cosh! х/а ] 


and hence 

Аа 2 
[vrza ах X. ya — -@- cosh! xja. 
Aliter. Put х==а sec 0, then dx=a sec 0 tan 0 40 
Thus 


[vaca dx-- [уа sec? 0—22 a sec 0 tan 0 40 
-fe sec 0. tan? 0 20 


=a? | sec 0 (sec? 0—1) 40 
=a? | sec? 0 dü —а° | sec 0 40 
2 
=F [ee tand+log(secé+ tan e]-e log(sec 0+-tan 0) 
[as in previous case] 


2 
er sec 0 tan = log (sec 9-4-tan 0) 


2 
б 
-3 zu -1- LE Аа сн Zr] 
А-Я: Tuy xTA/xi—a 
= м2 y log | усе] 


We thus get six results to remember 
1 aX 
| dx=sin a 


vat— 
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} х 
dx—sinh^ = 


=tosf x} VEN] 


dx=cosh-1 = 
a 
= x+y се 
а 


2 
[ves dx— ER EE +9 sin 1T 


lam 


dod 
[саа 


й 2 
| vere dx = vases + 5 sinh? = 
99 Р мана. 
2 Va X log [ = 


MN eat ЗАН 171) 
| ух2—а? a=% v I cosh Z 


2 /х2--43 
Зуя log ЕЕ 
1 
EXAMPLE 18. S. [= d. 
olve VUTZTI x 


We have 
1 


| eer | TTY 


Put x+4=1, then dx —dt 


dx 


dt 1 i 
I= | =s inh > (by the second integral evaluated 
iom (7) Уз? above) 
sinh Ие Sight oo 

sinh 132 sinh МЗ 


The above result could, of course, be written directly without 
actually making the substitution х--3--1 by taking x to be x+} in 
the formula. 

EXAMPLE 19. Evaluate |A/ —3x*--x-2 dx- 

We have 


| “зараа ax |з | ax 
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(FFG S 


576 
Я (6x=1) ЗЕ 25.73 sin 
=12 72 


(ez ) 


EXAMPLE 20. Evaluate | GI ws 
We have 
4x—3 4x 1 
———— 4, =| 5 Чан Pg [ ла: 
| X m aT ча“ 


=4 | x(x*+1)-1/2 dx —3 sinh-1 x 
—2 f (2x) (x2--1)-1 dx —3 sinh х 
458. (х2+1) 16 
niit pe т 
=4Vx*+1—3 sinh х. 
EXAMPLE 21. Evaluate | (4x+5) үх 4-4х--9 dx 
We have | (4х4 5) /x?- 4x 4-9 dx= J Ax /xt Ax 4-9 dx 
+5] /x®+4x49 dx 
—2 f 2x4-4—4A)4/x* 44x49 dx -5 [A/x?- Ax ро dx 
=2 | Qx AM x*-F Ax--9 dx —3 | /x*- 4x 49 dx 
—2 J (2x+4) (x?--4x --9)1/2 dx —3 J М(х-Е2)#+5 dx 
31132 Sa Loa 
—2 08 4x9) —3 [ x ах y sink З 


irl 
4 +2 Deport a КЕ? 
= 7 44x 9) —3 [учет +-у sink т” 


—3 sinh"! x 


Ss] 
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EXAM 2. IA 
AMPLE 22. Evaluate ах 


Let us determine three constants A, р, v, such that. 
x2+2x+3=A (x*--x- 1) - px 4- 1) + 


dx. 


where — 2x 4-1 — derivative of x*+x-+1. 
Comparing coefficients of х, x and constant terms 
we get Ael, A4-2u—2, ^ uv 3 
icit №1, p=}, у= 
Тһиз 


х2--2х--3--(х3--х--1)-43 (2х-+1)+ 


х?+-2х-Е3.`_х*#+х-Ь1 2х0 _ + 1 


Мх “уха-х+1 t fetal 4xt*T- x41 


Ух2--х-1 
x8 2x43 2x4-1 
Japri” | ia cit [n 
qo dx 
2 [> х?-++х+1 


- М: [+ т) +(@) НЫ фей Шижээ 


" Реа 1/241 
= 4G HOW x1 + sinh- SE Ps 


№312 —t+! i 
ТТАР 
+} sinh-! P ATP) 
= 25р. sinh-! ке 
УЗ. 
ЕХЕКСІЅЕЅ 
Integrate the following: 
5 1 у 1 1 22 
HU Ухо 40 (1 12х-5953 (1022-5592 
2. (i) у--2х7--3х-4-4 (ii) цулыг (iii) /9—4x* 
ў * т i 
Е UD ATA шад (40 ca 
4. (i) v3—2x—x* Gi) 435145 (iii) x*4/x9--16 


(9) cos ху4—5іп? x {Put x!—1] 
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?+2х+3 чш 
5. Show E VH dt =A [vss ] 


6. Prove that | (2x+3)V 3332x x3 dx YG--D V x! 2x 34-3 (x2+2x+3)%/8 


ANSWERS 


5 . 135-2 
1. (i) sinbi (x4-1) (ii) 3 sin E (НОУ sin - 
L (ахз) 234 + ЗУ? sin: [== 


20 "VAS 


aru СЗО р уз 
a) Š- УР sin = | 


PME Жин po eng ЛЕТА ҢЕР 
(iii) 5 M 9—4x3 + 4 sin* 3 


з. (D Z AREE rd cosh! x Gi) 21 sibi xt 


nat x 
И 
а. @ ЪЁ уз—3х—х# и | 2871 


GD. È УЗ + 


^ —— 4 
(iii) Sy 39416 +2 sink? [€] 
(iv) 252. yas sin? x 42 sin [54] 


27.10. Integration by Parts 


We now develop a formula which will help us in finding tb 
integral of a product of two functions. 


We know that if и and v are two functions of x, 


d dv du 

then ax (uy) —u7 y quy Ge 
> u aie (шу) — у du 
dx dx dx 


In'egrating both sides with respect to x, we get 
dy d du 
—— ах=|-—— ) — — 

| их ах IE: (uv) dx E 5 dx 


650 BUSINESS MATHEMATICS 


Pat u= f (x), Эр —&(x), then "| г(04х 
The above reduces to 


ГЛ (8) g(x) dx= f (x) 1 g(x) dx— VL f" Gf g (x) dx]dx 
where f“ (x) denotes the derivative of f (x). This is the required 
formula. In words, Integral of the product of two functions 

=first function ¥ Integral of the second — Integral of 
(differential of first X integral of the second function) 

It is clear from the formula that it is helpful only when we know 

(ог сап easily evaluate) integral of at least one of the two given 


[е ое The following examples will illustrate how to apply this 
rule. 


EXAMPLE 23. Find | x'e"dx, 
Solution. Taking x? as the first function and e* as the second 
function, we note 
J x*e?dx —x2e*— | (2 х) e* dx. 
=x%e*—2 | x е dx 
—x*e*—2 [xe*— J e” dx] (integrating by parts 
again) 
=x2e"—2(xe*—e*] ; 
Note. If we had taken e" as the first function and x* as the second function, 


we would not have got the answer. The reader would do well to try it and 
reason why? 


EXAMPLE 24. Evaluate (i) J log x dx, (ii) | x" log x dx (ng£— 1) 
(C.A., May, 1976) 
Solution. (i) We have | log x dx— J 1. log x dx 
1 
= (log x). x—J x. pu dx 
= x log x—x 
xti хэ" 1 


(ii) We have [x log x dx=(log x) zi- En Хав 


хэн i 
==— ——— n 
"pl Xo gr |» 4х 


dx 


EXAMPLE 25, Evaluate — 4%, 
I+-cos х 


Solution. We have 


Ж x 1 Ж 
hA | = dx + | хэс 2 dx 
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=} [ 2x-tan 5] 2 tan ax] 


E x ae ous 
=X tan 2 E tan + dx 


=x tan 5 (-2 log cos 3) 


=x tan X T 2iog cos XY 


EXAMPLE 26. Evaluate | sec? 0 d 9. 
Solution. We have 
I= f sec? 0 d 0— | sec Ó.sec? 0 d 0 
= sec В tan 0— f (sec 0 tan 0) tan 0 40 
= sec @ tan 6— f sec 0 tan? 0 dé 
= sec 0 tan 0— f sec 0 (sec? 0—1) 40 
= sec 6 tan 0—1-+ f sec 0 40 
=> 2 Г==ѕес 0 tan 0--log (sec 0-i-tan 6) 
=> 1-4) [sec 0 tan 04-log (sec 6--tan 0)| 
EXAMPLE 27. Evaluate | x cos 2 x d x. (C.A., May, 1977) 
Solution. We have [ x cos2x d x 
= х sin = _| sin 2 x a 


2 2 
[By parts] 
AX; Me cos 2x 
= 5- sin 2x43 HUP EM 
= ł [2x sin 2x+cos 2x]. 
EXERCISES 

Integrate the following functions: 
І. 00) e* sin x (ii) e* cos x (ii) x en 
2. (i) x log x [C.A., November, 1976] (ii) x*log x 
3. (i) tan! x (ii) sin! x 
4. (i) x sin! x (ii) x tan! x (ili) x? tan"! x 


(iv) x sin x sec? x 


x-sin x zy KSI 
ESTA “Шээс 
6. x log (1+x2) 
7. x^ eu 


8. log ( х+уа%+х% ) 
9. cos x . log sin x 
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ANSWERS 


1. () © (sim x—cos х) (И) © (sin x+cos x) (iti) e® (x1) 


(0 d x2 log [=] di 1 x log [=] 
. (i) x tan х-41од (14-53) (Н) x sin"! x 4 4/1—x3 


ы N 


4. (i) $ Qxi-D sin! x +Ẹ x VI-x? (ii) fun x—t[x—tan™ x] 
Gii) E tan^x — сн + log (1+x*) (iv) Их tan x4- xtan*x] 
5. (i) x tan 3 (ii) —x cot 


6. 2 tog (ita) — D +b log (1+0) 
7. {х"-пх"т1+щ(п—1) хөг. +(— 1)" |n. )e* 
8. x log {хма ) ya xt 
9. sin x log sin x—sin x. 
27.11. To Evaluate the Integrals 
(0 f е*[/(х)+/'(х)] dx 
(ii) = | e** sin (bx-c) dx 
(iii) I, — f e** cos (bx-- c) dx 
(i) Consider f e” f (x) dx 
Integration by parts yields 
Ге f (x) dx= f (x)e"— f f' (x) e dx 
= еее (х) ах [еу (х) ах у(х) ее 
i.e., Se [f+ Г’ (х)| ах= f (x) ее 
(ii) Using integration by parts, we find 
Ti— f e sin (bx 4-c) dx 


= = sin +0] =. cos (bx+c). b dx 


oz b 
= £ sin (bx+c)— ~~ Tg 


Again, similarly, 
I= је cos (bx4- c) dx 


et cos (bx4-c) — |- sin (bx--c) Бах 
er b 
ге cos (bx-+c)+ a Ii 
and thus 


eme. bf ез b ] 
=“ sin ео = cos (bx c) -7 h 
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ài ( 1+ )пһ== sid (Ве) 2 ез cos (bx-+e) 


( 242) | asin ete) cos 2+9) 


I;— | e sin (bx4-c) dx 
Ёс eT а sin (bxJ-c)—b cos (bx4-c) ] 
a+b 


Similarly, 
1, 4 а cos шин sin (bx+e) 


The above two integrals could be isi ш another form by the 
substitution 


a-r cos 0, b=r sin 0 
l= ге [ r cos 0. sin (6x-+¢)—r sin 0 cos (Вх--с) 
= ез| == р рү. 
r sin (Вх-ьс--9) 
“7777 SERM 
71 bia) 


» Je” зіп (bx+c)dx=e* EL Or Pearni ‘sn 


=e, 
as г2==а®%--Ь? 


and tan e 
a 
Similarly, 


J eo cos (bx-Fe)dx eos cos RBS 12 
EXAMPLE 28. Find | е“ [sin x+ cos x] dx. 
Solution. Since Z- sin x=cos x. 
x 
Је" [sin x-+-cos x] dx=e* sin x. 


EXAMPLE 29. Find | (С.А., May, 1976) 


хе“ 
CHF ES): dx. 
Solution. We have [те FIE dx= fe EE 


1 1 Tx 
P as aee )-- Gr D? 
EXAMPLE 30. Evaluate | ед cos (3x 4-4) dx. 
Solution. We have by the formula proved in Art. 27,11 
| езе cos (3x-+4)dx er SOS Vx ti-tan p) SEEN Li) 
EXAMPLE 31. Evaluate | х e% cos x dx, 


—tan-i 
Solution. We know that f е? cos x dx=e™ cos e 4) 
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Thus using integration by parts and taking x as the first function 

and e?” cos x as the second function we find 

cos (x— tan"? 1) -|! .€?? cos (х —їап-1 Нас 


2x E 28. 
| хе? cos х dx=x.e' 5 


=x 22 cos (x—tan-! Вт UE cos (x—2 ап! »] 
aS “Е А/5 


-e| 5 cos (x—tan-! 3) —i cos (x—2 tan-1 »] 


Ala 1+зіп x T 
EXAMPLE 32. Find (i) je 1: сох ах (ii) [xe dx 
(С.А. May, 1975) 
l+sin x 
Solution. (i) We have Je (42 ) d 


faf “(15 1+2 sin x/2 cos x/2 y 
2i Ur x/2 2 


= | | 2 
e | $ sec 7 X tan 2 dx 
-ё { {2% as a tan вес. 
an > gx tan >) 3 sec? 


(1) We have | xe” dx—fe*(x—14-1) dx 
ze (x—l) 


as Z e-n 


One could, of course, solve the problem directly, using integra 
tion by parts. 


EXERCISES 


Evaluate the integrals 
1! fe [ log x] dx 
x 
2. fer {tan хес? x] dx 
1—х 
By bes Diz dx 


4. See l-sin x cos x. Lrsn iow) "x 
cos? x 
5. (Dfemcos4xdx (ii) fer sin x tiii) fet? sin (3x44). dx 


6. fxe? sin x dx 
7. fe? соѕ хах 
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ANSWERS 
e? 
1. e" log x t 2. e7 tan x 3; TUS. 
4. e? tan x 5. (i) e сестее 
LAM " 

(x—tan7 1) 5 sin (3x+4—tan7) $ 

qi) Seta а 
v2 ^/13 

6. 5| x sin ( Хэг 5» sin( х— FE) Jer cos x 


1 Бан -1 
ҮС bets cos (2x— tan™ 2) 


27.12. Some More Examples. 
We give below a few more examples, where both substitution 


and integration by parts is used 
MPLE 33, Find (£7 * a 
EXAMP . Fin oss x 
Solution. Put tan! x—/ then x—tan t 


Also dx=dt and 1-+x?=1+tan? t2 sec? ¢ 


Thus 
-1 
| е: dx= Ir dt = [en cos t dt 


A. 
14x? 


(1+-x*)82 sec t 
cos (a-mi) 
АЕБ 
Vi+m 
where t=tan! x. 


EXAMPLE 34. Evaluate | x? sin-1 x dx. (C.A., November, 1975) 


Solution. We have, by integration by parts, 
x3 (33 1 
| x? sin xdx=(sin-! x) 3-5 зо dx 


=m 


t=x* 


же ae x 
= sin x d dx 16511) 


з 
To evaluate I= dx, put /1—x?=¢ 
1—х%== 
=> —2xdx-2tdt 
= x dx=—tdt 
Also х=1—% 
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= jes it | Ciara 2-1 


хзах _ 
thus [vica г 3 
ILES view 


Hence the required value is [from (1)] $ 
| x? sin хіх =% sin-1 x— 0 и ==) 


ЕХЕКСІЅЕЅ 
Evaluate the integrals 
sin^* х, asin х 
1. e |= = ПТ зы 
Vint dx 
2. of tan^ ЯВ —Xdx (ii) [57 85 - dx 
atx 
E хх 
3: bd 4. ЇЕД 
5 | sin хах 6 Ї aic 
ы - О 
0 aa" 4 in^ x)* dx 
7. [V x tan Ух dx 2 
. 
ANSWERS 
1. (i) x—V/1—3 sin” х (ii) m 119) where txsin"t x 


2. (i) 4 [= cos Х-1-х1 wa Sue Е. = 


+ (ап. ү ] 
a 
3. $ ((x8+1) tan"? 13-23) 4, tan x— 


x 
cos x (x sin x+cos x) 


4 
5. S—# log 2 e = 
n g i 352--24 


7. $ x tan Ух = +t log (x+1). 
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27.13. Integration of Rational Functions 


A function of the type re) ‚ Where f (x) and g(x) а:е polyno- 
mials in x, is called a rational function. We now give a few methods 


by which integration of such functions is done. We shall be making 
an extensive use of partial fractions here. 


Let us first establish the integrals 


ахаа 
(1) [2 ЕРТ log (ax+5) 


1 1 2 
(2) IE 4х--р tant v 


х2 фа 
1 1 x—a 
(3) [bae = Ja 108 pu (xa) 
(4) | ааг 9-3, log 2+5 (a>x) 


it being assumed that (4520) 
Integrals (1) and (2) follow easily from definition. 
To evaluate integral (3), we note 
Dive 1 АБ 
xa? (ха) (ха) ха + 
2 1=A(x+a)+B(x—a) 
Putting x=—a and x=a, we get 


1 1 
45-52 and B= 2522 


“ура (ay) 


Thus 


Lr ранее 
x?—a? 2a|x—a ^ x+a 
and hence - 
1 ЙД 11721 т: 
[ze dx=) x—a 455532 x+a 2 
[ 1 
=з; log (х—а)— 53 log (x4-a) 


а, 
72a 98 ха 
Integral (4) can be evaluated similarly, keeping in mind that 


| = dx=—log (a—x) 


Let us now study some examples that will illustrate the use of 
the above formulas. 
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EXAMPLE 35. Integrate (i) 7 (C.A., November, 1975), 


1 
4x 4x1 


(ii) (C.A., May, 1975) 


АБ (Wes Ж 
х2--х41 
Solution. (i) We have ето dx hrn 38 
1 

=a 

-14 ша =н )- $ їап-1 
1 1 
(ii) Also | er 4х=| ++ 24x 
79: 


+ 
21 їап-1 ( х) 


1 
EXAMPLE 36. Integrate Гоар за 


1 2 1 
Solution. We have n 55 уа dd >= dx 
1 


y E UOS 
2(¥*) УЗ cxi 
I UA БЕ ( УЕ 
"19, 42—3x—1 J: 
x3 
EXAMPLE 37. Evaluate ls dx 
Solution. We have 


x : 52х--96 NU 
завет 773 8 2 (by division) 
Agai {232х-196_. „э2х-К9б- 
a х24-8х--127/ (x+2)x+6) 
52х496 = А [UE 
х (Х424Х--6/х42 t xq6 


then 52x+ 962 A(x- 6) 3- B(x +2) 
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Putting x=—6 and x=—2, we get 


A=—2, В--54 
Hence 


х ШКО ian regi op 
| dx=f(x 84+ III e 


=> —8x +54 log (x+6)—2 log (x+2). 


x D 
EXAMPLE 38. Evaluate [се (СА. November, '76) 


E x A B 
Solution. We write GDNF] KERETEN 
> *=A(2x+1)+B(x—1) 
Putting x=] and x= —1, we get 

A=}, B=} 
Thus 


x 1 1 
5 Qxzi) 4% [л Ч fazer da 


7i log (x—1)+4 98 СЕН 


=$ [log (x—1)+4 log (2x+1)]. 
xd5 t 
EXAMPLE 39. Evaluate Г dx. (С.А. May, 1976) 


Solution, We write 


х+5 A B € 
@FD@+22 xxl x42 tap 
> X+ 5224 (x -2)?-- B(x 4-1) (x 4-2)4- C(x -- 1) 
Putting x=—1, —2, we get 4—4, C=—3 
Again comparing coefficients of x? on both sides 
We get 0=A+B>B=—A=—4 
Hence 


x5 4 4 3 
ЇЇЭ гээн а= |. Еро 


в 1 ЖА pe Ha 
Јата | hs deaf ot de 


(x--2)-?*1 
=4 log (x+1)—4 log Е Spo 
d xl 343 
C des Vd up; 


EXAMPLE 40. Evaluate | dx. 


ЖУ ide Heb 
(х--1)(х— 1)? 
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ТОР yee ENS A тол [s] 
Solution. We write б) G- x+ + xci D 
=> 15 (x—1)!-B(x—1)(x4- 1) - C(x-- 1) 
Putting x=1 and — 1, we get C=}, A=} 
Again comparing coefficients of x?, we get 
0=A+B = В=—{ 
Hence 


1 1 
forse S |4 == sis dx 
=} log (x4-1)- 1 log MES 


D ES 1 
iR p E) 


EXAMPLE 41. Find tss dx. 


Np = 1 4 +С 
Solution. We write сүүг Об = 
= Iz A(x1— x4 (Вх С) (Хх 
Putting х= —1, 0, 4, we find 
4-4,С-4,8--1 
Thus 
1 x—2 
Laer part S md | x?—x4l ge 
5 244 952,5 
flog (х+1) ba dx wo 


5 х-2 
Let us now consider ээг 4х 

х-2 ын Qx—4) — Qx—1)—3 j 
5522: | xxi © i е =e | х3-х-1 


2x—1 dx 1 
и [Soe 


= log (32-х--1)-34 x dx 


8 Ё (x2—x+1)—2x—1 


5 
=} log (03-х--17-4 ЇЇ 210528 


=} log (х2—х+1)— i4 тал” ТУР 
=} log (2-х41)-ү3 заал! E 


INTEGRATION—DIFPERENT METHODS 661 


Putting in (1) we get the required result 
1 2х—1 
= = 2— ап 22-25 
$ log (x+1)--4 log (х2—х+1) Я tan -73 
ЭХЭ. 
EXAMPLE 42. Evaluate jz кз 
Solution. Let us find two constants Л and p such that 
Numerator=A x differential of denominator +p 
Le. 3x-+-1=A(4x—2) +4 


On comparison we get 3—4^ 
1=—2А+в 


> A=}, и={ 
thus 
3x+1=}(4x—2)+$ 


NEG 1 
1#—2х+3 * (2x? -2x+3) +h + RH 
3x41 4x—2 
>Í уте лаута и {| Tangy ЭЛИ 155233 udi 


=} log (2x?—2x--3)- $.3 | ясыг dx 


=} log па-за Е dx 
=} log (2x? —2x4-3)4- $. EA tani ES. 


=} log (2x? —2x4-3) + 53, tan” 258 ) 


EXERCISES 
integrate 
1 2 F 4 
LMT rece кел 010 3-5) 
20 хаш p= (iii) pm 
tQ. Эхй+х+3 00 Jaypee 2х3--х-1 
x8+5x+41 xt "n 2-1 
320 UP 40 (—r»u—-3-3 0) (G—2x-5 
x? xt] 1 
4.0 СОО Gn TIS IUE) 44) x*(14-x) 
3x41 (ii) 3x+4 


5 0 че xt42x45 
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6. (0 E (ii) ae 
«0 (5 :18(х-2488:4) cm Эх 
1 Ч х? 
7. 0) устах) G) са 
8. Show that 


E NE АТ d 2243 ani 2х1 
Era а 77 3091) 5.9. "s 


ANSWERS 


(0 4108 (25—3) 00-41 (8-25) | Gi) — Ê log G-a) 


- 


5 4х-1 2х-1 2Х-1 
2. (i) tan wri Gi) FELIS (2513) (iii) 3 log 721) 


5 
OŠ tog (543) 4-2 tog (x-1)— 23 tog (2x—1) 


АВ, 


(ii) х-+} log (x—1)—8 log (х-2)+ E log (x —3) 


(Ul) tog SE 


aris X (x+2) 1 
Фано а 
5. 00 $- log Оха+х+1)+ ап 2211 
2/15 №15 
x+1 


an 3 F log (x8+2x+5)+4 tan"! C 


6. (i) 


[neum e 55 108 (х—1)+ + log (x—2)— te log (x2+4) 


m 35 1 Moxy d 210 102—1 
Mi) oe = ету pev о БУА 


(iti) З log (1--x) — } log (x2+1)+4 tan” х 
1. @ ү ово [17 + toe e-n) ] 


(il) à log (х-1)- i [s 4 gs +1] 


27.14. Some More Methods 

If the integrand consists of even powers of x only, then the subs- 
titution x?—1 while resolving into partial fractions is helpful. 
[Note the substitution is not to be made in the integral]. 


Tw ИРНЕН Н 
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EXAMPLE 43 Е СЯ 
паа | NEED 
Se ха 
Solution. Put х2= in ОВО 
т И ЖУМАТ ЧЫ Ву 
zo Ga 7 Ht 
> ГЭЛ ЭЭ +B (1+1) 
Putting t=—1 and —4, we get 
A=}, BL 
OE | 1 
(1-Е1)(34-+Е1) 7 2(1-+Е1) 2037-1) 
Thus 
x, 1 
GERDGxXCED — 202201) — 283941) 
x2 dx 
= кебек ШЫК |=& i ci Бан 
=} tanl x—i E 
TAI ШК, ds 
ġ tanix- 20205 Ua 
=} tan-! хоз tanl (x4/3) 


We give two more examples that would help us in solving many 
other problems. 


EXAMPLE 44. Solve | 05 ах. 


х2--1 1+ 1/x2 
ОТЕТ aay Бевза 


Solution. We have 7 — E 
Put m А2 t 
x 
then ( 1+ = spes 


Also “+ 42-08 


usos d E2 T 1 E 1 ( 19071 

So 1- PD 7.2 tan 172732 tan У )] 
eal 

EXAMPLE 45. Evaluate | Saag dx. 


Solution. We h r= {Sp = PEIEE 
ution. We have I—| гүү ха 4* 
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Put хүлгээ 
then (1- =) 2-4 


Also №5428 
а 1 log -42 
952 5.0242 ia 
= piles leg х41|х-42 
m х41Їх-4-ү2 
ibe 32-2х-1 
-x #+М2х+1 


Thus J =f 


EXERCISES 


Integrate 
x*+1)(x3+2) 


1.0) € 


= Dara P 


(Oen a А (iii) oe 
Ec (x*—-1)(x142) 


24D cz (ш) 


= М”. 
"n an x a xi х?+1 


09 vita диод 


ANSWERS 


Ет ni 3x 
1. (0) ME tan’ Eo tan 28 ад ёл [o] 
01) dog Th У2 tant 5 


Э xxl 1 х+—ху2+1 
2, (0 v2 tan 75 $ V2 log | aati 


xj оту {9—1 
(i Ly2 log GERE y I-v2 tani ( 1 


E х#—х+1 v3 22113721 
UID 2158 (22: 2x tan (x 
: os (tN) 

Px, 


qv) > 


27.15. Substitution before Resolving into Partial Fractions 
The integration process is scmetimes greatly simplified by а subs 
tituticn as is seen in the following examples: 
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dx 
EXAMPLE 46. Solve y 


Solution. Put x4—1 then 4x? dx—dt 
dx {ус Ul dt 
Thig kao- ср" 4 | 1—1) 
1 


Now 1 шин. 


and hence the given integral 
I 1 
=з (-2-0) й= Пов (¢—1)—log й 


-өө(51) 


xi—l Y 
-нө (42) 
ЫГ 
EXAMPLE 47. Solve | утап x dx. 
0 


Solution. Ри vtan x =f then tan x=!? 
and sec? x dx—2 t dt 
M pe хашин 
14-tan? x 1+14 
Also when x= 0, t= y tan 0=0 


т т 
when хее i= Ju ee 
Hente the given integral becomes 
1 1 
| 121 dt NS Р 
1-4 ^] 14-5 
0 0 
AD gg Sav tt) 100—1 
2187 ота ТЕ VAI aum 


0 
By using Q. 2 (ii) of previous exercise 


Енот 
24115 log 2142 + 2 tan“? 0;— 8 log 1 


+З ой, 2 
v2 2 2 ee ПБ Deve 1 
= 4 98 үрүү! 4 "— 195 28427292" 
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EXERCISES 
Integrate 
1 
1.0) р sem Шэн se (40 Ser 
0 D есту GD Taer 
1+sin x Ao ARERR KU dig ali +: 

300 “их ов 57- (0 Trsa ху 5) Gs z) 
(ii) Асот х under the limits 0 to = 

nr | sinx 
(iv) sin x-+sin 2x 0) sin 4x 

ANSWERS 


1 1 х5 
1. (0 НЫ —log (x*--1) ТЕ Нов х? (ii) Эр log XT 
qu 4 — log —— E 
e? (e*4-1) 
(26813 


3. 04 log tan yt tan? 2 t7 an 3 => log 2-4 tog 3 


25 4 
(ii) 22 log (V2+1)+ ўз Т ор (1—cos х) (3+2 cos x) 


4 1 (1+cos x)* 
sin x—1 1 М? sin x—1 
0) = + log РР 


2. (D log (-0-х (ii) log ЕЕ Gii log 


27.16. Integrals of the Type 


dx eri 
= cos x+e sin x’ РНЕ 
The substitution tan 3-4 converts every rational function of 


sin x and cos x into a rational function of t and we can then evalu- 
ate the inteera] by using the previous methods. 


2 =. 
EXAMPLE 48. Evaluate (i) ее (ii) | fon 
o 0 


(C.A., May, 1976) 
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Solution. Put tan 2 =t, then 3 sec? = dx=dt 


2 > 
à Ее dt _ 24: 
ЭЭ pun? х]2— ics 
1—1ап? х/2 1—1* 


Also as cos х= Тай ОТ Tris 


the given integral reduces to 
1 2dt | Note when х==0, 
t=tan 0—0 


с (1-2) [ 4+ 558 | When х=т/2, 
t=tan п/4=1 


1 

cd dt Loft dt 
4+4#+5—5 9-0 
0 0 


3+1 3 
=} log 3-1 31 los 
—1 log 2 
: х х 
uii) Put tan В then $ sec? > dx=dt 
= Fie 2 dt M 2dt 
1+tan? x/2 14-12 


l—tan?x/2 1—12 
Also as cos x DTüntxj2— Iis 


the given integral reduces to 


| 2а Note when х=0, t=tan 0=0 
0 (1+2) [5+з 8-2 | When х--л, ап 5 ео | 
ТОД EEL 125 
1532 1243—32 < |22-87:12:44 
0 0 


-| ł tan see tan? оо tan-1 9 


БИЙ 
=> 
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EXAMPLE 8 teraline [249 2, 
Й i+sin x+cos x 
i xh _ 2dt 
Solution. Put tan 771 then dx= 1308 
sin ceci games t. 
у 14-22 
-( 
cos х=— a 
Thus 


| 4х | 2 й 
ат x--cosx . 1—1m 
mid 


=log (f+!) 


= iog ( 1+tan i) 


Although the above substitution is very useful, sometimes other 
substitutions like tan х=, sin х= or cos x=t also prove helpful 


like in the following examples: 
п]? 


- 215 


cos x dx 
EXAMPLE 50. Solve [тєш х)(2-Езїп x) (C.A., May, 1977) 
0 
Solution. Put sin x=1, then cos х dx=dt 
and ‘when x=0 
sin х=0 >1=0 
When хээт|2 
sin lefu 
: 4 
wer t 
‘he given integral -| РАО) 


0 
1 
-f(m spy) at 
{ 


={ log (t+ 1)—log (+2 


1-1 
=f ок 1} 4 


= 10р $—log ов 4 
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dx 
X Е —————— 
EXAMPLE 51. Evaluate s Pos x 


Solution. Put tàn х=, then sec? x dx—dt 


* edit. sec? x dx dt 
Nog ins cos? x =|; sect а= | 3(14-13)4-2 
| dt i at 
31425 lee 
ПР RAYS Е Буз 
={х V5 tan WS 


1 547 
= = — tanl 52:08 
Vis (3 an x ) 
acos X + bsinx s 2 
c cos x+ d sin x’ ae Bert ano 
We determine two constants А and # such that., 
а cos х--Б sin x=A (—c sin x+d cos x)+p (c cos x+d sin x) 


27.17. Integration of 


where —c sin x+d cos х= (c cos x+d sin x) 
x * 
Comparing coefficients of cos x and sia x, we get 
а--14--рс 
b=—)c+Hd 
ad—be ac—bd 
> A= = 


pia ага 
Hence 
| acos x+b sin x d -3| —c sin x-+-d cos x 


с cos x+dsin x с cos x+d sin x dx+ujl.dx 
=A log (c cos x+d sin x)--ux 


acosx+bsinx+c _ 
d cos х- с sin x+f 
In this case we determine three constants A, p, v, such that 


a cos x+b sin x+c=A (d cos x+e sin x+ f ) + ^ (—d sin x+ 
е cos x)--v and proceed as in the earlier case. 


EXAMPLE 52. Find EAS dx- 
Solution. We determine А, p, v such that 
4 sin x--2 cos х--3--1 (2 sin x--cos x+3)+p (2 cos x—sin x)-4-» 
Comparing coefficients of sin x, cos x and the constant terms 
we get 


27.18. Integration of 


4—21—u, 
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2=A+2p 
3=3A+y 
> A=2, H=0, v=—3 


Thus 

4 sin x+2 cos x+3=2 (2 sin x+cos x+3)+0 (2 cos x—1)—3 
4sinx+2cosx+3, _ 22 1 

| E -2| ave з} 2 sin x+cos x +3 


2 sin x+cos х--3 
1 
dx 


-2х-3| 2 sin x+cos x4-3 


dx 


1 З 
покое | 2 sin x4- cos x+3 ёс 
аг 


х 2 
We put tan zat 1 then dx= ГҮЙ 


and the integral 
2dt 


-| (+) [2:21 Е. 
3ERI 18 ^ 
2 dt 
= |a 
SCL 
12--21--2 
ис ийн 
= Тач 021 
заал?! (+ 1)=tan( I+tan i) 
Hence the required result is 


2х—3 tan ( 14:1ап =) 


EXERCISES 
ages the following integrals 
n/2 7 
Y x 
joy TI “Үүр sin x Gn. | 1+2 cos х 
0 


dx 
3sinx +4cos x 


cos tes x Go) | 
14 dx 
a | 1--с054 х 


sa { Sin x cos x 
iy) ——— —— ——- ax 


u? cos? x + 6? sin? x 


sj 
wp 


EXP sin* x 
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л/2 
4х Г, 2 sin x+3 cos x 
pent Ї 1--со! х en | “3s in x+4 cos х 
0 
25608346 |. "34451 x+2 cos х 
0) Р cos х+зіп x+3 (iv) | 3-2sin x-Fcos x ^ 


0 


dx ГА sinx 
ка | 3 sin х-Езїп?х 00 [s че“. 


ANSWERS 


1 RU 
1. ae log2 (ii) và log (2+ 3) 

ет; cos $ (x x) PRO 1+2 tan x/2 
(iii) cose я. log cos ЕЕ] (dv) 757 108 4—2 tan х(2 


\ 1 
2. (i) EA tan“ (< tan x ) (Gi; —khcot x+ Wr tan“ (vi tan 9 
(HO) 4 tan™ (2 tan x) (8) — scs gs, 108 (at cos? x +0? sin? x) 77 
3. (0 E (ii) 3 x+ & log (3x4-4 cos x) 


(11) 2x+log (2cos x+sin x+3) (iv) E 


4.0 1 Ё log £28 х-1 Fog £% 22 


12 cos x+1 2—cos x 
1 sineaste Pi У2 sin x—1 
QU 67 198 insti 4y2 108 удаја: 


CHAPTER 28 


Reduction Formulas and 
Definite Integrals 


REDUCTION FORMULAS 


28.1. A formula that connects a given integral with another simpler 
integral (of the same type) is called a reduction formula. Reduction 
formulas are generally useful when we have integrals involving 
higher powers. Integration by parts is very helpful in finding the 
reduction formulas. We obtain below a few of these formulas and 
explain the method to use them. 


28.2. Reduction Formula for | sin" x dx, where n is a +ve Integer 
We have | sin” x dx= | sin"-! x. sin x dx 
= (sin"-1 x)(—cos x)— f (n—1) sin "7® x cos x (—cos x) dx 
[Using integration by parts] 
= —cos x sin” x--(n—1) | sin "*? x cos? x dx 
=—cos x sin”-1 x--(n— 1) | sin"^* x (1—sin® x) dx 
= —c0s x sin"-1 x+(n—1) f sin"? x— (n— 1) J sin" x dx 
=> [14-(n— 1)] J sin" x dx= —cos x sin "1 x J- (n— 1) f sin™? x dx 
> | sin” xd. itor sion tx ЕЕ [ons x dx 
which is the required reduction formula. 
EXAMPLE 1. Use the above reduction formula to evaluate 


: J sin’ x dx. 
Solution. We have 
Jn x dx=— ьа +5 [sins x dx 
ini 
[sins хах-- дарь | нө х dx 
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| sin? xdx =— GU sin xdx 


cos x sinx 2 
QE Г. 


А 2a 2905 xsin*x 6 cos x sin? x 
Hence | ч xdx= TER Pe + 5905 


+$- xim 2 cos х |]. : 


— — sosxsint'x  6cosxsinix _ 8соухзийх 
Я 7 35 ну 35 


16 
— < cos x, 


Similarly, it can be proved that 

i »-1 e 

| cos" xdx = 3" IM 724 соз"-3 xdx 
ат is odd in the i Pee ede AR Ч 
даана кыыран мн BADAN ad mess ч сал юне 

Consider | sin? xdx= | sint x sin xdx 

= | (sin? x)? sin хах 

= | (1—cos? x)? sin хах 
Put cos x—t then —sin xdx=d1 
Thus = [sin* xdx—— f (1—19)* dt 

=— (14-204 —219) dt 


Lu s a СУЛ 
37:23 


= —— 2аа --008 
5 +3 x—cos x 


But this method is not helpful when the power л is ап even 
number. А similar method holds for J соз" x dx too, 


28.3. Reduction formula for | tan" x dx 
We have | tan" x dx= | tan"? x (ап! xdx 
== | (апта x (sec* x —1) dx 
= | tan*-* x sec! xdx— | tan"? xdx 
ен J tan*-* хах 
as ch (tan x) «sect x 
dx 
Hence, the required reduction formula is 


| tant хан мэн ® | арт? хіх 
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Similarly, it can be shown that reduction formula for 

| соі" xdx is 
| cot” хах=— мы - [сое x dx. 

28.4. Reduction formula for | sec" x dx 


We have | вес" xdx= J sec"-* x. sec? x dx 
= sec"-* x. tan x — J (n—2) sec"-? x. sec x tan х. tan хах 
[using integration by parts] 
== зес”-® x tan x—(n—2) | sec"? x. tan? хах 
= sec"™ x tan x—(n—2) | sec"? x. (sec? x—1) dx 
= sec"! x tan x—(n—2) | sec" xdx+(n—2) | sec™? хах 
= [1+(n—2)] | sec” xdx—sec^-? x tan x+(n—2) | sec™™® хах 
ѕес"-2 x tanx п—2 | siot xdx 
п—1 п—1 
which is the required reduction formula. 
Similarly it can be proved that 
: cot х cosec™2x п-2 


SERA n-3 xdx 
БЭЛ ЖЭТ | cosec""* x 


æ [sec"xdx— 


| cosec" xdx=— 


Remark. Ме һауе taken п to be a +ve integer in the above six 
feduction formulas, but since —ve integral powers of sin x, cos x, 
tan x, cot x, sec x, cosec x are respectively the +ve integral powers 
Of cosec x, sec x, cot x, tan x, cos x and sin x, we note that both 


€ and negative integral powers of these six functions can be 
Integrated. 


28.5. Reduction formula for | sin” x cos” x dx 


We have | sin” x cos" xdx= | sin" x (sin x cos" x) dx 
Using integration by parts and taking sin "-! x as the function to 
be differentiated, we get 


4 cos"*l х | cos"! х 
жа —sin"-1 x. — — —-. N (mT) sin™-* x cos d — ———— C 
n4l ( nl 4 


sin™-1 x cos^* x m—1 
PUT bi aps eae ЭЭ X cos"? хах 
sin™1 x cost#1x от-1(... ^ 
vibe peur T ШАГ. sin” x cos" x (1—sin® x) dx 
sin™ 1 x соѕ%1 x. mol f s 
=— S PUN HM sin”? x cos? хах 
т—1 


--— a7 | sin" x cos" xdx 
n+l | 95 
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inm- mtl 
-( LRL JI Sin" x соз" хах= — DES 


ml inm n 
+ TI [sin A LS хах 
Ё in™-1 n+l E 
© | sin" x соз" ydy SIN" ix cos"! x , m—1- 
n+m п-т 
i f sin™™ x cos" хах 


Note. If we had started by writing 
[зїп x cos" x dx=  (sin™ x cos x) cos n7! xdx 


We would have reached the formula 


+1 n-1 
si хсом x , n—l[. — 
[чоч COS" xdx= RUN + omn |sin"x cos""3xdx. 


EXAMPLE 2. Solve fa зэл) dx. 


Solution. Put x=tan 6, then dx=sec? 6 20 
Thus 


[atayse dx= fa +tan? 0)3/2, sect 0 qg 


= [ 0. sectüd0 = [ect 840 
Now using reduction formula 
3 
[secs ө ав—5°© аш e e [se ба 


[eme e т 5 ze 040 


ший log (sec 8+tan 0) 


Thus required result 


3 
aoe dr. B. i pus etan ee 1 log (sec 6+tan o] 


where 0—tan^lx. 
EXAMPLE 3. Evaluate [сов x dx. 
Solution. We have by the reduction formula 
[сон xo [со xdx 
Also 
[сов xdx= OR | х —cot x- x 
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Thus 
— 3 
[соз xdx= = +cot x4-x. 
=/4 
EXAMPLE 4. If Un= | алхах, Show that 
0 
Unt+Un2= шиг 


n—I 
and deduce the value of Us. 


Solution. We have shown that 


tan™-1 
у Jan хах= A [an xdx 


d 2/4 n/4 
So, U.— | tan" x dx= [=e ] - Гат хах 
0 0 0 
BOUES M 
os ste 
1 
Tp ea 
> 0,0, В (1) 
Гү 857 
Now if we. put п= 5, in this equation, we find 
Us-Us—i eas (2) 
Put n=3 in (1) and we get 
Ust+Ui=} ai. (3) 
(2) and (3) > 
U5—i— Us 
—i-ü—Uy)-i-—iHtUi 
: zj . 2/4 
But = | tan xdx=| log sec x ] =log sec > —log sec 0 
0 0 


= log 4/2—log 1 
= log y2 
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thus 
Us= {Нов \/2=log 4/2 —1. 


1 
EXAMPLE 5. Prove that 22. -а- [ae 
7 IF x 
0 


(C.A., November, 1974) 
Solution. Put x—tan 6 in the integral 
1 
“х фи (сэх 7d. 
f -Ї эн 


0 
when х=0, tan 0=0 => 0-0 whenx=1, tan 0=1 => 0--1/4 
я 


14 
we get I= [5 cm ес20 40 
0 
7/4 
= [rant 9 (1—tan 0)4 40 
0 
z[4 
= fians 0 (1+tan4 04-6 tan? 0—4 (ап 0—4 tan 0)40 
0 
я[4 л/4 mfl 2/4 
= IL 049 +6 fian 9 dé—4 fiano 9—4 [tant 9 d+ 
0 0 0 0 
т/4 
[tans 040 
0 
using reduction formula forf tan" 6 d9, we get 
_ 9/4 *[4 7/4 2/4 
* [T Е [е diee [av 840-4 Ї 4} 
оо 0 0 
7/4 7/4 n/4 
— | tanë 0 20 J Joss 840-- [tans 040 
0 0 0 
z[4 z|4 n4 =]4 


= fim ф EE |» [ane 840-- [unte а 
0 0 0 0 


4 
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| zl4 714 zj4 
= — bi 28 4 4 
7 3 +5 [= >} [е 840 Т [tan 629 
о 0 
: mA = 
A eS T [5^] I 
0 0 
29714 n/4 
-4-244 | tan? 21 
0 0 


л/4 
2 4 E... 4 
-T- 34-344 [сева -——3*-3* 
0 


4 [os] 


ЮЗ 4 л 22 
шиг дийг тал. Сур) “30057174 =я—= 
` EXERCISES 


x 
1. Obtain the reduction formulasfor cos"x, cot"x, cosec"x. 


2. Show tha [ав 6х dx=— Ls х cos x— io x cos х— 5 sin x cos x 


16 
5 
+16* 
3. Show that 
шэн! a id 
[o x cox dx= see A com + 14 sin™x cos""*xdx 

л/4 
4. If Un |tan" хах, prove that 

0 


(Us Us 
Hence or otherwise show that 
a 
|» (ай-х8у-34х-108 /2—-1- 
0 
(Hint. Use substitution x = \/2 a sin 6 for the second part] 
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a 
5. Evaluate [ens dx. 
0 


6. Show that 


йпм coa HA зіп х cosn*x | m+n+2 


т[2 
28.6. Reduction formula for [tae x dx. 


0 
x[2 


Let In = fins xdx 
0 


The sub-suffix n corresponds to the power of sin x. 
We have already proved that 


fs madee S соз x sions n] 1 [нах 


п 
л/2 A fa 29 
> [ачах а qu [sins xdx 
n n 
0 0 
7/2 
n 5-1 [наах 
0 
which in the notational form (as of (1)) reads as 
In= =, 
Put n=n—2, n—4,... 
—3 
Ina= T Ina 


Ing= pm Teg 


л[2 j 
— 8 2 2 
(If n is odd) yee Б h= а, х dx= 3|-өө х Т 3 
0 0 
n/2 
(If n ıs even) 1-3 n-i [ia х) dx= 
0 


PS PUES [inm cos" xdx, 


679 


. (1) 
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and thus we finally get 
п-1 n—3 n—5 


а init odd 
250184 3 
А 1 
2 


n— 
п—1 n— 
MEET) T MESES 


n n—2 n—4. 


if n is even 


n[2 л/2 
EXAMPLE 6. Evaluate (i) Jura. and (ii) [sine xdx. 
Ч 0 0 
Solution. (i) We have Бу the reduction formula 


44 Sud B48 
in? = — ‚—— а 
sin? xdx T'$:3735 


(ii) Also 


„35 
. 128 
Similarly it can be shown that the reduction formula for 
n/2 n/2 
[er хах is same as that for Jr x dx. 
0 0 
7/2 
28.7. Reduction formula for [inex cos"x dx, m, n being+ ve integers 
0 


n/2 
Let us write Im, „= [sions cos"xdx 


where the first subscript corresponds to the power of sin x and the 
second subscript corresponds to the power of cos x in the integral. 


We have already proved that 


А sin™ 1x сох т—1 j ү 
Sin"x со8"хдх-------1--2--5 72-02 |sin-?x cos"xdx 
| dr п-т Фит У 
т/2 т[2 2 


: Sin" lx сов"Чх 
=> |910” n. =] — i 4 
| х cos"xdx | 222138 + 


zi: 
em [sini cos"x dx 
nim 
0 0 0 
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x/2 
gms] [i77 x cos? xdx 
nm 
0 


which in our notation reads as 
m—i 


Im, == 


EL fees 


Put m=m—2, m—4,..., we get 


—3 
Ing ту ра) Ime n 
5 
1,4, "= тт" n 
2 : 
Is, r= AEF Iı, n (when m is odd) 
2 —5 To, n (when m is even) 
Thus we get 
1, аўт) т—3 т—5 2 I 
"mim men—2 mYn—4 npa v? 
(when m is odd) 
Uns т-3  m—$ TEL or ; 
т+п` m+n—2 т+п—4 ``‘ n42°%" 
(when jm is even) 
Now 
УРА ad т[2 
: "agr du COS ДЕ 
1, -| sin x cos" xdx = { Fu ] 
ә 
1 1 
ОЕ 
and 
т/2 т/2 
To, -| sin? x cos? xdx= | cos? xdx 
0 
– 21. Le if n is odd 


n—l ^8—3-. |. к SEINS 
3-245 2:924 if n is even 
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Heuce putting these values we finally arrive at 


m-l  m—3 2 1 when mis odd nis 
m+n т+п—2` `` n+3° n+’ odd ог even 

In, а= 7—1 _т—3 RUN М тозе ді eben 
+n mn—2" 7''np2;: n пл-2:7 3 

mis even and n is odd 


. 8—15 n—3 1 т 


when both т and п are even 
т/2 
EXAMPLE 7. Evaluate | sin*x cos* хах. 


0 
Solstion. Here m is even, n is odd, so 


x/2 5 3 1 4 2 
sin® x cos5 xd; Tia es XA 


7693 


5 (m—1) (m—3) ... 
Remark. Note that when m is odd, Im, n= "(qmn)(mn—2) 
1 (8-1) (n—3) 


ati (я 1) (1—3) ° so we have a simple rule to apply the formula 


to the integral 
n/2 
| sin" x соз" хах is to write the value of this integral 
0 
= (Qm—1)(m—3)...(n—1)(n—3)... 
(m+n) (m+n—2). (т--п-4)... 
the products to be continued till we reach 1 or 2. Again multiply 


by > only when both m and n are even. 
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n/2 [2 л/2 


ANEY | sin’ хах (ii) | sin? хіх (iii) | sin’ хах 
0 0 
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n/2 n/2 n/2 

2. (1) Í cos хах (й) | cos? xdx (Ш) J cos’ хах 
0 0 0 
л/2 л/2 

3. (i) | sin? x cos? хах (ii) | sin® x cos® хах 
0 0 
n/2 т/2 

(ш) | sin® x cos? xdx (iv) | 5108 x cos? xdx 

0 ү 0 
n/2 


(У) | sin x cos хах 


ni4 т 
4. (1) | sin" x cost хах (ii) | cos? ES ^s 
0 0 
ANSWERS 
1 5 
LOO yo wee (0-5 
1 315 8 
200 з 00 36 Gi 
2 8 1 35 x 1 
з. @ т; GD бу (00) 091362 0) Л 
1 96 
4. (i) 192 (4--35) (i) 105 


We give some more examples to explain the use of the above 
reduction formulas: 
1 


EXAMPLE 8. Evaluate [аә sa dx 


0 
Solution. Put x—sin 6, then dx —cos 040 
Also when x—0, sin 9-0 > 0-0. 
when x=1, sin 0—1 = Ө==л/2. 

Thus 

1 x[2 

| х4 (1—х2)%з а sin? 6 (1—sin? 0)*/* , cos 048 

а 0 
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[2 
= | 8104 0. cos* 040 
0 


3:53.11 и 2 3x7 
10.8.6.4.2° 2^ 512 


1 
EXAMPLE 9, Evaluate x" (1—х)" dx, m, nare уе integers. 
0 


Solution. Put x—sin* 0, then dx=2 sin 0 cos 040 
Also when x=0, 0—0 


when  x-—l, 8-2 


thus 
1 п/2 
| х (1 ак] sin?" 0 (1—sin* 0)". 2 sin 6 cos 040, 
0 0 
7/2 


-2| sin 2991 0, cos?^*1 00 
0 


n/2 
=2 | sin? 0, cos* 040 
0 


where p, q are odd integers 


Sehr ан В 
РЯ ptq—-2' 483 441 
EXERCISES 
Evaluate 
a 
i | х3(а%— x39 Ad x z [za dx 
0 


n2 2 

sin? 8 
3 |'üxcos 0) dx 4. [evi dx 
0 0 
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1 
5 [ (—х)*#% dx 
0. 


ANSWERS 
HS aa Am 
1. 32 2.32 3. 2-2 
7n ELE 
4. “8? Эс 128 


28.8. Some More Reduction Formulas 
To find a reduction formula for | х" sin nx dx 
Using integration by parts, we get 


je sin nx dx= 2" = 2 [c л). тхт-1 dx 
шз 23:21 EL rape бу 
n n 
х" со m sin in 
hin созо о БЕ И руа dx | 
n n n n 


n 

which is the required reduction formula. 

To find a reduction formula for [ cos" x cos nx dx 
Using integration by parts, we get 

cos™ x sin пу | es nx 


x. rg 
х" cos nx +h gma hate a | x"-? sin nx dx 


n 
[= ] cos™ x cos nx dx = а Tao С05"-1 x sin хах 


m si 2 eu 
шини em 8 x. sin nx sin xdx 
n 


Now cos (n—1) x=cos (nx—x) 5 ; 
=cos nx cos x+ sin nx sin x 


> sin nx sin x—cos (n—1) x—cos nx cosx 
Thus t 
m H 
[еее наа | cos™-1 x{cos (n—1) x—cos nx cos хах 
п 


s 
- Е T cos ™-1 x cos (n—1) хах 
n 


m 
5 --7 | corm х cos nx dx 
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> (1+ = )- mra ee m [cose x cos (n—1) xdx 


cos™ x sin nx m 
m+n m+n 


> Joos x cos пхах= 


Jes? x cos (n—1) xdx 


To find a reduction formula for E sin" хах 


We have 
I= | xsin” xdx= | x зїп"? x sin? xdx 
= | x sin” x (1— cos? x) dx 
= J xsin™*xdx— | x sin? x cost x dx... (1) 
Consider 
J x sin"? x cos? xdx = J x cos x (448577 x cos x) dx 
in"-1 in^-! x 
CCo us a al tei (cos x—x sin x) dx 
n—i n—l 
[using integration by parts] 


X cos x. sin"! x У 1 1 
=o нш sin "71 x cos xdx+ ах sin” хах 


п—1 
X cos x. 8107-1 4. ях 1 1 
п—1 Tn=i n 1 


Putting in (1) we get 


xcosxsin"? x, sin? x 1 
ees Эм кило 
п—1 n(n—l) n 


I-|xsin"? xdx— 


ЗИМ 2c EON E SI T x А p] x dinm-2xg 
п? n tUm A 


I 
which is the required reduction formula. 


To find a reduction formula for | e sin" хах 
Using integration by parts, we have 


23 


ae 
sin? x— 
a 


n sinl x cos хах 


1-| ен sin” xdx= 


e^ sin” x 
a 


n Ч 
* e^? sin"- x cos хах 


ee SII nd ew. . e" 4 
——| —— sin^-1x cos x— | — ((n—1) sin"?x 
a aL a a 


cos? x—sin"7l x sin x) dx ] 
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LEE еч sinn T x cós x 4- 
n(n—1) 
a? 


t n 
[^ sin”? x cos* хах — 25) few sin" xdx 
n e% sin™x n 4 
> ( + Ay = ИО (n sin™ ix cos x 4- 


a 


че) т КМ tx (1 —sin?x)dx 


€? sin^x 
a 


n ns 
е" ѕіп"-1х cos x 4- —— t 


ee sin^^ixdx 


калу 
a 


n M hea sin. А 
- + Aue — 25 Te sin^-!x cos x 


ED -1) [== sin"? хх 
ae? sin"x ne sin"-1x cos» , n(n—1) à 
BA Ani dn наука + erga Jen sortes 
orf ес? sin” хах = Cia Ha sin x—n cos x)+ 


n(n—1) 
at nt 


| € sin?-? xdx 


To find a reduction formula for Joe dx 
We have . 
I= [em dx -{ 1. (at--x?)"!* dx 


--X(a* 4-x2)"* — | x (at xt) tt 2xdx 

mx typ [statt dx 

р [tentat (at4-x1)^2?-1 dx 

mala tart al eame dx+n [e mas 


= (1+п) [etere dx = x(at 4+x?)”!?+ па? [(at+xtyrmtde 


= Jem eir детки 


the required reduction formula. 
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EXERCISES 
Establish the following reduction formulas 


хє 4 
e cse SU 
a 


голун T. 


‚ү. пхах= х" mam mcm соз nx mec вэ cos nx dx 


mal 


x™ (log x)ndx= žm (log x)^— Шу zu (log "dx 


acos x+n sin x), n(n—1) 
e" * cos" xd x-e97 cost? x(* Cram zz) ат | 24° cos ”Эхдх 


cos™ xsin nxdx—— ип zen sin (n—1) xdx 


d d nsin'xcosmx та! х cos x sin nx 
sin™x sin nxd x= x Fg] 


2 
s 
81 cos™x cos nx | 
ida 


шиг =) 
Zm? 


LoT Ц Hi x 2n—3 dx 
7: | (aiat “УЛ yaaa Eat yn + (а Da | es 


uM 


[onm sin nxdx, тёп 


8. If n= | xn sin ихах (n>1) 


show that uy 
Intn(n—1) Ina=n ( e] 


9. If m, паге positive Rud and 


fim юе |з (log х/тах 
9 


prove that f(m, п) = — 5 f(m—1, n) 


i 
Deduce that f(m, n)=(—1,™ pus 


212 


10, Prove that | cosx cos nxd x= I 


0 
n/2 


11. If [=| x sin^xdx, (n21) show that 


h= "1 ШЫ! E 
149 


t = ! 
Hence deduce that 15 5555 | 
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28.9. We give below some properties of the definite integral 
b 


р (x)dx. It wil! be assumed ал (x)dx=g(x) 


a 


b a 
(1) fr [сах | 1577 
b ? Ў b 
Lus- jr (х)ах= ЇЕ (x) ва) 
а a 


a a 
RHS=— |/ ак оо) |0 -во 
b b 
which proves the result, 
b 


f (ax -| f(t di 
a 
b 


| 
LHS= { z ЕЕ 
{ 


a 
b 


RHS= 4 g(t) }+se)-2@. 


c b 
(3) J dx= | ах | ходах a<exb 


є 


b 
| 
5 
LHS= | Ff (x)dx=g(b)— g(a) 
a 
| 
a 


b 
11257253 [одао вон) 00 


=8(b)—g(a). 


a a 
| 4) [ f (х)ах== [ахах 
0 0 
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Put a—x=t in the RHS, then вх = — 4 
Also when x—0, t—a x-2, 1-0 


RHS-— fs war f 0 dt 
a 0 


f (x)dx=LHS. 


a 
(5) | /б)йх=2| f(x) ах if f (a—x)—f (x) 


a 
Ч 
р 
0 


=0 if f (a—x)=—f (x) 
We have 
a a/2 
| pues | fen exe лода ae) 
0 0 «l2 


Let us consider [ов 
а[ 


T3 


Put a— х=, then —dx=dt, also when x= 


2 


2 
when x=a, 1=0 
а[2 
f (a—t) а-| f (a—t) dt 
0 


a 
Thus [fond -— 


al? al 


Teao 


a/2 
= | / 9x 
0 
So (i) gives 
a/2 a/2 


| edes [tos e| raids 
0 


a/2 
Clearly if f (@—x)=S (х), RHS=2 [лох 
0 
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and if f (a—x)— — f (x), RHS=0 
and that establishes what we wanted to prove. 
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Before giving the last property, we define odd function. A func- 


tion f (x) is said to be an odd function iff (—x)e— f (x). 
EXAMPLE 10. Sin x is an odd function as 
sin (—х) = —sin x 


Even function. A function f (x) is said to be an even function if 


f(—x) f (х). 
EXAMPLE 11. cos x is ап еуеп function 
as cos (—x)=cos x 
The function sin x--cos x is neither even пог odd 
We now prove 
a 

(6 | J (x) ах=0 iff (x) isan odd function 

-a 


-2 | f(x)dx if f(x) is an even function 
a % а 
We know 4х=| f (x)dx+ fræ dx 
-а -а 0 
! 0 
Consider the integral | f (x) dx 
-а 


Put х= — і, then dx=—dt 
Also when x—-—a, t=a 
when х==0, 1=0 
а 


20) 


0 0 a 
Thus [ло а =-| sn dm [с0а Ие ах 
0 0 


So by (i) we get 


a a 
[re 4х=| /(—дах+ | re dx 
- 0 0 
Clearly if f (x) is an odd function 

a a 


RHS= — | 709 4х+]/(х)йх=о 
0 о 
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and if f (x) is an even function 
a a a 
gus-[ 7б) 4х+| f(x) 4х-2 | F(x) dx 
0 0 0 
thereby proving the result. 


л/2 
ЕХАМЕТЖ 12. Verify property (1) for the integral | cos x dx. 
0 


т[2 0 
Solution. We have to show that | cos x ax--| cos x dx 
0 n/2 
7/2 
Now LHS= { sin x}—sin 5 -sin 0=1—0—1 
0 
0 
ans--[ sin dM 0- (75 ieu 1. 
л/2 


л 
EXAMPLE 13. Show that | sin® x cos’ х dx=0. 
0 


Solution. If f (x)—sin* x cos’ x 
then (пх) sin? (x—x) cos? (x—x)=(—1)’ sin? x cos? x 
=—sin® x cos? х= —f (x) 
By property (5), the given integral— 0. 


2n 
EXAMPLE 14. Evaluate | sin? х cos? x dx. 
0 
Solution. If f (х) = ѕіпе cos? x 
then f (2x —x)-sin* (2x—x) cos? (2x —x) 
=sin® x cos? x= f (x) 
2л т 
thus | sin* x cos* xdx- sint x cos? x dx 
0 0 
Again if ф(х) —sin* x cos? x 
then o(x—x)=sin*® (z—x) cos? (a—x) 


=sin x cos? x 
=9 (x) 


REDUCTION FORMULAS AND DBFINITB INTEGRALS 693 


т 7/2 
Непсе | sin* x cos? xdx= 2| sin’ x cos? хах 
0 `0 
and so finally 
27 л/2 
| sin* x cos? xdx= 4| sin* x cos? xdx 
0 0 
id 5.3.1.7.5.3.1: п. 
14.12.10.8.6.4.2 2 
L ME 
— 1024 
n/2 


EXAMPLE 15. Evaluate | Малі ах 
vV sin x+y cos x 
0 


л/3 

“Туйвх | 

Solution. Let mU rs LT dx ...@) 
х 


А) Me 
| її (3-8 )e cos (2-к ) 


(by property 4) 


т [2 
[уж x dx ‚..@ 


7) Caves x4 sin x 
Adding (i) and (ii) we get 
т/2 7/2 
т 


узіп x+y cos x -| ldx= 
a рату МЕ та 
0 


> [= F 
T 
: x sin x 
EXAMPLE 16. Evaluate | eee dx. 
0 
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Solation. We have 


T т 
x sin x (х) sin (z—x) 
ini ur x ae | 1+cos? (т—х) (ру Мор) 
0 0 
л 
of G—x) sin x 
af 1+ cos? x Их 
0 
> H 
: sinx р 


AS 
0 


a 


чан, sin x 
niet = I+cos? ах 


Put cosx=f then sinx dx=dt also when x=0, 1—1 


xen, t=—1 
11:20 Ї 4 : 
t t 
= М. = = "1 
Thus 27 =r f: BO Ir a а! (ап-1; } 


РО 
Непсе fe 


x/2 
EXAMPLE 17. Evaluate | 108 Яп х ах. 
0 


Solution. We have 


2]2 [2 

I= [ов sin x dx= | log sin (3 (~x) )ax 
0 0 
2/2 


> 1- | log cos x dx 
0 


RBDUCTION FORMULAS AND DEFINITE INTEGRALS 


Adding the two values of J, we get 
т/2 
= (log sin x log cos x) dx 
0 
n/2 
=| log (sin x cos x) dx 


8h 
-| log (igesa 2 sin x cos шин d: 
0 


n/2 
-| (log sin 2x—log 2) dx 
0 
2/2 
log sin 2x 4х—[ log 2 dx 
0 


log sin 2 x dx — T log 2 


7/2 
Consider now =| log sin 2 x dx 
0 
Put 2х=1, then dx = a 
Also when x=0, t=0 
x= =, tzr 
z т 
Thus | log sin t 41--1 J log sin x dx 
0 0 
1/2 
-12 | log sin x dx Бу Property 5 
0 
as log sin (x—x)-log sin x 
So J=I 


695 


341) 
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(1), therefore, gives 


T 
21=1— 5 log 2. 


= 1=— 3 log 2. 
4 


T 
EXAMPLE 18. Evaluate | log (1+ tan 8) 29. 


0 
n/4 


Solution. We have [= | log (1--tan 0)49 


0 
л[4 
=| log ачаа (1-0 )] 49 
0 
nid 
- [los(1+ ee je 
0 


1+tan 6 


л/4 2 
-| юа 282 - $ e 
0 
т/4 
= {пов 2—log (1--tan 9)]d6 
0 
л/4 
-|юв 240-1 
о 
n/4 
Thus 27—106 2 | 4%— +. log 2 
0 


T 


> I= 8 log 2. 
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1. 


2. 


7. 


е 


EXERCISES 
Evaluate the following integrals 
т 2r 
[0] [sin xcosxdx (ii) [= x созе x dx 


0 0 

7/2 т 

(iii) [eos Зх ѕіп? 6 хіх (іу) [== хах 
0 0 


Prove that 
т/2 


[= (tan x)dx=0 


0 
т/2 


| = соз x dx=n/2 log $ 
0 
x log sin x dx “== log 2 


log sin (1/2 x)dx=2 log $ 


(сс 71(1/2—1) 
0 


te nd: "ав log 2 


ч(х+ d) нез 
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10. 


и, 


12. 


13. 


14. 


15. 


7/2 
ах. 
1+tan x 4 
xtan x à ЛЕ 
sec x--cos x 4 


2) 


log cosec х dx—7/2 log 2 


5 
x 
х 


т 1 
dx= z8 7 


= 
[ 
х 


l Ou On) Orn о 


um 
= 


|» (sin x+cos x)dx = — =/4log 2 


sin x qs 
cos x sin x 4 
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CHAPTER 29 


Matrices and Determinants 


29.1 Definition o a Matrix 


Let F be a field and n, m be two integers 21. An array of ele- 
ments in F, of the type 


a1 а1» 13 .... 419 
Qo, 055 453 Gon 
amy ang amg .... Cmn 


is called a matrix in F. We denote this matrix by (ai), i1, . ат 
and ј=1,..., п. We say that itis an imxn matrix (or matrix of 
order m x n). It has m rows and n columns. For example, the first 
TOW 18 аи, (015. .. ., Gn) and first column is 


411 


921 


Ami 


Also, ац denotes the element of the matrix (aj) lying in ith row 
and jth column and we call this element as the (i, j)th element of 
the matrix. 


For example, in the matrix 
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4171, 45-2, a5,,-8. te. (1, 1)th element is 1 
(1, 2)th element is 2 
(3, 2)th element is 8. 


Remark 1. Unless otherwise stated, we shall consider matrices 
over the field C of complex numbers only. 


(Note the field of real numbers is contained in C) 
REMARK 2. A matrix is simply an arrangement of elements and 
has no numerical value. 


29.2. Different Types of Matrices 


(1) Row Matrix. A matrix which has exactly one row is called a 
row matrix. 
For example (1, 2, 3, 4) is a row matrix. 


(2) Column Matrix. A matrix which has exactly one column is 
called a column matrix, 


5 
For example 6 is a column matrix. 


7 


(3) Square Matrix. A matrix in which the number of rows is 
equal to the number of columns is called a square matrix 


y 1 2 
For example ( ) is a 2x2 square matrix. 
3.08 
(4) Null or Zero Matrix. A matrix each of whose elements is zero 
is called a Nul? Matrix or Zero Matrix. 
0 0 


О 


(5) Diagonal Matrix. The elements'au are called diagonal ele- 
ments of a square matrix (ai). For example, in 


" 0 
For example, ( ) is a 2x 3 Null matrix. 
0 


1 2 3 
4 5 6 
М 8 9 


the diagonal elements are 
ay=!, 'аз=5, a4,—9 
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A Square matrix whose every element other. than diagonal ele- 
ments is Zero, is called a Diagonal Matrix. For example, 


1 0 0 
0 2 0 | is a diagonal matrix. 
0 0 3 


Note that, the diagonal elements in a diagonal matrix may also be 
zero. For example 


0.070 ИЖ ТП 
( апа are also diagonal matrices, 
0 2 0 4.0 


(6) Scalar Matrix. A diagonal matrix whose diagonal elements 
are equal, is called a Scalar Matrix. For example 


5 B 1 0 0 0 0 0 
are Scalar 
( ) 9 } 0 0 0 0 Matrices. 
0 5, 
0 0 if VO 0 0 


(7) Identity Matrix. A diagonal matrix whose diagonal elerents 
are all equal to 1 (uaity) is called Identity Matrix or (Unit Matrix) 
For example, 


0 
(8) Triangular Matrix. A Square matrix (д) whose elements 
4,7-0 whenever i <j is called a Lower Triangular Matrix. 


Similarly, a square matrix (44) whose elements ац--0 whenever 
vj is called an Upper Triangular Matrix. 


For example, 


1 0 
( is an identity matrix, 
1 


i 0 0 1 B 
| 4 5 0 ( ) are lower triangular matrices 
2 0 
17 8 9 
ЕЈ 
1 2 3 
1 2 р 
and 0 4 5 ( are upper triangular matrices. 
0 3 
\ 0 0 6 /’ 


29.3. Algebra of Matrices Е нм 
Equality of Matrices. Two matrices А’ and ^ B are said (0 
equal if á i 
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(i) A and B are of same order. 
(ii) Corresponding elements in 4 and B are same. For example, 
the following two matrices are equal 
3 4 9. ) ( 3 4 9 ) 
(is 25 64 , 16 25 64 


But the following two matrices are not equal 


p 20 
Mus уй: 

( Шш, $ 
DUNT Lo, 


as matrix on left is of order 2X3, while on right it is of 
order 3x 3. 
The followiag two matrices are also not equal 


( 1 2 3 ) ( 1 2 3 
7 8 9 4 8 9 ) 
as (2, Dth eiement in LHS matrix is 7 while in. RHS matrix 
it is 4. 
Addition of Matrices. If 4 and B are two matrices of the same 


order then addition of 4 and B is defined to be the matrix obtained 
by adding the corresponding elements of A and В. 


For example, if 
161114) 2 3 2 3 4 
5 jer ) 
+ 5 6 5 6 7 
142 2+3 3+4 3 5 7 
Then ^a Т ) 
4+5 5+6. 6+7 
1—2 2—3 120 ( -1 -1 -1 ) 
4-5 5-6 6—7 —1 -1 -1 
Note that addition (or subtraction) of two matrices is defined 
only when 4 and B are of the same order. 
Properties of Matrix addition. (i) Matrix. addition is cummu- 
tative 
i e. A+B=B+A 
For, (i, j)th element of A+B is (ain +b) and of B+A is 
(Зач-ай), and they are same аз ад, and bı are complex numbers. 


(ii) Matrix addition is associative 
i.e. A+(B+C)=(A+B)+C 


\ 
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For, (i, j)th element of A+(B+C) is ais+(bis+ cis) and of (A+ B) 
+C is (аи Б) св which are same. 

(iii) If O denotes null matrix of the same order as that of 4 
then 4--0--44--0--4 

For, (i, j)th element of 44-O is ay+O=ay. which is same аз 
(i, j)th element of А. 

(iv) To each matrix A there corresponds a matrix B such that 
A+B=0=8+4. 

For, let (i, j)th element of В be —ajy Then (G,j)th element of 
A+B is ан--ан--0. 

Thus, the set of mXn matrices forms an abelian group under 
the composition of matrix addition. 

Multiplication of Matrix by Scalar. И k is any complex number 
and A, a given matrix, then КА is the matrix obtained from А by 
multiplying each element of A by К. The number & is called 


Sealar. 
1 2 3 
A -( and k=2 
4 5 6 


For exampie, if 

2 4 6 
then k 21 

8 10 12 


It can be easily shown that 
(i) k (A+B)=kA+kB (ii) (ki tke) А=КуА--К„А 


(iii) 14—4 (iv) (ak) A=k,(k.A). 
TRATTE, ЛЕ, ОЙ КАУ 

ЕХАМРГЕ 1. 23 ) and в. ) 
И > hye s 


Verify AF} B=B+A. 


1+0 2-1 3--2 1 3 5 
Solution. a+8-( )-( ) 
4+3 5+4 6+5 7 Уи 


0-1 142 243 ПА nS 
344 445 546 Я 


So, A+B=B+A. 
EXAMPLE 2. If A and B are matrices as in Example 1 


-1 0 1 
апа с-( 13 2) verify (A+B)+C=A+(B+C). 


ENA 5 
Solution. Now A+ »-( 
T 951. 
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1-1 3-40 5+1 0 3 6 
So, us+e-(. )-( ) 
7-1 9+2 101-3 Si ls. 14 


0—1 140 2-1 -1 1 3 
Again в+с-( -{ 
3+1 442 5+3 4 6 8 


IT 241 3+3 0 3 6 
so, 4+(B+0)=( )-( ) 
444 546 648 ви им 


` Therefore, (A+B)+C=A+(B+C). 


1 2 
EXAMPLE 3. If 4—| 3 4 |, find a matrix B 
5 6 
such that A+B=0. 
by bis 
Solution. Let B=| 5b; by 
Ба baz 
I-bu 2+h, 0 0 
Then A+B=| 3-ba 4+6 |= 0 0 
5-5 | 6458! 0 0 
implies, bu = —1. be = —2, ba —3, b =—4, 
bg; = —5, bsg = —6 
-1 -2 
Therefore required B=| —3 —4 
—5 —6 
0 1 2 


EXAMPLE 4. (i) IfA=| 2 3 4 |andkı=i, k 2, 


verify (kı+k:) 4-5414--524. 
0 i 2i 
Solution. Nowk;4—| 2i 3i 4 
Wis" 6 
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(aseo А 
and Kg4-| 4 6 8 
8 10 12 


0 2-i 442i 
So, 814--4,4-1 4+2: 6+3 8+4 
8-47 104-5i 12-6 
0 2-4 442i 
Also, (К-К) 4—| 4+2i 6+3i 84-4i 
8+4 104-51 124-6i 
Therefore (k;4-K3) A=kyA+k,A. 


ad wd 
EXAMPLE 4. (ii) If 4 )в- 
212: 2р 


find the value of 2A+3B. 


0 6 
Solution. м-( ) 
4 8 
21 18 9 
(кш) 
Be ole 113 
;) 
3 
2 
5 
8 
1 


21 
So, 24s32-( 
7 


EXAMPLE 5. If А = 


cO wo м 
о «ооо. 


find аш, аз», G33, аз, 441. 


Solution. a;; = element of A in first row and first column 


= 1 


4 


5 
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а, = element of A in second row and second column 


=5 


азз = clement ofA in third row and third column 


-9 
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азі = element of A in third row and first column 
=7 
ад = element of 4 in fourth row and first column 
=0 
à EXAMPLE 6. In an examination of Mathematics, 20 students 
from college A, 30 students from college B and 40 students from 
college C appeared. Only 15 students from each college could get 
` through the examination. Out of them 10 students from college A 
and 5 students from college В and 10 students from college C 
secured full marks. Write down the above data in matrix form. 
Solution. Consider the matrix 


20 30 40^ 


15 13 15 
10 5 10 

First row represents the number of students in college A, college 
B, college C respectively. 

Second row represents the number of students who got through 
the examination in three colleges respectively. 

Third row represents the number of students who got full marks 
in the three colleges respectively. f 

EXAMPLE 7. А publishing house has two branches. In each 
branch, there are three offices. In each office, there are 3 peons, 
4 clerks and 5 typists. In one office of a branch, 6 salesmen are 
also working. In each office of other branch 2 head-clerks are also 
working Using matrix notation find (i) the total number of posts of 
each kind in all the offices taken together in each branch, (ii) the 
total number of posts of each kind in all the offices taken together 
from both the branches. x 

Solution. Consider the following row matrices 

Ay=(34560), A.=(3 4500), 4з-(34500) 

These matrices represent the three offices of one branch (say A) 

where elements appearing in the row represent the number of peons, 


clerks, typists, salesmen and head-clerks taken in that order 
working in the three offices. 


[hen АБА. ФА = (34343 44444 54545 64040 


0+0+0) 
= (9 12 15 6 0) 

Thus, total number of posts of each kind in all the offices of 
branch А are the elements of matrix 4;+-A,+A3=(9 12 15 6 0) 

Now consider the following row matrices 

Bi=(3 4502), B.=(3 4502), B,—(34 50 2) 

Then Bi, В,, Вз represent three offices of other branch (say B) 
where the elements in the row represents number of peons, clerks, 
typists, salesmen and head-clerks respectively. 
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Thus, total number of posts of each kind in all the offices of 
branch B are the elements of the matrix B,--J3--B,—(9 12 15 0 6) 
(ii) The total number of posts of.each kind in all the offices 
taken together from both branches are the elements of matrix 


(Ay Aa +A) (Bs Bs B3) - (18 24 30 6 6) 


10 20 
EXAMPLE 8. Let А = 
30 40 


where first row represents the number of table fans and second row 
represents the number of ceiling fans which two manufacturing units 
A and B make in one day. The first and second column represent the 
manufacturing units A and B. Compute 5A and state what it re- 


presents: 


50 100 
Solution. 54— 
150 200 


It represents the number of table fans and ceiling fans that the 
manufacturing units A and B produce in five days. 
2 3 4 5. 


EXAMPLE 9. Let А = 8 Hon 5 6 
4 sey: bah 7 


IIT, res- 


where rows represents the number of items of type I, IT, 
Ass As, А, 


pectively. The four columns represent the four shops Аз, 
respectively. 
LAE qne: Res 1 “АУ de 


Let B—| 2 1558256 AW eod "d 4 
Bos 1 2 ЕОМ, 4 


where elements іп В represent the number of items of different types 
delivered at the beginning of a week and matrix С represent the sales 
during that week. Find Ў 
(i) the number of items immediately after delivery of items 
(ii) the number of items at the end of the week. 
(iii) the number of items needed to bring stocks of all items in all 
shops to 6 


3 92034 


Solution. (i) 4+8 = 5 5 7 
ТОЕТ TENY 
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represent the n ser of items immediately after delivery of items 
2/3 $5.6 


(0) (AED CSS Maines aon. 5 
Sa iar д5 


represent the number of items at the end of the week 
(iii) We want that all elements in (4+ B) —C should be 6. 


4 3 1 0 
е! Де. | 2. 3,2 1 
1 2953 1 


Then (A+B)—C+D is a matrix in which all elements are 6. So, 
D represents the number of items needed to bring stocks of all 
items of all shops to 6. 

EXAMPLE 10. The following matrix represents the results of 
the examination of B. Com. class. 


1 Фада, 1.4 


Suede II- 12 


The rows represent the three sections of the class. The first three 
columns represent the number of students securing Ist, 2nd, 3rd 
divisions respectively in that order and fourth column represents the 
number of students who failed in the examination. 

(a) How many students passed in three sections respectively? 

(b) How many students failed in three sections respectively? 

(c) Write down the matrix in which number of successful students 
is shown. 

Ван Write down the column matrix where only failed students are 

shown. 

(e) Write down the column matrix showing students in Ist division 
from three sections. 

Solution. (a) The number of students who passed in three sections 
respectively are 1--2--3—6, 5--6--7=18, 9+10+11=30. 

(b) The number of students who failed from three sections res- 
pectively are 4, 8, 12. 


1 2..5 
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4 
represents column matrix where only failed students 
(9) 8 | are shown. 
12 
1 


represents column matrix of students securing Ist 
2) 5 | division. 


EXERCISES 


find ат, a15, 013, 021, даа, 423, бэл, Asx. 0зз. 
421 
2. Whatis the order of the following matrices? 


0 0 
G) 12 \ apf 123 \ an (iv) (0) 
34 Mes 


456 
179 
3. What are the diagonal elements of the following matrices? 
j 103 135 000 
G) 045 Gi) 191 (iii) 0o00 
706 3.15.17 000 
4. Which of the following matrices are diagonal matrices? 
[Гүр е О А КО x ї л 
00 20 00 
оо 
5, Which of the following matrices are scalar matrices? 
[0] то di) [ 51 үст ^E (iv) TES 
01 055 0 2.9 0 
002 000 


6. Which of the following matrices are triangular matrices? 


100 рэ 0.1 2 i оо 

(i) 510 (ii) 004 (iii) 001 (iv) ) 
620 005 12.0 

7. Compute A+B for the following matrices: 


100 21 +) 
A= B= 
е (5 3 23 132 
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(ii) (дэнс 7) 
A= АВЕ 
258 2 —s —8 
wn an( 122), ооо) 
456 000 
1 4 1 4 
iv) A= ‚ BH 
Ч? dts, 867 


б) A=), B=(-1 
8. Compute КА, if 


@ “-( ON ) ki 
79 5:/$; 


an a=( P ined ) == n 
LHO 1 


23.4 
15273 
10. Find a matrix A such that 
4 8.12 
16 20 24 
28 32 36 
11, Find x and y, if 


(0 (2 5)*(6 y3)—(0 CO) 
Gi) (2 3)+(-2 —3)=(x » 


D 4 
12. ил-( 012 ) в-( 112 3 ) c=( 23 ) 
2.3.4 345 456 


Compute the following: 
( (A+B)+C (ii) (4-8)-С (iii) 4—B—C 
(9) 24+3В (v) А+2В+3С 


13. If 152 4 5 è 
a= ( ) B= ) find a matrix 


9. If 4— ( ) find a тах B such that A+B is a zero matrix, 


4А= 


3 4 6 7 
C such that (1) (4--8)-С-0 
(ii) A+ B=2C 
T 0:2 : 
14. If A= ЕН find a matrix В such that A+B is a diagonal matrix 


i (tun) Cire) 
( 12212 pea ТОЙ 


find kı and ka such that Ja AkeB is'a zero matrix. 


16. Suppose that Brown, Jones, and Smith go to the grocery store and pur- 
chase the following items: 


Brown: two apples, six lemons and five mangọes. 
Jones: two dozen eggs, two lemons and two dozen oranges, 
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Smith: ten apples, one dozen eggs, two dozen oranges and a half dozen 
mangoes. 
Construct the 3 x 5 matrix w| 


i hose rows give the various purchases of Brown, 
Jones and Smith. 


17. In Problem 16, write down five column matrices each of order 3x1 giving 


the number of items of different kinds purchased by Brown, Jones and 
Smith. By means of matrix addition, find the total amount of their pur- 
chases as a column matrix, 


18. Suppose that there are three industries which we call as coal, electricity and 


steel and three consumers 1, 2, 3. Suppose that consumer 1 uses 3 units of 
coal, 2 units of electricity and 5 units of steei, consumer 2 uses 17 units of 
electricity and 1 unit of steel and consumer 3. uses 4 units of coal, 6 units 
of electricity and 12 units of steel. Assume that coal industry uses 1 unit 
of electricity and 4 units of steel, electricity industry uses 20 units of coal 
and 8 units of steel and steel industry uses 30 units of coal and S- units of 
electricity. Using matrix algebra, find the total over all demand of three 
products, 


19. Suppose that matrices А and B represent the number ‘of items of different 


kind produced by two manufacturing units in one day. 


4 3 , 
л=| 5 ] pal 4 Compute 24-32. 
cop. 5 
What does the matrix 24+38 represent ? 
Ay Аз Аз 
20. А=1 123 234 3 51 
О а gig e Н ay В 
Ш ЖУ 158559 8 910 15 17% 19 


Matrix A shows the stock of 3 types of items I, IT, III in three shops Ay, Aa, 


Аз. Matrix B shows the number of items delivered to three shops at the 
beginning of a week. Matrix C shows the number of items sold during that 
week. Using matrix algebra, find. 1 


aane wy 


(i) the number of items immediately after the delivery. 
(ii) the number of items at the end of the week. 


ANSWERS 


а1=2, 432-1, а13=0, а —0, аз--1, @:3=3 
031—4, аза=2, 433—1. 

(i) 2x2 (ii) 2x3 (iii) 3x2 (iv) 1x1 
(01,4,6 (ii) 1,9, 7 (ii) 0, 0, 0 

(i) Not diagonal (ii), (iii) and (iv) are diagonal. 
(i), Gii) and (Iv) are scalar matrices 

(i), (ii) and (iv) are triangular matrices. 


Qf 2315: SM ) ын 11224 ) 
bor 000 456 
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eT 2 8 ) 0) (0) 
10 12 


8. t i 3i Si ) Soi Е ) 
7i Si 3i ЕЕ... © 1 


10, 
= —2 —3 —4 2 
огыз d 


11. (i) x2—8,y——8 (й) x=0, y=0 
12. (i) Ж 6.9 (ii) 1::2-3 (iii) —-3. —4. -5 ) 
( 9 12 15 ) ( cb wn] ) ( -5. —6 —7 
(iv) 378: 13 (v) 8 14 18 ) 
( 13 18 23 ) ( 20 26 32 
13.) С-( —5 -7 (ii) с=/ $1 
(52) "703 


14, B= Ж M2 15. ky=O=ke 


-2 3 -4 
= — 2 
16. / 2650 0 
02402 24 ) 
10 0 612 24 
SA OST 
28 
52 


18.. 57 units of coal, 31 units of electricity and 30 units of steel. 


19. 2A+3B represents the total number of items of three types produced by 
two units if one unit works for 2 days and other unit works for 3 days. 


ENG т у 0 0 0 j 
9 1 13 000 | 
15 17 19 000 


29.4. Multiplication of Matrices 


The product AB of two matrices 4 and B is defined only when 
the number of columns of А is same as the number of rows in B 
and by definition the product АВ is a matrix C of order mxp if 
A and В were of order mx n and nx p respectively. The following 
example will give the rule to multiply two matrices. 


713 
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d; е 
тш” 3» Г : 
Let A= ) B=| 4: е 
dal dei E 
B d; ез 
order of А=2 х3, order of B=3x2 
So, AB is defined 


ona Mdithd.teds ae b best cies ) 
a.dikb,dabc.d, ае boe, + C23 


$1 212 
-( ) where to get 


+ ®з1 8:2 
£1 : Multiply elements of the first row of A with corresponding 
elements of the first column of B and add. І 
Z1; : Multiply elements of the. first row of A with corresponding 
elements of the second column of B and add. 
821 : Multiply elements of the second row of A with corresponding 
elements of the first column of B and add. 
2:2 : Multiply elements of the second columns of A with corres- 
ponding elements of the second column and add. 
Nores 1. In general, if A and B are two matrices then AB may not be equal 
to BA. For example, if 


o Bg DONO cus qp 


1 1 
and s4-( ) So, ABABA. 
0 0 


2. If product АВ is defined, then it is not necessary that BA must also be 
defined. For example, if A is of order 2 x3 and B is of order 3X1, then clearly 
AB is defined but BA is not defined (as the number of columns of B# the 


number of rows of A). 
It can be easily verified that (whenever products are defined). 
(i) A(BC)=(AB)C 
Gi) A(B4+ C)—AB-- AC 
(A+B)C=AC+ BC. 


2 —1 071.0 
EXAMPLE 11. ул-( ) mis- ) 
0 3 —2.—3 


write down АВ. 


-( 2xT-(-Dx(-2 2) 
Solution. AB 
0x7+3x(—2) 0х0--3х(-3) 


ed 


714 BUSINESS MATHEMATICS 


EXAMPLE 12. Verify the associative. law A(BC)—(AB) C for 
the following matrices. 


1 7 0 =] —1 
-4 0 5 | 
^ ) 2- =F i 0 CE2 0 
а ee мээн 
4 —7 25 
Solution. ав-( ) 
13:51 0 
—18 96 
So, (AB) e-( : ) 
89 -13 
13 — 
Again, BC=| 1 3 
-—1 19 
j —18 96 
So, «so 
89. —13 
Therefore, A(BC)—(AB)C. 


EXAMPLE 13. If A isa square matrix, then A can be multiplied 
by itself. Define A?—4. A (called power of.a matrix). Compute А? 
for the following matrix. 


ОМ йн 
ыыы): 0 


(Similarly, we can define 43, А, A5.. . „Гог any square matrix A.) 


P3 0 
Find A?4-34--51 where I is unit matrix of order 2. 


— 2) (1 HG) 


1 2 
EXAMPLE 14. If 4= ) 
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: sce Кё то 
So, eot ( a ) 
AI в Ре 01 
(= 8 
Mi RENE 


show that AB=—BA and A?— B=]. 


Balas ee ут 
A 


So, .- AB=—BA 
1 >) 
ка], 
0 1 
1 


„те чы, 
Е 


This proves the result. 

EXAMPLE 16 [п South Delki there are 20 colleges and 50 schools. 
Each school and college has 1 peon, 5 clerks, 1 cashier. Each 
college, in addition has 1 accountant and 1 head-clerk. The monthly 
salary of each of them 15. аз follows. Peon Rs 150, clerk Rs 250, 
cashier Rs 300, accountant Rs 350, head clerk Rs 400 using matrix 
notation find. 

(i) the total number of posts of each kind in schools and colleges 
taken together. 

(ii) the total monthly salary bill of each school and college sepa- 
rately. 

(iti) the total monthly salary bill of all the schools and colleges 
taken together. 

Solution. (i) Consider the row matrix of order 1 x2 

A=(20 50) 
This represents number of colleges and schools in that order. 


1 5 I Lcd 
Let B= 
1 5 H 09: `0 
` where columns represent number of peons, clerks, cashier. accoun- 


tants, head-clerks while rows represent colleges 25d schools in 
that order. 
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Then 4B—(70 35) 70 20 20) 
whefe first element represents total number of peons, second 


150 
250 
(ii) Let c= 300 
350 
400 


where column matrix represents monthly salary of peon, clerk, 
cashier, accountant and head-clerk in that order. 


( 150-1-1250-1-300 4-350 i-400 \ 
BC= 
1504-12504-300 + 0+ 0 7 
( 2450 ) 
“Хато 
Thus, total menthly salary bill of each College is Rs 2450 and.of 
each school is Rs 1700. 


(iii) Consider, 4(BC)=(2450 x20 +50x 1700) 
dos — (49000-45000) 


Then 


zm ) 
which gives the total monthly salary bill of schools and colleges, 


EXAMPLE 17. 4 manufacturing unit produces three types of 
television sets A, B, C. The following matrix shows the sale of 
television sets in two different cities. 


A B G 
400 300 200 
300 200 10 


400 300 
(1000 2000 3000) 300 200 


200 100 


лб 
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= (400 x 1000+300 x 2000-1-200 х 3000 300 x 1000-4200 x 2000 

+100 x 3000) 
=(400000 + 600000-+ 600000 300000-+400000 +-300000) 
=(1600000 + 1000000) 


Thus total money spent in producing the television sets is Rs 
(1600000 1000000) is 2600000. Consider the product. 


400 30 
(1500 3000 4000) | 3¢0 200 
200 100 
—(600000+-900000 1-800000 450000 + 600000-1-400000) 


=(2300000 14500000) 


Hence the tolal money obtained after selling the sets is Rs (23,0° ,000, 
14,50,000) i.e. 37,50,000 and the total profit is Rs 11 50,000. 


EXAMPLE 18. Te cost of manufacturing tie three types of 
motor cars is given below: 


Car Labour hrs. Material used Subcontracted work 
A 40 100 units 50 units 
B 80 150 units 80 units 
С 100 250 units 100 units 


Labour cost £ 2 per hour. per unit material cost 15 10 $ and one 
unit of subcontracted work costs £ I. Find the total cost of manu- 
facturing 3009, 2000 and 1000 vehicles of type A, B, C respectively. 

[/.C.W.A. (London, 1974)] 


Solution. Consider the following matrices, 


40 100 50 2 
м=| 80 150 80 ||} 
100 250 100 1 


М represents labour hours, material used, subcontracted work 
for three types of cars A, B, C respectively. 


Column matrix М represents labour cost per per unit material 
Cost and cost of subcontracted work 


180 
Then MN=| 315 


425 


This column matrix represents cost of each car A, B, C in that 
order. 
Let P=(3000 2000 1000) 
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This row matrix P represents number of cars A, B, C to be manu- 
factured in that order. у 

Consider P (MN)=(15,95,000) 1 

Thus total cost of manufacturing three cars A, B, C is £ 15, 95.000. 

EXAMPLE 19. The following matrix shows the sale of cold 
drinks in a shop during one week from Monday to Sunday. 


ee 


CU SES UY. | 

201 125, 30 

5 30 40 | 
ао 25... 20 | 

40 30 50 

45 40 20 

50 20 30 

60 40 60 


where C=Coca-Cola, Е--Еата, L= Limca. The cost of each 
bottle of C, Е, L is Re 1; Rs 2, Rs 3 respectively. Using matrix 
algebra only, 
(i) find the total sale of C, F, L separately during one week, 
(ii) find the total earning during one week, 
(iii) find total sale of C, Е, L taken together each day 
Monday to Surday, 5 гацаа 
(iv) gma phe, total sale of C, F, L taken together during one | 
week. 
Solution. Consider the product 
(1111111) A=( 270 210 250) 
This represents the total sale of C, F, L separately during one 
week. 
(ii) Consider the product 
I 
(270 210 250) 2 | (270+420+750) — (1440). 


B 


1nus total earning during one week is Rs 1440. 
(iii) Consider the product 


pod 
4 1 ]-(5 95 75 120 105 100 100) 


1 
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This gives the total sale of C, F, L taken together each day from 
Monday to Sunday. 


іу) Consider the product 


С ЖАРДЫГА, o ==(270 210 250) 


1 1 
=(730) 


| Thus total sale of C, F, L taken together during one week is 730 
ottles, 


29.5. Transpose of a Matrix 


Let 4 Бе a matrix. The matrix obtained from A by interchange 
of its rows and columns, is called the transpose of A. For example, 


1772 


100/12 
if 4 и ) then transpose of A =| 0 1 
20 
Transpose of A is denoted by 4’. 
It can be easily verified that 
(i) (A'Y =A 
(й) (4--8у/--А7--8” 
(їй) (4В)' — B' A'. 
EXAMPLE 20. For the following matrices A and B verify (A+B) 
—A RB. 


Ip 2 
A= 
UNI 


f 
— 
~ № 
Oo Ue 
e A 
Э 


1 Dar 
Solution. 210525 paso 
35620. 4 6 
3775 
Бол | a hag 
iL. 
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720 
80:25) 
So, 
(4-8у-| 5 13 
1212 
Therefore (A+B) —A' +В. 
EXERCISES 


Find the product AB when 


1 0 0 
L0 A= | 0 (1,0 
0 0 1 
22500309 
0) А= | о 3 0 
0 0 4 /, 
1 74 3 
(ii) A= 
4 5 6 /, 
(iv) A= [po A B= 
1 о 0 
2.1142] ото 
над: Е o6 
212 3 raw 
3, If A=| -1 2 —1 
Se үзә 455851), 
show that AB=BA. 
cos х sin « 
4. If A= 
—sin« cosa /, 


“© © о = оу»>»о = 
c ELO UP e E Ыы. 
ооо оь ь o wt 


~ 


) | 


(C.A., November, 1975) 


pie 
1 
es 


2-1 


show that AA=A 


1 3 4 

B= 212.1 
3 0 =} 

cosa —sin | 

( sin « cos «/, 


А 
show that AB= =BA. 
NES 


5. Find matrices A and B such that A and B are both non-zero matrices but 


the product AB is a zero matrix. 


6. Is it necessary that if two matrices A and В are such that АВ and BA are 
both defined and AB=0 then BA must also be a zero matrix? 
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2 5 1 —1 
1. и = ) НӨ р 
1-3 ез 2S 


АВ and ВА. Is AB=BA? 


1 1 
8. Let A= ( 
0 TM 


(a) Find a matrix B such that 
AB= ( 


e 
el 


0 1 
(6) Find a matrix D such that 2 0 
CAN as) 


9. Consider the matrices 


0 1 0 0 0 1 
A= ого B= 1541050 750 
о WOA PR LR 


(a) Show that 41—B and А?=]. What is 44? 
(b) Show that B*—I and В*=А ! 
(c) Show that 4*=BA=AB=B"=], hence A and B commute. 


10. Show that the product of the matrices. 


0 2 L3 16 50/1994 28 
" 
= 0 4 rdi Би гами АН 
3-4 0 8 АЗЕ! 


is the zero matrix, 

11, Consider the matrix. 
19:0. ) ( ЗО ) 
А= B= 
( Bus seuils 0,572 

(a) Show that A and B commute. 

(b) Show that any pair of diagonal matrices of the same order com 
mutejwhen multiplied together. 
12. For the matrix 


914 04647710 
MS en OR. О 
1 0 0 0 


What is the smallest positive integer k such that A*=I. 
13. Verify the associative law А(ВС)-4(48)С for the following matrices 


ТАН Хон буу жу т 02! 

ини 9x2 39) 2548 Beil oic tend dl (24410423 

КОШЫМ ЫК, m3 pe M bui gc ed 
020720 


722 
14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 
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Verify the distributive law A(B+C)=AB+AC and (A+B)C=AC+BC 
for the matrices in Exercise 13. 
Compute the transpose of the following. matrices 


@ /1 о 9G) Gi) / 1 (iv) 
т ( 1 : 17273 


о 0 1 3 


For each of the following matrix, show that A+ A’=o 
(i) QUII M (ii) 0 "6 —4 ауры. 2 
-1.::)0- 7 Bc 8 о 5 
—4.—7 0 4 —8 0 —-2. 5.0 
cos 2 —sin a 1 0 
If A= show that AA’=A’A= ( 
sin a cosa /, 0 1 
4 
14-11 2 3 B= 
6/, 


verify (4B) —B'A'. 


ja» Ys iu 4 
If A= B= 

21A Yos. 2: 3o E UR 
verify (А+В)'=А'+В'. 


cos х —sin « 
If A= 
. sin cos 2 


verify (4874. 


Suppose a man named Smith goes into a grocery store to buy a dozen 
each of eggs and oranges, a half dozen cach of apples and mangoes and 
three lemons. Suppose the apples are one rupee each, eggs are 40 paise 
each, lemons are 30 paise each, oranges are 50 paise each and Mangoes 
are 70 paise each. What is the total amount that Smith must pay for his 
purchases? Use only matrix algebra. 


The production of a book involves several steps: first it must be set in 

type, then it must be printed and finally it must be supplied with covers 

and bound. Suppose that type setter charges Rs 6 per hour, paper costs 

t paisa per sheet, that the printers charges 11 paise for each minute that 

his press runs, that the cover costs 28 paise, and the binder charges 15 

aise to bind each book. Suppose now that a publisher wishes to print a 

book that requires 300 hours of work by the typesetter, 220 sheets of 

paper per book and five minutes of press time per book 

(i) Using таш» multiplication, find the cost of publishing one copy of 
a book. 

(10) Using matrix addition and multiplication find the cost of printing a 
first edition run of 5000 copies. 


Suppose that a building contractor has accepted orders for five houses of 
type Г, seven houses of type TI and twelve houses of type IFI. The matrix, 
below givesthe amount of each raw material to be used in each type of 
house, expressed in convenient units. £ 


MATRICES AND DETERMINANTS 723 


Steel Wood Glass Paint Labour 


Туре 1 5 20 16 7 17 
R=Type II 7 18 12 9 21 
Type III 6 25 8 5 13 


Using шїїх multiplication, find how much of each raw material the 
contractor should order. 

24. In Exercise 23, if steel costs Rs 15 per unit, wood costs Rs 8 per ‘unit, 
glass costs Rs 5 per unit, paint costs Rs.91 per unit and labour costs Rs 10 
Per unit, find (using matrix algebra only). 

(i) the cost of materials for each type of house, 


(ii) the total cost of raw materials for all the houses he will build. 
25. The following matrix gives the vitamin content-of food items, in conven- 


iently chosen units 


Vitamin: A О UD 
Food I 75 A 0 0 
Food II $250 2 1 
Food III s d "apps 


If we eat 5 uaits of food 1,10 units of food II, and 8 units of food ш, 
how much of each type of vitamin we have consumed? If we pay only for 
the vitamin content of each food, paying 10 paise, 20 paise, 25 Paise, 50 
Paise respectively for units of the four vitamins, how much does a unit 
of each type of food costs? Compute the total cost of the food eaten. 

26. A company is considering which of three methods of production it should 
use in producing three goods A, Band C. The amount of each good 
produced by each method is shown in the matrix 


А CB LG 

Kk 2 Зда Method 1 
1 2503 Method 2 
2 4704 Method 3 


Let p be a3 X1 matrix whose components represent the profit рег unit for 
each of the goods. What does the matrix Rp represent? Find two different 
matrices p under which method 2 and method 3 are most profitable. 


ANSWERS 

О 79: (D 012/2004 (iii) | 0 n 

0:5::2/1 (3 ЗЕ 0:6 01550470 
48:75:86 8120 
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6. Мо, 0 1 ^30 Y 
A= »-( ] AB=0, ВАО. 
0 р 0 o), 


B. 1 -1 <2 23 
(a) ( ) b) ( ) 
0 1 д 4 3 
12. К-4. 
21. Rs 21/90. 
22. (i) Rs 1801/53 (ii) Rs 9450. 


23. ( steel wood glass paint labour \ 


e 


\ 
146 $26 260 158 388 / 


24. (i) Fortypel Rs 492 
For type JI Rs 528 
For type 111 Rs 465 


15 
25. (6.3, 3.3, 3'6, 5.0), ( D ) Rs 4/69 


33 


26. Rpisa 3x1 matrix whose components represent profit for goods A, B, 
C respectively 


1 
| 2 ) method 2 is most profitable 
3 


10 
| 8 ) method 3 is most profitable. 
7 


29.6. Elementary Operations 
Consider the matrices 


1 2 3 4 5 6 
a-( B- ) 
4 5 6 /, 1 2 3 
Matrix B is obtained from A by interchange of first and second 
TOW. 


2 1 3 6 3 9 
Consider с-( ) 2-( 
3 4 $4 s 3 4 5 


Matrix D is obtained from C by multiplying first row by 3. 


2 3 4 2 3 4 
Consider z-( ) ( ) 
1 3 087485 3. 12; — 14 
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Matrix F is obtained from E by multiplying first row of E by 
3 and adding it to second row. 

Such operations on rows of a matrix as described above are called 
Elementary row operations. 

Similarly, we define Elementary column operations. 

An elementary operation is either elementary row operation or 
elementary column operation and is of the following three types. 

Type I. The interchange of any two rows (or column), 

Type 11. The multiplication of any row (or column) by a non- 
zero number. 

Type III. The addition of multipie of one row (or column) to 
another row (or column). 

We shall use the following notations for three types of Elementary 
operations. 

The interchange of ith and jth rows (columns) will be denoted 
by RR, (СС). 

The multiplication of ith row (column) by non-zero number k 
will be denoted by Ri>k Rr (С C) 

The addition of & times the Jth row (column) to ith raw (column) 
will be denoted by Ri—R,-4-kR, (ССС). 


29.7. Elementary Matrices 
Matrix obtained from identity matrix by a single elementary 
Operation is called Elementary matrix. 


0 1 0 в ола 


Forexample| 1 0 0 r 
0 0 1 0 0 1 


are elementary matrices, the first is obtained by R,«+R, and the second 
"Бу Cy+2C, on the identity matrix. 

We state the following result without proof: 11484 

“An elementary row operation on product of two matrices is 
equivalent to elementary row operation on prefactor. 

It means that if we make elementary row operation in the product 
AB, then it is equivalent to making same elementary row operation 
in A and then multiplying it with B. 


pco 
C Qus | 

Let A -( ) B=| | 
заи ЖА 


9 13 
Then AB= 
13 19 
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Suppose we interchange first and second row of AB. 
Then the matrix we get is 


13 19 

с-( 
9 13 

Now interchange first and second row of 4 and get new matrix 

2 3 4 

»-( ) 
1 2 Š} 

Multiply D with B to get 
1 


»-(? 3 29) б р 43 "y 
1 2 3 3 3 9 13 
So, DB=C. 
29.8. Reduction of a Matrix to Echelon Form 
1 2 3 4 
Consider A=| 2 1 3 2 


3 1 2 4 


Apply the following elementary row operations on A. 
R—R.—2R, R2 R4—3R; 
and obtain a new matrix 
1 2 3 4 


B=| 0 —3 —3 —6 
0 —5 —7 —8 
Apply R,>—} Кооп B to get 
1 2 3 4^5 


Ges liess hoy! datu 
О cadi ДА 
Apply Rag Rg-- 5R; on C to get 


0 0 —2 2 


The matrix D is in Echelon form (i.e. elements below the diagonal 
are zero). 
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We thus find elementary row operations reduce Matrix A to 
Echelon form. 

In fact, any matrix can be reduced to Echelon form by elementary 
row operations.The procedure is as follows: 

Step I. Reduce the element in (1, D)th place to unity by some 
Suitable elementary row operation. 

Step II. Reduce all the elements in Ist column below Ist row to 
zero with the help of unity obtained in first step. 

Step III. Reduce the element in (2, 2)th place to unity by 
suitable elementary row operations. 

Step IV. Reduce all the elements in 2nd column below 2nd row 
to zero with the help of unity obtained in Step III. 
: Proceeding in this way, any matrix can be reduced to the Echelon 

orm. 


EXAMPLE 21. 
3 —10 2 
Reduce A =| —1 12 —2 | tg Echelon Jorm 
1-5 2 
Step I. Apply RieR to get 
1 —5 2 
el ро 279 
3 —10 5 
Step II. Apply К,-.Е4-.К1, Вз-> R3—3R; to get 
1 —5 2 
0 7 0 
0 5-1 
Step III. Apply К; Ка to get 
Ї 1 —5 2 
0 1 0 


(m 54054 


Step IV. Apply R3->R;—5R; to get 
1 —5 2 
O 1 0 | which is a matrix in Echelon form. 
0 0 —1 
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2244 
EXAMPLE 22. Reduce A= inis to Echelon form. 
Eig SNK 
451) 67 
Step I. Apply К; > 1 Е: to get 
1 1 2 2 
2 3 4 5 
3 4 5 6 
4 5 6 7 
Step II. Apply R;,—R;—2R; Rag Rg—3Ry, Ra R,—4AR; to get 
1 1 2 2 
0 1 0 1 
0 1-1 0 
0 1-2 -1 


Step 111. (2, 2)th place is already unity. 
Step IV. Apply R,—Rsa— Ro, R4—R,— Кә to get 


1 1 2 2 
0 1 0 ! 
0 0:-1-1 


0 0-2 —2 
Step V. Apply Rg—(—1) Rg to get 


0 0 1 1 
0 0 —2 —2 
Step VI. Apply Ка->Ка-+2Ез to get 


1 1 2 2 
0 1 0 1 
0 0 1 1 
0 0 0 0 


which is a matrix in Echelon form. 
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to Echelon 


EXAMPLE 23. Reduce A= form 


о о sf 


1 
2 
9, 


Зо ш 


0 (87:13 4 


Step I. Since all the elements in Ist column are zero Step / and 
Step ГГ are not needed. 


Step III. Apply Ry {Rə to get 


0 1 2 3 
У 1 3 2 
0 3 9 3 


Quac 435428 
Step IV. Apply Ra—R; —3Re, Ra R4—4R, to get 


0 1 2 3 
0 1 3 2 
OAs ОНО ЕЗ 
0 0 1 —4 
Step V. Apply RaR, to get 
0 1 2 
0 1 Я 
0 0 1 —4 


0 0 0 —3 


Step VI. Since elements below (3, 3)rd place are zero Step VI is 
101 needed. 


Hence 4 is reduced to Echelon form. 


EXERCISES 


1. Apply the elementary row operation RieRs to each of the following 
matrices. 


(i) ЕЛЕ | (ii) 1 (ili) /1 0-0 
( РС. ) ( 2 ) 0111 ) 
6///2:9:4:1871::9 3 i PRA Ду! 


2. Apply the elementary row operation Rı>2R; to eachYof the matrices in 
Problem 1. 


730 BUSINESS MATHEMATICS 


3. Apply the elementary row operation Кг» К+ К+ Ёз in each of the 
matrices in Problem 1 


4. Let unie 165214 
SOME do L4 EI o 11 
0411515 


verify that each of the following elementary row operation on AB is 
equivalent to the same elementary row operation on the pre factor A. 


(1) Виуеэ (ii) Ra>2 В, (iii) Ry Rit Rz. 
5. Reduce each of the matrices given below to the Echelon form 


a 2 0 =f (ii) 1 251 1 
5 1 0 4 1 0 
0 1 3 8 1 1 
з з (iv) MOI 2 2 
1 i —1 0 —2 1 0 1 
2 8-3 2 5-3 1 0 2-1 
га 1 0 1 -4 1 =3 1 
0) 1 2 3 (vi) /1 -l 3 6' 
2 Я. 1 3L 53:14 
3 4 5 5 3 82111 
4 5 6 
(vii) 2 3 =l =] (viii) / 3 2 —1 5 
ВЕ -2 &-4 554 4 —2 
E ЭМЭ 1-4 1-19 
6 3 —7 
@х) 1 2 1 (х) 1 3 3 
21 0 2 1 4 
2 15:53 1 4 
ANSWERS 
1, (i) / 6 7 8 9 (ii) 3 (iii) / 1 0 
5 6 Jg 8 2 0 d 0 
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2. (07127 40 8 (ii) /2 (iti) 0 0 
(: 6:53 ^78 i 2 0 1 
Gr ҮЙГЕ IS №3 3 9: 
3.07 Те а ДИ (ii) ан) ]1 о 
(s 15 18 21 2:5 
[ES ME Wer M) dS 01270 
уе (ii) =L 1 
0 1 5л 1 71/5 
0 0 ЫГ 0 15 
(iii) pocas (iv) JI) Var У-у 
Q5 do м sn DU ы, 4 
0 1-16 бз бук Ду —2 
0 0 ош 0 о 1 


(Say pta rs АЕ 5 
Ол о 0 Е НЫ 
О ото 
o0 o o 
(vii) т ahaa ht Wii) /1 -4 19 
0 1 35 715 0 ] cuo; na 
и fcd Om ото 
0 


0 0 0 
(ix 1 2 1 (x) 1 3 
(en Worm [NT 0 
02022318 0. олд 


29.9. System of Linear Equations 


In this section we discuss a method to solve a system of linear 
*quations with the help ot elementary operations. 


Consider the equations 
anx + ау + aygz=by 
ах + ау + азз2= Ьуз 
ах + азу + 0з82--5:3 
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These equations can be also expressed as i 


ап an dig x bi 
ад 4» 953 y —› bis ie. AX = В | 
43; 932 433, ии big | 


#һеге A is the matrix obtained by writing the coefficients of x, y, 2 
in three rows respectively, and B is the column matrix consisting 
of constants in RHS of given equations. 

We reduce the matrix A to Echelon form and write the equations 
in the form stated earlier, and then solve. This will be made clear 
in the following examples. A system of equations is called 
consistent if and only if there exists a common solution to all o' 
them, otherwise it is called inconsistent. 


EXAMPLE 24. Solve the system of equations. 


x—3yTz——1. 
2x4 y—4z——1 
6x—7y+8z=7. 
1 23 1 in 
Solution. Let A = 2 1 —4| p= Si 
6—7 8 7 


and assume that there exists a matrix 
x 
X= dx 
z 


such that given system of equations becomes 


AX—B 
1 +3 1 ЖУА -1 
Then о y ЖА DI 
бигат 8 z 7 
Apply Ry R;—2R;, Ry Кз —6R1 
ri —3 1 x =i 
0 7 —6 y ың 1 
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Apply R;—1R; 


1-3 1 х —1 

Ое › |= 1 

01741179): ша 13 
Apply Rj—R;—11R; 

1 —3 1 х -1 

QM Es Элс үн ? 

0 0 s» 2!) 5% 


Thus we have reduced coefficient matrix А to Echelon form, 
Note that each elementary row operation that we applied on A, 
was also applied on B simultaneously. 

From, the last matrix equation we have 

x—3y+z=—] 
У-48-4 
30д--80 

So, z=1, у=1, х=1. 

Hence given system of equations has a solution (x1, у=] 
zz]). 


EXAMPLE 25. Solve the system of equations 


2x—5y4-72—6 
x—3y-F4ze-3 
3x—8y--1Iz— 11.1] consistent. 
2 —5 7 6 
Solution. Let А = Le C 74:45 аш 3 
3--8.1 1 
So, given system of equations can be written as 
2-5 7 х 6 
1 —3 4 y = 3 
3 —8 11 z 11 
Apply RiR 
1 —3 4 3 
2 —5 7 y = 6 


3-8 11 ї 11 
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Apply Rp->Re—2R1, Вз-381 


1 —3 4 x 3 
0 1 —i y - 0 
0 11 —1 2 2 
Apply R3—Rs—Rs 
1-4 4 х 3 
0 1-1 y = 0 
0 0 0 z 2 
=> x—3y+4z=3 
y—z-0 
0=2 


Since 0=2 is false, the given system of equations has по solution, 
So given system of equations is inconsistent. 
EXAMPLE 26. Solve the system of equations 
x+y+z=7 
x+2y+3z=16 
x+3y+4z2=22. 
Solution. Given system of equations in matrix form 


1 1 1 x 7 
1 2 3 y ю- 16 
! 3 4 z 22 
Apply R;—Ra— Ri, Кз» Кз — К; 
1 1 1 х 1 7 
0 ! 2 - 9 
0 2 3 z 15 
Apply Кз» Кз —2Ri 
1 1 1 х 7 
0 1 2 y = 9 
0 0 —1 z 25 
к xty+z=7 
| y+2z=9 
z=3 


So, 2-43, y=3, х=] 
The given system of equations has a solution (1, 3, 3). 
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EXAMPLE 27. 


Solve the system of equations 


x+y+zZ=2 
x+2y+3z2=5 


x+3) 


++62==11 


х+4у+102=21. 
Solution. We have 


15553 
1/72 
[3 
071 


1 


10 \ Ч 


Apply R,—R; 
Then 


1 1 
0 1 
0 2 
0 3 


Ri, Кз Rz А. К4->Ка A 


ES 


k 
2 

37 = 
5 

2 
9 


Apply Rs R3—2R», R4—R,—3R, 


1 1 ГА 
0 1 2 
0 0 1 
WU 0 3 
Apply R,—R,—3R; 
1 1 1-3 
x 
0 1 2 
1 0 0 1 
\ 0 5:9 à 
> x+y+z=2, у+22=3, z=3, 0=1. 


х 


х 


21 


е ww 


1 


This is absurd. So the given system is inconsistent. 


EXAMPLE 28. 


Solve x—3y— 82 = —10 
3x+ y-4220 
2x+5y+6ze= 13 
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Solution. We have 
1 —3 —8 x —10 
3 1.4 » |= 0 
2/5808. 16 2 13 
Apply Ro Ra—3Rı, Rs>Rs—2Ri 
12—31] -8 x —10 
0 10. 20 y |= 30 
0 и 22 z 33 
Apply А» 15 Re 
ив х —10 
П о у |= 3 
ОЕ 22 2 33 
Apply Аз». Кз —11К, | 
1 -3 —8 x —10 
Ou MA yi] en 3 
0057770 2 0 
> x—3y—8z = —10 
y+2z = 3 
Let z= k> у =3—2k 
and x=9—6k+8k—10—=2k—1 


So, given system has infinite number of solutions of the form 
х==2К—1, y=3—2k, z—k where k is any number. 
EXAMPLE 29. Solve x+2y+3z+4w=0 
8х--5у- z+4w=0 
5x+6y+8z+ w=0 
8x+3y+7z2+2w=0 


Solution. We have 
2 


b- fe 
жум, > 
о о о о 


1 3 
85 1 
ie eas | 
Е hti? 
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Apply Ro>R,—8R,. Rg—Rg—5R, Ra—R,.—-8R 


241 2 3 4 х 0 

4 О per йт Wid 0 
0 —4 —7 —19 z 0 

0 —13 —17 —30 » w 0 

Apply И 

1 4 x 0 

0 Toe d P al 0 

0 —4 79 z Ию 

0 —13 —17 —30 w 0 


Apply R3>R3+4R:, Ra>Ra+13Rz 


2 3 4 
1 2 

0 0 н-ң 
ow H 


bed ү 


© 
27 
> 
E 
€ з м ox 


4 x 0 
it у 0 
Xn z Us 0 
it QW 0 
Apply Ry>— 4 et з 
1 2 3 4 x 0 
О beoe Eo y 0 
> = 
оо 1—8H z 0 
Оо Оаа w 0 
> x-2y43z + 4и=0 
yciizTiw-0 
z—ibw-0 
w=0 
> x=0, y=0, z=0, w=0. 


Thus system has only one solution, namely x=y=z=w=0, 
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EXERCISES 


Solve the following equations: 


4 


6. 


10. 


3. 


^н 


x+2y+3z=14 
3x+y+2z=11 
2x+3y+z=11 
2x—4y—5z=10 
2х—11у+102=36 
4х—у+5:=—6 
5x+3y+72=4 
3х+26у+22=9 
7х+2у+102=5 
xTiy-2-3 
Зх-у+22=3 
2x—2yt3:—2 
x-ytz=—1 
х-у+2:=4 
3х-+-у+42=6 
xtytz-l 
2х+3у+2=9 
х+2у+2=6 
Зх+у+22=8 
xtytz=3 
3x—Sy+2z=8 
5х—3у+42=14 
2x42y—-z—1—0 
x—y+2z4+41=0 
x+3y+3z—-21=0 
3х+6у—71=0 
3х+4у—52+71=0 
2х+3у+32—21=0 
4х--11у-132-4-16(--0 
7х—2у+:+1=0 
х+у+:+1=8 
x—y—z-1-6 
3xty+241=22, 


. x=1, y=2, 2=3. 
—15k—34 уг-2 226 


х=—1, у=4, 2=4, 


ANSWERS 


» 2= К. 
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3. x=} (3—30), у=К-3+К), zk, 


SCR RTT ОЕА 5.) 
6 х=, Y= 718° 5718 

POUND ун ENS TEE 
7. x= 76 g^ 8 8: к. 


8. x=-3k, y=Sk, z——2k, t=3k. 
9. x=y=z=1=0 
10. x=7, y-1—l —k, 2-41, t—k. 


29.10. Inverse of a Matrix 
Consider the matrices 


2 0-1 3 = 1 
4 -| 5 1 0 | B-| —15 6 —5 
0 1 3 5 —2 2 


It сап be easily seen that 
AB=BA=I (unit matrix) 
In this case, we say, B is inverse of A. Infact, we have the following 
definition. 

“If A is a square matrix of order n, then a square matrix В of 
the same order n is said to be inverse of A if AB=BA=I (unit 
matrix). 

Nors. (i) Inverse of a matrix is defined only for square matrices, 

(Il) If B is an inverse of A, then A is also an inverse of В. [follows clearly 


by definition] 
(iit) If a matrix A has an inverse, then A is said to be invertible 


(iv) Inverse of a matrix is unique. 

For, let B and C betwo inverses of A. 
Then, ‘AB=BA=I and AC=CA=I 
80, В=ВІ= В (АС)= (ВА) C-IC-C. 
Notation: Inverse of A is denoted by 4-1, 
(v) Every square matrix is not invertible. 


1.51 
For, let A= ( ) 
1 1 


> 
If A is invertible, let 2-( * ) be inverse of A. 
y y 


x+y x+y" ) ( 1 J 
Then AB-I implies m 
P P ( x+y xy 01-1 


э x*y-h х'+у'=0, x+y=0, x'Fy-1 which із absurd. 
This proves our assertion. 
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(vi) The necessary and sufficient conditions for a matrix to be invertible 
will be discussed in next section. 

In the present section, we give a method to determine the inverse 
of a matrix. Consider the identity A=JA. 

We reduce the matrix A on left hand side to the unit matrix J by 
elementary row operations only and apply all those operations in 
same order to the prefactor / on the right hand side of the above 
identity, In this way, unit matrix Г is reduced to some matrix В 
such that /=ВА. Matrix B is then the inverse of A. 

We illustrate the above method by the following examples. 


EXAMPLE 30 Find the inverse of the matrix 


а 
16433 
L984 
Solution. Consider the identity 
1 fee 1 077-0 1 3 3 
1525:24 55:13: || petal sO 1 0 1 Him 173 
1 3 4 RTO 1 1 oa 
Apply Re, > R,—R; then R3—Ra— R;, we have 
1 3:23 1 оо 1 3 3 
0 1 0 |. 2-4 1 0 1 E] 3 
051750: sels 0 1 1 3244 
Apply К: >К, —3R, —3Rs, we have 
РОН. U 7 —3 —3 1 3 3 
0 1 0:--1-4 1 0 1 d S 
Ош ЖӨ 1 +1 0 1 1 з 4 
So, the desired inverse is 
7 —3 —3 
-1 1 0 
=t 0 1 
EXAMPLE 31. Find the inverse of the matrix 
Jd. 3: —2 
-3 0-3 
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Solution. Consider the identity 


1 2 —2 [7520270 1 
-3 0 —-5'|-.|0 1 0 -3 
2 5 0 0 0 1 2 
Applying АЕ, РЗК], Rg-Ra—2R;, we have 
1 3 —2 1 0 0 1 
| 0 9—1! = | Е EO, —3 
0 —1 4 V =2 0 1 2 
Applying R5—9Rs and then Rs Rs-- R+, we have 
1::27:3:2-:2 ERE О, 1 
| о 9-nj|- acad | -3 
{08125 Sa TA (cc КАК oe 


Applying Ra уу Ёз, we have 


10x 3:12 1750950 1 
| 9-1 | = НИ -3 
OF 0 d Хал Ж 2 
Applying Re>Rı+11Rg, Ёу--В,--2Ва, we bave 
BiU sd eio 1 
| 0 9 о) =| м ин -3 
0,220107 =F | Ax 2 
Applying Re>}R2, we have 
1 3770 Ян 1 
0 10] = + á R | —3 
бобр E уу ур 2 


а pam we have 


| 
Т 


"A 29 d 
Ja 
Ф UN 

~ " RS MNA T c. Е м “Зи” РЕ 3 


741 


БЭР! 
ось 
Е 


—2 
—5 
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So, the desired inverse is * 
Dp 
Яя 
xh oor 
EXAMPLE 32. Find the inverse of the matrix 
1 2-1 
qud rg 
4147-3955 
Selation. Consider the identity 
1 2-1 1 0 0 1 2-1 
-4-1 41410 1 6 4 715.4 
—4 —9 5 ОИ 4—9 5 
Applying R.>R,+4R;, Rg>Rs+4R;, we have 
1 2 —1 1 0 0 1 2--1 
EME ы Ка “тор 217—904 
0 —1 1 4 0 i —4 -9 У] 
Applying Ry->Ri+Rg then Ry Rs - А, 
1 1 0 5 0 1 1 2-1 
Е бы 4. de. 5-0 =4 —7 4 
0 0 1 8 1 1 -4 —9 5 
Applying А, Ri— А,, we have 
Wy CS Ib E32. —1 
ЕО qm 6 о А 
0 га Б рси —4 0-9 5 
So, the desired inverse is 
1 —1 1 
gi peu 
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EXERCISES 


Compute the inverse of each of the following matrices 
1. =2 6 4 


1 =3 
1 5 2 
2. 8 4 2 
2.8. 4 
1 2 8 
3. ав сна 
where а*+ 534-c24-d* =] 
—ctid — a—ib 


Us 3 M € х х MU) We 


ooa в ш л © o o 


) 
5) 


5 


9р 
| 
— e mo 
- N t 
1 
м Re ш 


V N e m 


P 
= 
E 
< 
z 
2 
х 
Е 
< 
Е 
ЕД 
E 
8 
E 
2 
a 
РД 
= 
шщ 
x 
a 
LA 
NOU uM P mue ou cunt 
RUN 
Тео Рр рса a Re NRE шщ 
! t+ 1 ве - | 
[12.1 
Aa M S е „е | отл -е O „е 
| = => 5 | о. „2; = 
| aequ е ! ee 
ad Т1 
Е а Тот 
kt bed ! | 
3 = E ex 4 € “ 
Ё 


UM i ы 
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10. -3 3-3 2 

3-4 4-2 

-3 4 -5.3 

2-2 3-2 


29.11. Determinants 

If Ais a square matrix with entries from the field of complex 
numbers, then determinant of A is some complex number. This 
will be denoted by det Aor | A] If 


Qm йз ат 
then det A will be denoted by 


au а 220 


ам m ünn 
M 


Nore. (i) det A or | A1 is defined for square matrix A only. 
00) det A or | A| will be defined in such a way that A is invertible iff 
det АмО, 
Ы (80) The determinant of an nxn matrix will be called determinant of 
order n. 


29.12. Determinant of order one 
Let А==(ау) be a square matrix of order one, Then det A=au. 
By definition, if A is invertible, then 43:0 and so, det 30. 
Also, conversely if det 4750, then а11720 and so, A 18 invertible. 


29.13. Determinant of order two 


ап dq 


Let A= ( ) be a square matrix of order two. Then 


ар n 


we define 
det A=] 295—013 @з1 


12 
For example, if 2 94 ) then det A=4—6= —2, 
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ап n 


Suppose 44 ) is invertible. 


ал A2: 
Then by definition there exists a matrix 


XIN: 
s-( ) where x, y, Z, w are complex numbers 
Zw 
such that АВ--1--ВА 
The above identity implies 

an X4; 2--1, ац y a3; w=0 

421 X +422 Z=0, а уаз w—1 
which in turn implies 


Ах=а», Ду==—айь 
Az-—-—da, Aw=ayy 
where ДА =а а —41: ац 
Clearly A0, for otherwise x, у, z,w will be indeterminate. 


This means that det 4520. Conversely, if A is a square matrix of 
order 2 such that det 440, then А is invertible as 


а Ll» 421 au 
= —— uuum о, ааб 


(S А А A 
will determine В uniquely satisfying АВ--1--84. 


x= 


29.14. Determinant of Order Three 


ал а. аз 


Let A= be a 3x 3 matrix 
5] Go» dog 


аз @32 (4983 


Then we define det 4—a: (эз 088--08: йоз) 
41g (41 495—431 dog) 
+413 (491 033—431 doo) 
The above definition may be explained as follows: 
The first bracket is determinant of matrix obtained after 
removing first row and first column. 
The second bracket is determinant of matrix obtained after 
removing first row and second column. 
The third bracket is determinant of matrix obtained after remov- 
ing first row and third column. 
The elements before three brackets are first, second, third element 
respectively of first row with alternate positive and negative signs, 


| 
| 
| 
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1::2:53 
4 5 6 
7 869 


For example, let A= 


To find det A. 
The first bracket in the definition of det A is determinant of 


56 
( =45—48=— 3. 
89 


The second bracket is determinant of 


4 6 
( =36—42=—6. 
9 


The third bracket is determinant of 


7-3 
( )- 2-5 8. 
7 8 


So, det 4—1(—3) —2(—6) +3(—3)=—3+12—9=0. 


It can be seen that if A is a square matrix of order 3, then A is 
invertible off det 4520. 


29.15. Determinant of order four 


Let PPM а 5 223 az, 


а» 4:3 954 


—diaX det аз азз азд 


+a Хде! | ası a3: аза 
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дал в аоз 
—ajxdet| 981 432 433 


а ua2 ааз 


a1 bi 


REMARK. A determinant of order 2 can also be obtain- 


az 


ed when we eliminate x, y from aix-F- 5; y—0, agx +b:y=0 provided 
one of x, у isnon zero. Similarly determinant of order 3 can be 
obtained by eliminating x, y, z, from 


axthyt+eaz = 0 
a.x+by+ez = 0 
азх + bay -cgz =0 


provided one of x, y, 2 is non-zero. 


29.16. Properties of Determinants 

We list below some important properties of determinants. 

l. If two rows (or columns) are interchanged ina determinant 
it retains its absolute value but changes its sign. 


a а, аз bi b, b, 
Le pns De bs] NEUE are aa 
с с сз C1 с, C3 


2. If rows are changed into columns and columns into rows the 
determinant remains unchanged. 


а а, аз ат b c 
ie |h b 


] 

| 
Ъз | = | b. со 
| 
bez: ros Cat 


а bs сз 


3. If two rows (or columns) are identical in a determinant it 
vanishes. 


ej tcd 


4. If any row (or column) is multiplied by a complex number k, 
the determinant so obtained is & times the original determinant, 


——_—_ — 
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a a; аз а\ а аз 
fe, | kb kbp kbs} =k |b by og 
€i сз сз с сг сз 


5. If to any row (or column) is added & times the corresponding 
elements of another row (or column), the determinant remains un- 
changed. 5 


a-kb, a,+kb, ay4-kbs | a d; a3 
т.е, 2 be з = |b 5 8 
€i с сз у e сг Сз 


6. If any row (or column) is the sum of two or more elements, 
then the determinant can be expressed as sum of two or more deter« 
minants. 


atkı ark. agtkg а а, аз 
he. by bz ыы à bb в 
сі с: сз Oye 6g: Gg 

ac ki ES 


+ | a b, bs 
C1 с. сз 


7. If determinant vanishes by putting х==й, then (x—a) isa 
factor of the determinant, 


1 1 1 
has (a—b) as one of its factors (for 
eg, |а b € | by putting a=b, first and second 
columns become identical). 
а? b e 


8. НЕ rows or columns become identical by putting x=a then 
(x—a)* is a factor of the determinant. 


For example in the following determinant 
(b+c)? а? a 
b (с+а)? b2 | 


c c2 (a+b)? 


all the three rows become identical by putting a+b+c=0. So, 
(а b-Fc,? is one of the factors of the given determinant, : 
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EXAMPLE 33. Show that 
1 a btc 
1 b аР 
1 с a+b | 
Solution. Now 
a b+c 
| 1 b cca 
kl a+b 
1 1 1 
- a b с | {interchanging rows and columns] 
b+c c+aa+b | 
Apply Cz Co— Ci: Сз Сз С: ? 
1 0 0 3 
- а  b—a c—a | 
b+c a—b a—c 
1 0 0 
=(a—b) (a—c) | 8 =1 —1 
b+c 1 1 


=0 by property 3. 
EXAMPLE 34. Show that 
a—b b-c са 


b—c с-а a—b |=0. 
c—a a—b b—c 
a—b b—c са 
Solution. | 2-6 6-4 9-9 
с-а a—b b—c 
Apply Ri Ri +R. +s | 
0 0 0 | 
= |5-с с-а a—b 
[cca a—b b—c | 
= 0. 
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EXAMPLE 35. Prove that 


0 


1 1 1 
a 5 с |=(a—b) (b—c) (c—a). 
[а b с? 

Solution. | 1 1 1 121 0 


2008 ga 
(Apply C,-+C,—C; and C3C3— C1) 
| 1 0 


=(b—a) (с-а а (1 


=(b—a) (c—a) (c +-a—b—a) 

=(b—a) (с—а) (c—b) 

=(a—b) (b—c) (c—a) 
EXAMPLE 36. Prove that 


а Буа ca 


a b—a c—a 


a а? са? 


a—b—c 2a 2a 
2b b—c—a 2b —(a--b-- cy 
2c 2c c—a—b| 
Solution. | a—b—c 2a 2a 
2b .5-с-а 2b 
2c 2”: c—a—-b 
Apply Aj;—Ri- Ra - Ra 


| abe atb+e а+Ь+с 
= 2b b—c—a 2b 
| 2c 2c c—a—b 
|1 1 1 | 
2b b—c—a 2b | 
2c c—a—b | 


=(at+b+c) 
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Apply С» С—С, С> Сз—С› 


1 0 0 
=(a+b+c) 2b (a+b+c) 0 
2c 0 —(a+b+c) 
=(a+b+c) (a+b+c)* 
=(at+b+c)3 ^ 
I+a 1 1 
1 1 
ош e r jae] 44542) 
1 1. Ite} 
Solution. | 1+а 1 1 
1 1-5 1 
1 1 1+с 
1 1 1 
а MINE 
1 1 1 
abc Бх 1+5 7 
1 1 1 
re E 
Apply Rie Ri-- В+ Rs 


112328 lat le ches PT 
beet gt ТЕЕ гс 250876 
1 1 1 


=abe 1+5 m 
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Apply С С—С, C3 C3— C, 


mM 0 0 ; 

1 1 0 | 

~(abey( 1+1 ÉL 2 b ; 
|a 0 124 

Le i 


=@е( 1+1 +5 5 +e) 


EXAMPLE 38. Prove that x=2 and.x=3 are roots of the equation 


9 2 
Ass 
m x 
—5 2 | 
Solution. Now | = 0 
Jed uix | 


- x*—5x 4620 
- (x—3) (x—2)=0 
> X=3, x —2 are roots of the given equation. 


EXERCISES 
1. Evaluate (without expanding) the following 
265 240 219 
240 225 198 


1219. 198 181 
2. Find the value of 


wt 1 wd 
where w is one of the imaginary cube roots of unity. 


3, Prove that 4 xta b c | 
| а хта в | = x’(x+a+b +c). 
a bo xte 
4, Prove that a b c 


| 
! 
| 


—a +b*+c—3abe, 
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5. Show that 1 1 1 
ж =e = (6—c) (с—а) (a—b) (а+Ь+с) 
cM СА 
6. Show that a+b btc cta Съ c 
btc cté ath |—-2|b с a 
cta  atb btc NUT TE) 
T. Show that; Pc be bic 
| Са! са с+а| =0 
! 


8. Show that a ave "abi 


9. Show that (a+b)! ca be 
ca to ab = 2abc (a+b+e)?. 
bc ab (a+e)* 
10. Prove that х==1 and х= —9 are roots of the equation 
х+1 3 5 
2 x+2 5 =0. 
2 3 +4 1 
11. Solve the equations 
3х8 3 3 
3 3x—8 3 =0. 
3 3 3x—8 
12 a a x4 
m m m | = 0 (m0). 
b x b | 
13. ; 15—2х п 10 
11—3x 17 16 | =0 
7—х. 14 13 | 


14. { x-2  2x-3 3x—4 i 
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15. ptx qtx rx 

а+х r+x р+х |= 0. 

rix УТА qtx 
16. Prove that n! (D! — (n2) | 

(n+1)! (n+2)! (a+3)! |=0. 

(n+2)! (n+3)! (n+4)! | 
17 Prove that а аа a 

а а a | = (а. На» аз) (а: аз» азиз) 
! (а+-азю?-+-азю) 


аз аз а 
where w is а cube root of unity. 


ANSWERS 


ken 0 пема) 
с а. 

12. х=а or b 13. х=4 14. х=4. 15. —{ (pt+q+r). 
29.17. Multiplication of Two Determinants 


a, b, 
Consider two 2X2 matrices A= ) 
а, bz 


с, а, 
апі »( i 1 ) 
с? 4. 


ap by аа, +142 
азс +523 424:--5,4: 


> | AB| = (acitbie (dedi +b,d2)—laıdı+bıd.)(a2c1+b2c2) 
= 01с15,4,4-8үс,0л41--01басойт--814,8,с1 
= (a,b2¢,d,—bya,d0¢1) —(a,b:C2d, —b49C 9d) 
= (a,b, —аВ,)с14. — (a1b2—ab1)cad1 
= (2010, —apbi)(c1da— с.а) : 
-141, |B! 

Thus we have proved that product of two determinants of order 
2 is a determinant of order 2, and rule for multiplication is same as 
that for the corresponding matrices. : 

In a similar manner we can prove that product of two determi- 
nants of order 3 is a determinant of order З and rule for multiplica 
tion remains same as that of corresponding matrices. In this 
process we have also proved that | AB|={A| 81 


Now 


156 


REMARK. Indeed the result 
of all orders. 


EXAMPLE 39. Prove that 
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stated above holds for determinants 


a bh? ab? — aja). 
HE TES 
Solution. LHS =| а 9 а А 
a, b, | | da b, 
=| @1 а, jam 
| b. b; | » Ё property 2 
=| а. Ay ta, . åz a . by +a, . bg 
| by. 21+. by. by tb. . b, 
A ay" +аз? a,b; + a4 b, 
ajb-kagb, В» 
EXAMPLE 40. Prove that 
Mc ab ас 0 c b | 
Ба eta be |=|с да | = 4a*b ect. 
ca cb. B+a* ао 


Solution. Q0 cb, Seana ось 


i 0 а|=|с 0a с0а 
jb a 0 kb a 0 | ba Qi 
0-rc*-- 5 0+0+ba 0+cat+0 
~ |040+ab 80408 сЬ+0+0 
0--ас--0 ba+0+0 B+a?+0 
b+c? ab ac 
=| ab ct-ra* bc 
ca cb. Rat, 
20 50548. | 
| 0 c a n со! 
i с a |= =c 
Again bo |b а | 
ba Ф 


Hence the result follows. 


=—¢(—ab)+bca=2abe 
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29.18. Minors and Cofactors 
Let ing ws. 161. 
ect Cena али cd 


| ag b, єз | 


The 2х2 determinant obtained by cancelling Ist row and Ist 
column is called Minor of a; and is denoted by А, 


Thus с: 
ры ^h : | = b,cg—b 3c2 
b; сз | 
es gs 
Similarly By= = doC3 — 03€», 
а» сз 


Ci—asbs —asb., Ao bye3— baci etc. 
One notices at once that A —ai41 -b181 +010) 


=а4 -а, А, +а3Аз 
whereas а. А, — В» Ву С: 
= а, (Боса — Бас:) Ва (алсз — азс») + св (4253 — азћз) 


=0 


we have а simple rule. 
If elements of Ist row (or Ist column) are multiplied by their 


minors and added with plus and minus sign alternatively (starting 
from plus sign), the algebraic sum is equal to the determinant, 
whereas if the same operation is performed with the minors of ele- 
ments of 2nd row or those of third row (2nd column or 3rd 


column, in case of elements of Ist column) the sum is zero. 


Since аг b. Cy 
-A= ay b с | 09d: dB, HCC 
‘ay „в 68 
А = —a.4.+b.B,—0.C 

Thus for expansion in turn of elements of 2nd row is done in 
similar manner except for multiplication by —1. Second assertion 
remains true e.g. 4,4: —bBi c, C122 43 —b,Bs-c,Cs 0. 

Cofactor of any elemente-(—1)r** X (its Minor) where r is the 
number of row and c is the number of column in which that 
element lies. Cofactors are denoted by capital letter with a dash. 

Thus cofactor of a, = Аг = (—1)™ A= А: 

cofactor of cg = Ce’ = (—1)?*1 С. С. 
In terms of cofactor, the above stated results reduce to 
ay Ay’ +ЬВү +Ес\Сү' = а, Ат’ На, Аз’ +азАз =A 


and ay Ae’ +В +с\С. = ady +В Bs +Ес\Сз' = 0. 
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, REMARK. Observe that in case of cofactors there is no negative 
sign. 
29.19. Cramer's Rule for Solution of Linear Equations 
7T Let axthy+ez = di 
aoX- by -esz = d; 
азхі-сзу сз = d; 


Multiplying Ist Equation by 42, 2nd by A,’ and 3rd Бу Аз’ and 
adding we get 


(2143-4145 +-аз43')х - (Ат, +554 bs уу 
(8141 + с;4» --С843 )2 
= dAy+dA,'+dAg! 
where Ay’, Ay’, Аз’ are cofactors of а, а, and аз 


respectively, in determinant| a b ei 
A= аз b, 22 


13 № с; 
By properties of cofactors, we get 


di b, cy 
sd os а, bs © 
da 8 е 
Suppose A ! Шеп 
! d bh с: 
ai ERN 4. by с, 
dy ` сз 


Similarly multiplying the three equations by By’, By and Bg’ res- 
pectively and adding we get 


: a 4, ci 
y UNI. d, 27 
аз 4з сз 


Finally multiply the three equations by Сү, Сг’ and Сз and add 
to get 
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Thus we have the following rule (known as Cramer's rule) 


x 
d b а|= 
d; b 6 
da bs сз| 


y 2 
à di а |=|а b а, 


A 
а 4, с a, by 4 
аз 43 €s аз b, ds 
х=. UNE ERI 
D D; Рз А 


where D; is obtained by replacing Ist column of A with d;, do, and 
ds; D, is obtained by replacing 204 column of A with dı, 42 and dg 
and D, is obtained by repiacing 3rd column of A with dy, ds 


and 43. 


REMARK. Cramer's rule can be fruitfully applied in case A740, 
when A —0, we take help of matrices in solving the problem. 


EXAMPLE 41. Solve with the help of determinants 


5х—6у+42 = 15 
7x+4y—3z = 19 


2x+y+6z = 46 
Solution. 5 —6 ^4 
Here А =| 7 4 —3|- 4193-0 
2 1 6 
15 —6 "4 
D-|19 4 —3 | = 1257 
:46 1 6 
а UE EN: 
D,=|7 19 —3| = 1676 
12 46 6 
5-—6 - 15 
Фї-17 4 19 = 2514 
2 1. 46 
Hence Ех 
E Ps 1257 _; 
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ek Ds — 1676 4 
A 419 
D, _ 2514 
and z= ЖЕ АЮ 6. 
EXAMPLE 42 Solve with the help of determinants 
xt+y+z=9 
2y+5y+7z = 52 
2х+у—2 = 0 
1 1 Ej 
Solution. Here Дине 2 5 7 |-—420 
2 ] —1 
9 1 1 
Di, зой аі ат 4 
| 
0 1 1 | 
1 9 1 
е т 12 
2 0 —1! 
ai 1 9 | 
and Рз = 2 5 5| =—20 
2 1 о, 
Непсе х= 2, у= 22-3 and z=% =s 
EXERCISES 
a bi e 
1, Prove that if | 
A= | оз by сз #0 
| аз b єз 
then ї Ax By Cy П 


P By сў 


(i=1, 2, 3) have usual meanings. 
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[Hint. Compute A A’ where 


А = А’ В’ С: and use 
Аз By Cs 
properties of cofactors] 
2. Prove that | a—be Ё—са с-а | abe Е 
| ёё-ав 21-5 Beal =| са | 
і Баса ё-ав а-в | bca l 
3. Show that the square of the determinant 
05 "cos x^ sin 
| sinx 0 cos x | can be written in the form 
| cos x sinx 074 
1 A X 
| НА where A= — sin x cos х. 


| TX ah, 1 Ї 
4. Solve the following equations with the help of determinants 


(i) xty+z = 3 (ii) 2x+y+7z = —28 
2x—ytá: = 5 x—yt3: = —15 
x—3y—9z = —11 3х+2у-2 =5 

(iti) 2x+y+2z = 10 (iv) x—2y+z = 4 


х-у+22 = 5 
х+у+: = 6 


3. (D x= y=z=1 
(1) x = l, y=2, 2=3 


2x—3y+2z = 7 
áx-ryT8z = 19, 


ANSWERS 


(ii) х=-1, y=2, z2—4 
(iv) x=y=—l, 2=3. 
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CHAPTER 30 


Vector Algebra 


30.1. Introduction 


We come across different quantities in the study of physical 
phenomena, such as mass or volume of a body, time, temperature, 
speed etc. All these quantities are such that they can be expressed 
completely by their magnitude i.e, by a single number. For 
example, mass of a body can be specified by the number of grams 
and time by minutes etc. Such quantities are called Scalars. 
There are certain other quantities which cannot be expressed 
completely by their magnitude alone. Like velocity, acceleration, 
force, displacement, momentum etc. These are quantities that 
can be expressed completely by their magnitude and direction. 
Such quantities are called Vectors. 


30.2. Representation of Vectors 

The best way to represent a vector is with the help of a directed 
line segment Suppose A and B are two points, then by the vector 
= 


АВ, we mean a quantity whose magnitude is the length AB and 
whose direction is from A to В 


Aand B are called the end points of 


um 
the vector AB. In particular A is called 
the initial point and B is called the terminal 
point. 
=“ 

Sometimes a vector AB is expressed by 
a single letter a (which is always written 
in bold type, to distinguish it from a A 


. Scalar). Sometimes, however, we write the 
a Fig. 30.1, 


` vector а as a Or d. 
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We give below a few definitions. 


30.3. Definitions 

Modulus of a vector. The modulus or magnitude of a vector is the 
positive number measuring the length of the line representing it. 
It is also called the vector's absolute value. Modulus of a vector a 
is denoted by | a| or by the corresponding letter a in italics. 


Unit vector. A vector whose magnitude is unity is called a 
unit vector and is generally denoted by à. We will always use the 
symbols i, j, k to denote the unit vectors along the x, у and z-axis 
in three dimensions. 


If ais any vector, then a—aà where à is а unit vector having 
same direction as that of a. (The idea would become more clear 
when we define the product of a vactor with a scalar.) 


Zero vector. A vector with zero magnitude (and'any direction)is' 
called.a zero vector or a null vector. For example, if in Fig. 30.1 
— 


the point B coincides with the point A, the vector AB becomes the 


n 
zero vector AB, The zero vector is denoted by the symbo! o. 


Equality of two vectors. Two vectors are said to be equal if and 
only if they have same niagnitude and same direction. 

Negative of a vector. The vector which has same magnitude as that 
of a vector a, but opposite direction is called negative of a and is 
denoted by —a. 


> > > 

Thus AB=—BA for any vector AB. 

Free vectors. A vector is said to be a free vector (or a sliding 
vector) if its magnitude and direction are fixed but position in 
space is not fixed. 

We shall be dealing, most of the time, with free vectors. 

REMARK. When we defined equality of vectors, it was assumed 
thet the vectors are free vectors. Thus 

> > 8 
two vectors AB and CD can be equal 0 
if AB=CD and AB is ‘parallel to CD 
(although they are not coincident). 

So equality of two vectors does not 
mean that the two are equivalent in all 
respects. For example, suppose we apply 
а certain force in a certain direction at ^ 
two different points of a body. then al- 9 
though the vectors are same still they may 
have varying effects on the body. Fig. 30.- 

Localised vector is that whose position in space is also fixed. 
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Coinitial vectors. Vectors having the same initial point are called 
ccinitial vectors or concurrent vectors. 


30.4. Angle between Two Vectors 


=> > 
Let AB=a and CD=b be any two vectors. Through a point O, 
take lines ОА; and ОС, parallel respecti- 


-» — 
vely to AB and CD. 2 

? v The angle 0 between the lines ОА, 
а and OC; is called the angle between 

the vectors а and b, where 0&60«. 
1f 6=0 ог», the two vectors are said 
^ to be parallel. [Thus parallelism only 
C, requires that tbe two vectors have same 
A or opposite direction, there being no 
necessary relation between the magni- 

tudes.] 

The vectors are said to be perpendi- 


0 cular if 6— > 
Fig. 30 3, 


30.5. Addition of Vectors : 
Let a and b be any two vectors;Througha point О, take a line OA 


parallel to the vector a and of R 
> 


length equal to a. Then ОА=а 
P о 


[by definition]. Again through 4. b 
takea line AB parallel to b. EET =! 


> 
having length b, then AB=b. 5 
We define the sum of a and b 


pi 
(a+b) to be the vector OB and [^ 8 
write 


e 
a+b=0OB 
clearly the sum of three or more о E 
vectors can be obtained by re- Fig. 30.4. 
peated application of this definition. 
REMARKS. l. The process by which we obtained above an equal 
> 
vector OA from a is sometimes referred to as translation of vectors. 
[Its like moving the line segment of a from its original posjtion to 
the new position OA, without disturbing the direction.] 
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2. This method of addition is called Parallelogram Law of 


addition. 


30.6. Vector Addition is Commutative 
Let a and Ь Бе any two vectors. We get 


> 
OB=a+b 
Now complete the parallelogram OABC, then 


> > 
OC=b and CB=a 


> > > 


[refer to figure 30.4] 


Also OC-FCB—O [by definition of addition] 
-> 
> b--a—OB 
ug 
Hence a+b=b+a=OB 


which proves the result. 


30.7, Vector Addition is Associative 


zy 
Let 2—0A 
>> 
b=AB 
T 
с= ВС 
be three vectors. 
Then 
E — — 
(8--b)--c = (OA-- AB) +В 
— > 
= OB+BC 
pA 
= OC 
> > > 
and a+(b+c) = OA+(4B+BC) 
> > 
„= ОА +AC 
E 
=0C 
(1) and (2) >. 
(a+b)+c=a+(b+c) 


Hence the result. 


30 8. Existence of Identity 


If a is any vector and o is the zero vector then 


a+o=a 


Fig. 30.5. 


«uc (A) 


. (2) 
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| 
| 
| 


In the figure 30.4, if B coincides with 4 


> => 
then AB=AA=0 
By definition 
== >. — 
OB=OA+AB 
> > > 
= OA=OA+AA 
> a=a+o 
Hence the result. 
30.9. Existence of Inverse 
If a is any vector then 3 à vector —a (called inverse of a) such | 
that 8--(—8) = 0 
© 
Let а = ОА 
= 
Then by definition —a—4O 
> => > 
Clearly 04--40--00 [definition of addition] 
> a+(—a)=o | 


In view of the above properties we сап say that the set V of 
vectors with addition of vectors as 2 binary composition forms an 


abelian group. 
Subtraction of vectors. By a—b we mean 
-  at(—b) | 
where —b is inverse of b (also called negative of b as defined 
earlier). 


30.10. Multiplication of a Vector by а Scalar 
Suppose a is a vector and nascalar. By na we mean, a vector, 
whose magnitude in | л || a | ie., | п | times the magnitude of a and 
whose direction is that of a or opposite to that 
of a according as п is positive or negative. 
Generally the scalar is written on the left 
of the vector, although one could write it on 
the right too. 
Note also that we do not put any sign 
(.or х) between n and a when we write r8. 
The following results can be proved: 


Fig. 30.6. 


G) (тт)а = mina) 
(ii) 08 —0 
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(iii) n(a+b) = na+nb 
(iv) (m4-n)a = ma+na 


Proofs. (i) and (ii) are direct consequence of the definition and 
hardly need any further proof. 
(iii) Let n be positive "m 
> > 
Suppose a=OA, b=AB 


- 
then OB=a+b B 


Let A’, B' be points on OA and OB 
(or OA and OB produced) respectively 
such that 


OA' =п.ОА о А А’ 
ОВ =n. ОВ Fig, 30.7, 


> > 


then ОА'=п ОА = па 


=> > 
OB' = nOB= n(a+b) 
Also A'B' =n AB [ОАВ and ОАВ are similar 
triangles) 
> > 
> A'B' =n AB 
= nB 


> > > 
Now OB'=0A'+A'B' 
> n(a+b)=na+nb 
which proves our asserticn, 
When n is negative, the figure 
would change in this case as B 


now A and 4’ will lie on the 
opposite sides of O. 


Proceeding as before, We'll get 
D. О А 
ОА’ = па 
-> 
A'B' = nb B’ 


гж 
OB = n (a+b) 
> > —— 
which proves the result as OB'—OA' + A'B' 
(iv) Suppose m and n are positive. 
We show (m--n)a=ma-+na 
Let m+n=k, then 
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LHS = a+a+a+...+a (k times) 
Also RHS = ma+na 
= (а--4-+.. .+а)+(а-+а+... +a) 
{m times} {n times} 
=a+a+... +4 (т-Еп times) 
(=k times) 
= LHS=RHS 


One can easily prove the result even if m or n is negative. 

Aliter. Direction of the vector (m+n)a is same as that of a (by 
definition as m+n>0) 

Also directions of the vectors ma and ma are same as that of a 
and, therefore, direction of ma--na is also same as that of & 

Now magnitude of the vector (m4-n)a is 


|m4n| | a| = (m+n)a 


= ma--na 

= та 1+1 п [ба| 

= | та‘ inal, аз they have same direc- 
tion, 

= | та-- па | 


which is the magnitude of the vector ma +na i.e, the vector on 
the RHS. 

Thus the two vectors have same direction and magnitude and 
hence are equal. 

The different cases when morn is negative or both m and п are 
negative can be dealt with similarly. 


30.11. Theorem 
Two non-zero vectors aand b are parallel if and only if 3a 
scalar t, such that a—tb. 
Proof. Let a be parallel to b 
= Direction of a and b is same or opposite. 
Suppose direction of a and b is same. 
If a=b, where a, b are respectively the magnitudes of м and b, 
then f=1 serves our purpose, because then 
а=1Ь > 8-1 
If azb, then we can always find a scalar f such that a=tb 
[Property of real numbers,indeed we take t=a/b} 
For this t, 
a=tb 
So when direction of a and b is same, the result is true. 
Let now direction of a and b be opposite. The same scalar will do 
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the job except that in this case we will take ¢ with the negative sign, 

Conversely let a and b be two vectors such that a—/b for some 
scalar 7. 

By deünition of equality of vectors this implies that a and tb 
have same direction. 

Again b and tb have same or opposite.direction. 

[by definition of tb] 

=> aand b are two vectors having same or opposite direction, 

7 aand b are parallel, 
Hence the result, 

EXAMPLE 1. 7, Г ABC is a triangle and D is middle point of BC, 


— — 
show that BD=}BC, 
Solution. Sse Figure of example 2, 


à > 
Now BD is a vector with magnitude BD=}BC 


ag 
and BC is a vector with magnitude BC, 
— -p 
Since directions of BC and BD vectors are same it follows that 
> E 
BD=}BC 
EXAMPLE 2. Show that the sum of the three vectors determined 
by the medians of a triangle directed from the vertices is zero. 
Solution. Let ABC be any triangle with 4D, BE and CF as its 
medians A 
We want to show that 
AD+BE+CF= 
From triangle ABD, we have 
> > — B 2 C 
AD=AB+BD 
> > Fig. 30.9, 
=AB+ ВС 


> > > 
Similarly BE=BC+1CA 
> > > 
CF=CA+}3AB 
Thus 
> > = > hl > > > > 
AD+BE+CF=AB+BC+CA+}(AB+BC+CA) 
> 
=0 
> > > 


as AB--BC—AC. 
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> > > 
=  AB+BC=—CA 
xe > > 
=  AB+BC+CA=0. 
EXAMPLE 3. Show that the vector equation 
a+x=b 
has a unique solution. 
Solution. We note that 
a+{—a+b]=[a+(—a)] +b [Associativity] 
E [identity] 


> аф isa solution of a+x=b. 
Suppose now that y is any other solution of this equation. 


Then у=о+у 
={(—a)+al+y 
=(—a)+(a +y) 
=—a+b as y is a solution 


= —a+b is the unique solution. 


EXERCISES 


1. For any vector а, show that 
—(—а)=а, 

2, Show that the sum of the thrce vectors determined by the sides of a 
triangle taken in order is the zero vector. Generalise this result for any 
closed polygon. 

3. If G is the centroid of the triangle ABC and O is any point, show that 


-> > = > 
OA+OB+0C=3 OG. 
Ear iti ТУ 


> 
4. ABCDEF isa regular hexagon. Forces AB, AC, AD, AE and AF act at А. 
> 
Show, that their resultant is 3-4D. In other words, show that 


VPE SEA ЧҮ ӨС, AN а E 
AB+AC+AD+ AE-- AF —-3AD. 
5. Show, using vectors, that the line joining the middle points of two sides 
of a triangle is parallel to the third side and is half of it. 
6. 17 ABCD isa quadrilateral, show that 


> > > > 
AB+DC=AC+DB 
7. Show that —(a+b)=—a—b. 


30 12. Position Vector 
Let О be a fixed point (called origin). If P is any point in space 
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pre 
and the vector OP=r, we say that position vector of P is Р with 
respect to the origin O, and express this, in short, as P (r). 

Whenever we talk of some points with position vectors it is to bc 
understood that allthose vectors are expressed with respect to the 
same origin. We prove 


If A and B are any two points with position vectors a and b. then 


1 


ie 
AB=b--a 
If O is the origin then it is given that 


Also then 


> > 


it 
OA+AB=OB [addition law] 
> > > 

> АВ=ОВ-ОА 


SES 
> AB=b—a. 
Fig, 30,10. 


30.13. Components of a Vector ` 
Let P be any point in space with co-ordinates (x, y, z). Complete 
the parallelopiped as shown in 2 
Fig. 30.11. 
Then co-ordinates of the points 
A, B, C, are respectively, 


(x, 0, 0), (0, у, 0), (0, 0, 2) 
Suppose now that 
position vector of P is r 

> 

ie, OP=r 

Also let i, j, k, be the unit 
vectors along the three co-ordinate 
х, yand z-axis. 


NwOA-x 
Fig. 30.11. 
En 
= 0A-xi 
Note that x 1 is a vector whose magnitude is 1.х=х and whose 
> 


direction is that of the x-axis and this is precisely the vector OA, 


ix 
Similarly, OB=y J. 
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Ex 
oc=zk 
From the triangle OPQ, 
> > > 
r= Sha Pee НОР, 
~00+ oc 
Also from: the triangle 28 


> > 


00-- 04-40 
—0440B 
р > > > 
Thus r=OA+0B+0C=x 1--у jtz К. 


Hence if P is any point with position vector r and co-ordinates 
(x, у, 2) then 


r=xi+)j+zk 25201) 
which we also sometimes express by writing 
r=(x, y, 2) + -(2) 


Thus (1) and (2) mean exactly the same. x, у, z are called the 
components of the vector r. 
Note also that OP= | r | =r 
using geometry we find f 
P=00?+QP*=04*+AG?+0P? 
=0A?+OB*+0C? 
=> r= ха-- 2-21 
i.e., the square of the modulus of a vector is equal to the sum of 
tlie squares of its rectangular components. 
NAME The vectors i, j,k are: said to form an orthonormal 
triad. 


30.14. Angle between two Vectors 


Let 4 and B be two points in space with position vectors a and b. 
Also let co-ordinates of A and В be respectively (a1, а», аз) and 
(bi, bs, Ёз). 


Then 

ОК А 
E = i+a, j+agk 5 
b-0B- bib, 14-35 k 
=b— Bir Gaol de —a,)j+(bg—as К oc i B 
Also d ra Fig. 30.12, 


Thus | AB?—(b—a;)--(bs—ag)t--(b3—a3) 20) 
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Let 6 be the angle between a and b then 0. is the angl t 
OA and OB and we have Bild vltra да 


AB'—04A*-0B:—2 OA . OB cos 8 


O41--OB: АВ? 
Qi I US adr af Cc 
E. 2 OA. OB 
that 039) + (bi + b,24 bgt) — Eib —a y? 
2a.b ё 
> cos = аһ tab, tabs 


v aif aj! +a? V b2 43,2 + by? 
because a?=a;?+a,2+a,2 and 5-452--53-4-502 
as in the previous article. 
EXAMPLE. 4. Find the angle between the vectors 
a=i+2j+3k 
b=i—j+2k. 
Solation. We have 
a—(l, 2, 3) 
b=(1, —1, 2) 
> a=14+449=14 
B=1+14+4=6 
If 0 is the angle between а and b then 
IX 12x (—1 +3х2 5 


cos 0 Ув Gale 
Hence сов 22. 
У 84 
EXAMPLE 5. Show that the three points with position vectors 
given by a—2b-F3c 
—2а+3Ь--2с 
—8a+I13b 


are collinear. 
Solution. Let the three points be A, B, C respectively. 
> 


Then AB=Position vector of B—Position vector of A 
[See Art. 30.12] 


—(—22 4-3b 4-2c) — (a —2b --3с) 


= —3a+5b—c 
e 
Similarly BC=(—8a+13b)—(—2a+3b+2c) 
—2(—3a--5b— c) 


Es 
—2 AB. 
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= BC and AB are parallel [See Theorem 30.11] 


which is possible only when 4, B, C Не on one line. Hence the 
result. 
EXAMPLE 6. If A, B, Care three points with position vectors 
given by a=2i—j+k 
b—i—3j—5k 
c—3i—4j—4k. 
Show that they form a right triangle, right angled at C. 
Solution. We have 


Un 

AB=b—a=(i—3j—Sk)—(2i—j+k) 
= —i—2j—6k 
Sy 
BC=c—b=2i—j+k 
2 
AC=c—a=i—3j—5k 
Giving AB=4/144436 = УМ 

ВС=/ї+ +1 =VE 
AC=V 149425 = V35 

which shows AB?=BC*+ АСЗ, 


y 
= ABC is a right triangle with right angle at C. (Note that AB and 

2 

BC are not parallel, so A, B, C are non-collinear). 


Aliter, То show that C is the right angle we observe 


AC?-F ВС*— AB? 


Ru Crm 240 FBC 
_ 3546-41 _ 
2 24/35 4/6 
E Cis 


35.15. Section Formula 


To find the position vector of a point dividing the join of two given 
points in a given ratio. 


Let 4 and B be the two given points with position vectors & 
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n b respectively. Suppose the point R(r) divides 4B in the ratio 
: и. 


i.e., AR: RB=m: n 
Then ARES , < 
т п ^ 


or nAR=mRB n 
нэ > 
nAR=mRB 


> 

=> n(r—a)=m(b—r) Е 

=> nr+mr=mb+na Fig, 30.13 

x _па+ть и 
n+m 


which gives the required value of r. 


b 


Corollary. 1f Ris the middle point of AB, then raat? 


as in this case т=п. 


30 16. Theorem 
Three distinct points A, B, R with position vectors 8, b, rare colli- 
near if and only if there exist „three numbers x, y, 2 (not all zero) 
such that ха--ур--26--0 
x+y+z=0. 
Proof. Let the three points A, B, R be collinear 
Then R divides AB in some ratio, say, т; п 


n 
we have as above r— ТЕЙ, 


=> (n+m)r=na-+mb 
or na+mb—(n+m)r=0. 
Let x—n, y=m, z= — (п+т) 
then xa+yb+zr=0 
where x+y +z=n+m—(n}+m)=0. 
Clearly all x, y, 2 can't be zero. 
ħence the result 
Conversely. Suppose 3 x, У, 2 not all zero such that 
xa+yb+zr=0 
and x+y+z=0 | 
Let 2520, now xtytz=0 = xty=—2 
т 
Also —zr=xat+yb 
Thus 
xatyb=(xt+y) т 
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MESS 
x+y 
> R divides AB in the ratio x : y 
- R lies on AB 
- A, B, R are collinear. 
Hence the theorem. 
EXAMPLE 7. Show that the points with position vectors 
3a— 2b--4c 
atb+e 
—a+4b—2c are collinear. 
Solution. The three points will be collinear if and only if we 
can find x, у, z (not all zero) such that 
x(3a—2b+ 4c) +)(a+b+c)+2(—a+4b—2c)=0...(1) 
and x+ty+z=0 ee (2) 
equation (1) can be written as 
(3x-+y—z) a+(—2x+y+4z)b4+(4x+y—2z)e=0 
which gives 
3x+y—z=0 


—2x+y+4z=0 
4x+y—2z=0 
Also we should have x+y+z=0. One non-zero solution of these 
four equations is 
x=z=], y= — 2 
we find the three given points are collinear. 
EXAMPLE 8. Show that the medians ofa triangle meet ina 
Point that trisects them. 


Solution. Let ABC be any triangle with medians 4D, BE and 
CF. See figure 30 9. 


Let position vectors of A, B, C be respectively a, b, c. 


Since D is middle point of BC, the position vector d of D is 
given by 


(as x 4 520 otherwise z=0) 


a+b 


2 


Let R be the point dividing AD in the ratio2 : 1, then position 
vector r of R is given by 


b+c 
ui) AL 


1x2 3 
„Symmetry in a, b, с implies that R will also be the point that 
divides BE and CF in the ratio 2; 1. This in turn yields that R iş 
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the required point where the three medians meet (and also it 
trisects them). 

EXAMPLE 9. Show that the internal bisectors of the angles of a 
triangle are concurrent. 4 

Solution. Let АВС beany triangle with AD, BE, CF as the 
internal bisectors of the three angles. 
Suppose AD and BE meet in the point R. 


Let position vectors of the points 4, P Р, \> £ 
C, D, E, F, R be respectively, a, b, c, d, 
e, f, T. 728 


Also let AB=u 8 7 c 
BC=y 
CA=w. Fig. 30.11, 
Now E divides СА in the ratio BC: AB i.e., и: w 
; _ иа+ ис .ü 
Thus by section formula e— Wut sx (1) 
CE u 
Also Ew 
2 СЕ EA CELEA СА у 
u w иә и ии 
vw 
и 


Again from triangle ABE, аз R divides BE in the ratio АВ: АЕ 


Le, и: 


Mad we get 
u+w 8 
112 
we+ ШЕЙ 
vw 
р тет 
ua+vb+we 4 
—— ——— - using (1 
DEW [using (1)] 
Similarly if we find theposition vector of the point of inter- 
section of AD and CF, we'll get the same result. (Because of sym- 
metry in a, b, c and u, у, и). 
Hence R is the point where the three bisectors 4D, BE and CF 
meet, 


53 


> pem 


30.17. Coplanar Points 
It can be proved that four points with position vectors a, b,c, d 
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are coplanar if and only if we can find scalars (not all zero) 
x, y, Z, t such that 
xa+xb+ze-+td=0 
xty+z+1=0. 
EXAMPLE 10. Show that the points with position vectors 
6a—4b-4-4c, —a, —2b—3c, 
84-2b--5c,—4c 
are coplanar. 
Solution. The four points will be coplanar if we can find scalars 
x, у, 2, t (not all zero) such that 
х(68-45--46)--) (—a—2b—3c)+z (a+2b—Se)+1(—4e)=0 
and x-4-y4z41—0 
The first equation suggests 
6x—y+z=0 
—4x—2y 4+-2z=0 
4x—3y—5z—4t—0 
Also we should have x+y -z4-t—0 
which give x=0, у--1, z—1, t= —2. 
Which isa non-zero solution of the equations and thus the four 
points are coplanar. 


EXERCISES 


1. Ifa-is jk, b=2i+2j—k 
Find (i) a+b (ii) a—b (iii) a+3b 
2. Find the cosine of the angle between the vectors 
(i) 314-14-2К and 21--214-4К 
(ii) 141--К and i-j—k 
(iii) 2i+j+k and i. НК 
3. Show that the vectors a=i+ 4j--3k and 
b=4i+2j—4k are perpendicular. 
4. The position vectors of the points A, B, C, D are 
given by a=3i+4j+5k 
b=4i+5j+6k 
c=7i+9j+3k 
d—4i4-6j. 
Show that AB and CD are parallel. 
5. Position vectors of the vertices of a triangle are 
a=2i+4j—k 
b=4i+5j+k 
с=31+ 6] +3К 
Show that it is a right triangle, 
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6. Show that the points with position vectors 
a, b, 3a—2b are collinear. 
7. Show that the points with position vectors 
3a—2b--4c at+b+e, —a+4b—2c arc collinear. 
8, Show that the diagonals of a parallelogram bisect each other. 


If the diagonals of a quadrilateral bisect each other, show that it is a 
parallelogram. 

10. ABCD is a parallelogram; E, Е are the mid-points of the sides AB and 
BC. Show that DE and DF trisect the diagonal AC. 

11. A and B are points with position vectors a=itj+k, b 
position vector of the point R dividing AB in the ratio 

12. Show that the line joining the vertices of a tetrahedron to the centroids of 
the opposite faces тес! in a point. 

13. Show that the line joining the midpoints of two non-parallel sides of a 
trapezium is parallel to the parailel sides and is half of their sum. 

14, Show that the lines joining the mid-points of opposite edges of a tetra- 
hedron are concurrent and bisect each other. 

15. Show that the following points with position vectors 2a—b-4 c, a+2b—c, 
3a+b—c, —a—2b-3c are coplanar (where а, b, c are non-coplanar 
vectors) 

16. Show that the points with position vectors given by 32+ 2b—Se, a+4b—3c, 
-38--29 +c, 3a-- 8b-- 5c are not coplanar. 


=i—j—k. Find the 
:2. 


ANSWERS 


1. фз (0) —i—j+2k луж 
2. (07$ (ii) —} (iii) 1 
11. НИК 


30.18. Product of two Vectors à 
Product of two vectors is defined in two ways, called respectively, 
the scalar product and vector product. 


30.19. Scalar Product. (or dot product) 
‘Fa and b are two vectors then their scalar product a . b (read as 
a dot b) is defined by 
2.0-ab cos 0 


where a, b are the magnitudes ofthe vectors & and b respectively 
and 0 is the angle between the vectors 8 and b. 


It is clear from definition that dot product of two vectors isa 
scalar quantity. 


30.20. Scalar Product is Commutative 
a. b=ak cos 8 
=ba cos 8 
=b.a. 


\ 
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30.21. Theorem 
Two non-zero vectors a and b are perpendicular if and only if 
a.b=0, 
Proof. Let a and b be two non-zero Perpendicular vectors. Then 


a. b=ab cos 90=0 
Conversely. Let a. b—0 


> ab cos 0—0 
waere 0 is the angle between a and b 
> cos 0—0 [as a and b are non-zero] 
T 
> 4557 


7 запа bare perpendicular. 
The following results are trivial: 
i. i=j.j=k.k=1 
i. j=j.k=k.i=o0. 
Definition. By аз we will always mean a. a 
Thus а®=а a cos 0==а%, 
EXAMPLE 11. Show that a.(—b)= —a . b. 
Solution, We have 
8. (—b)=ab cos (л-0) when 0 is angle between à and 5 
=—ab cos 6 
=(—a).b. 


30.22. Distributive Law 
Prove that 
a.(b+c)=a.b+a.c 
Let OA=a 
— 
OB--b 
— 
ВС--с 
Let BL and CM be perpendi- 2 
23 


Fig. 30.15 


culars from B and C on OA respec- 
tively and BK be perpendicular from B on CM. 
Then a. b=ab cos t=a. OL 
а.с=ас cos 0=а. BK=a. LM 
> RHS=a . b+a. c=a. OL+a. ІМ =а(01+1М) 
=a.0M 
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CET EE > 
Again OB+BC=0C 
m 
= b+c=0C 
a 
=  LH$-a (btc)-a. OC 
=a . ОС cos ф 


—a.0M. 
Hence the result follows: 
An immediate consequence of the above result is 
(a+b)*=(a+b) . (a+b) 
=a.a+a.b+b.a+b.b 
=a'+a.b+a.b+b? 
=a'+2 ab+b? 
Similarly, we can prove 
(a—b)' —at—2ab +b? 
(a+b) . (a—b) =a*—b?, 


30.23. Scalar Product in Terms of the Components 
Let а= (а1, a», 43)=a,i+a,jtagk * 
b —(bi, b», b3) -bi itd: 14-53 k 
be any two vectors. Then 
a.b=(a ita, j +a3 К). (bı i+b, }-+83 К) 
=aą;b; і. i+2°b, >. j—agb3 k ' k 
[other terms being zero] 
==ayb;+a9b,+agb3. (C.A., May, 1976) 


30.24, Angle between two Vectors 
Since a.b=ab cos 0 
b 


a. 
> cos 0— 53 


aibi "ab; asba 


У аа +a? У bttb? +h? 
а formula that we obtained earlier. 
EXAMPLE 12. Show that the vectors а, b, c given by 
7a—2i4-3j 4-6k 
7b=3i —6j--2k 
7c—6i 4-2j —3k 
are of unit length and are mutually perpendicular. 
Solution, The three vectors are 


23 +) 
(1 7” 7 
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1 P, awit 
2 ) = 7 V4 339-1 
2 
7 


Now, a= 1| 41) 
Ч 


This shows that the given vectors are of unit length. 
Again 
ЖАЗ —6 67 2-77] 
uM c Br COSE VOMEUPM Jy Sell =0 
a.b 7 x33 7 ЛА X^ 74g [6—184-12] 
> a and b are perpendicular 


3.6 r6 Dae —3 
vibe ere 2) 


1 
= [18—12—6]—0 


18393 499 (c3 
е TIR acd ХЭ) 7 
1 
= Gp 12+6—18]-=0. 
. This implies that b is perpendicular to € and e is perpendicular 


to 8. Ч 


EXAMPLE 13. Show that the altitudes of a triangle meet ina 
point. 


Solution. Let ABC be any triangle and let the altitudes AD and 
BE meet ina point R. We show that the third altitude CF also 
passes through А. 

Let a, b, c, d, e, f, r. 


E 
be the position vectors of the points Е, 2 
A, B, C, D, E, Е, R respectively. 
Since ARIBC и 


> > 

wehave АК. ВС=0 Fig. 30.16. 
= (га). (e—b)=0 Ви) 
Again BR is perpendicular to CA 


> > 
> ВЕ `СА=0 
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=a (r—b) . (a—e)=0 vee (2) 
Adding (1) and (2) we'll get 
(r—e) . (a—b)=0 


> > 
> CR. BA=0 
> CRLBA 


= CR is coincident with CF (the altitude through C). 
Hence the three altitudes meet in a point. 


EXAMPLE 14. Show that the perpendicular bisectors of the 
sides of a triangle are concurrent. 


Solution. Let ABC be any triangle and let DE, Е be the mid- 
dle points of the three sides AB, BC, CA respectively. 


Let the perpendicular bisectors thro- 


ugh D, E meet in the point R, я 
We show that the bisector through Е 
Е also passes through R. Р, 
Let a, b, e, r be the position vectors ~R 
of the points A, B, C, R respectively, 8 C 
Position vectors d, e, f of. the. points 
D, E, F are given by Fig, 30.17, 
btc 
AT 
Lap 
PERSA 
Now RDLBC 
> > -> 
RD. BC=0 
> (d—r) . (c—b)—-0 
(F - +) euo AU) 


Similarly, RE LCA 
> (6-1) (8--0)--0 


єв хан A) 
E ( 7 2 “(8-6)-0 

(1) and (2) on addition give 

i Ш г) . (a—b)=0 


"De ue» 


> ВР. BA=0 
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> > 
= RF 1 BA 
> RF 1 BA 
= RF is the right bisector through F. 
=> the three bisectors meet іп the point К. 


30.25, Vector Product (or cross product) 

Ifa and bare two vectors then their vector product a x b (read 
as across b) is defined by 

axb=ab sin 0 à 

where a, bare the magnitudes of the vectors & and Б, 015 the 
angle between a and b and h isa unit vector whose direction 
is along tbe normal to the plane of а 
and b in the direction from which ro- a 
tation of a to b looks anti-clockwise (or, in 
other words, direction of à is towards that 
side to which aright handed screw will 
move if a is rotated towards b). 

So if a and b lic in the plane of the paper b 
as shown in the figure 30.18 then direction 
of ñ is along the normal to the plane of the 
paper pointing towards the reader. 

We thus note (from the definition) that Fig. 30.18. 
the vector (or cross product) of two vectors is a vector. 

Again it is clear from the definition that axband bxa will have 
the same magnitude ab sin 6, but opposite directions. 

Hence axb--—bxa. 

Thus vector product is not commutative. 

Also for any vector a 

axa=a а sin 0.h—9 
The following results are direct consequence of the definition: 
ixi=jxj=kxk =0 


ixj=k jxi=—k 
jxk=i kxj=-i 
kxi=j ixk=—j. 


EXAMPLE 15. Show that (ma) x b=a х (mb) —m(a x b). 
Solution. We have 
(та) xb = mab sin 0 à 
= amb sin 6 ù 
= ах (mb) 
Similarly (ma) Xb=m(axb) . 


VECTOR ALGEBRA 785 


30.26. Distributive Law 
we show that ах (b+c)=axbtaxc 


> > > 
Through a point O, take vectors OA=a, OB=b and OC—c. Let 


ЁС 
5 be a plane through O and perpendicular to ОА. Complete the 
parallelogram OCDB. 


im 
S o that OD=b+c 


Fig. 30.19. Fig. 30.20. 


Let B', C', D' be the feet of perpendiculars from 8, C, D res- 
pectively on the plane S. 3 


Let ZAOB = 6 
Then axb = ab sin 65 


where її is a unit vector perpendicular to both 04 and OB in the 
direction determined by motion of right handed screw. 


Now ВОВ = 5—0 
I 
Thus if b' = OB’, then 


| b’ | = У=ОВ'=ОВ cos (5-05 sin @ 
Again since OA, OB, OB' are in the same plane AOB'B; unit 
vector perpendicular to a and b is same as unit vector perpendicular 


toaandb. 
Thus axb’ = ab’ sin 90° n 
= ab $100 n=axb 


i: 
Similarly, ахс-аахс” where с'=ОС' 
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E > 
and ax(b+c)—axOD=8x OD’. 
Since OA is perpendicular to plane 5 and OD’ lies in it; the unit 
$ > => 
vector perpendicular to both OA and OD’ will lie in the plane S, 
say along OD". So ОР" lies in the plane S and is perpendicular to 
both OA and OD’. 


Draw lines OB" у OB' 
р oc’ LOC' 
such that ОВ" = OA. ОВ 
oc’ = 0A . OD" 
Also cut off _OD'=0A . OD' 
Then 


> > > 
axb = OAXOB = OB" 
— = 


"NE 
axe’ = OAxOC' = ОС" 


> > > > 
axOD' = OAxOD' —OC" 
Also OC"D'B' will be a parallelogram as OC'D'B' is a.parallelo- 


gram. Hence , 
— > > 


OD"=0B"+0C" 


übt 
he, axOD = axb +ахе 
ie., ax (b+c) = axb+axc 
from the results proved earlier. 


The above is sometimes referred to as the geometrical proof of 
the distributive law. Another proof of this result will be given later. 


30.27. Vector Product ir Terms of Components 
Let а = (ау, ао, a3) = aj +a j task 
b= (bi, b», b3) м ВА bk 
be any two vectors. Then 
axb = (aji4-a.j-- ask) x (byi+b.j+5ek) 

= abhi Xitab x j4-aibsi X k-+azbij X i-ba,baj Xj 

+ Базу x k--asbik x i--asb;k x j--asb, “ХК 
= aybok —ajb,j —asbik + a; b4i 4- aghij —aabsi 
= i(a.bg—aghe) + (agb, — a,53) (аьзо) 

po o9 RE 


134 8. № 


VECTOR ALGEBRA 787 


EXAMPLE 16. Show that 
(а x b)?—ab*— (ab)*. 
Solution. We have , 
(axb)? = (ахь). (axb) 
= (ab sin й). (ab sin6 ñ) 
= а2В sin*ü (n . ñ) 
= ab? sint 
= ab? (1—cos*0) 
= д3 — а? costó 
= a!b3— (ab cos0)* 
= а: — (a.b) 
EXAMPLE 17. If a—2i—j--k, b=3i+4j—k, verify that axb 
represents a vector perpendicular to both a and b. 


Solution. We have 
i k 


ахь-1, р , | 15+ 


3,574 -4 
а. (axb) = Qi—j--k) . (—3i+5j+11k) 
=2.(—3)+(—1) . 541.11 
=0 


= a is perpendicular to a x b. 
Similarly we can show that b is also perpendicular to 8x b. 


EXAMPLE 18. [Ла = 2i—j--2k 
b = 0li—2j+7k 


find axb. Find also the unit vector perpendicular to both. 
(C.A., November, 1976) 


Now 


Solution. 
j k 
axb= 2 AR 2 
10 —2 7! 


= i(—7+4)—j (14—20)+k(—4+10) 
= —31+6j+6k. 


Since ax b is a vector perpendicular to both а 
of ax b), so to get a unit vector perpendicular to both я 


divide the vector 8 X b by its magnitude 


and b (by definition 
and b, we 


Now 
(ахь | = V94+36+36=9 
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Thus required unit vector perpendicular to a and b is 
3046 6 
= 9160959 
1 2 MA 
or = зз 
EXAMPLE 19. If a=2i+3j—5Sk and b=—3i+j+2k, find the 
value of a. b and ax b. (C.A., May, 1977) 


Solution. We have 
8.b —2x—343x1-4-(—5)x2 


= —6+3—10=—13 

Also 
M pir D M 
А олу озн inis 


—3 1 2 
1 (64-5)--14--15)--Кк(2--9) 
Hi 4-11j4- 11k. 
EXAMPLE 20. If а= (а1, a., аз) and b (bi. bo, b,,) are two vectors 
and 0 is the angle between them then show that 
Sintü— (22 аз) (аз — asb;)* + (ab, — aby)? Ё 
(ai? Fa аз?) (b? +b b?) 
Solution. We have shown earlier that 
ax b —(a5b5 —a;b.) i-- (agb — a45;) j- (а. —а,Н)к 
7 (8 X b)? = (a.b, — a5b.)* -- (azb, — ayba)* + (ab, — a,b)? 
Also a X b—ab sin 0 ù 
where a7 Var Fay kay 
bay Б-Ы КЬ 
= (aX Б)? —atP? sin? 0 as т, n—1 
(ai а. +a?) (bt 4-b.3 3-532) sin? 0 
(1) and (2) » tno 
sin? 8 = (2255 —a3b.)*-- (abs — a. 5;)*-- (а. ба.) 
PLEA AD DIEN о т 
LE 21. Find the si 
Ир 2k ond 2152) CA "e sine of the angle between the vectors 
Solution. We have 
(01, ag, 43) —(3, 1, 2) 
(bi. Do, 53)—(2,—2. 
dd. 1. be, b3)—( ‚ 4) 
Sin gu. (LX4—2x —2 3 x4—2x2) 4 (8x —2—1x 29 
(9+1+4) (444416) 


» (И 
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L9 02— 9-62» 


14x24 
ш 64464464 _ 192 
336 112/336 
= sin = "EE = du. 
336 AAT 


30.28. Theorem 


Nico а= (а, аз, аз) and Ь--(В,, b», Бү) are parallel if and 


mama 
b b, аз 
Proof. Let a and b be parallel 
> angle 0 between them is zero 
> sin. 6=0 
„> axb=0 
i j ki 
> a 42 83|-0 
| 
| by b, bs | 
> (а,Ь —asb.) i--(asb, —a,5,) 1 (ab, —a,b1) k=0 
=0i1+0j+0k 
> a,b; — agbo —0 
agb; —а16з=0 
ajb, —a,b—0 
ay 2) Go! йв; 


Wero By Ba eB 
Converse follows by simply retracing the steps back. 


30.29. Vector Product as Area 
Let OABC be a parallelogram such that 


> 
OA=a с ? 
> 
oc=b 5 
and let 0 be the angle between а A 
and b. OK a A 
Now area of the parallelogram OABC Fig. 30.21. 
-0A.CK (where CK LOA) 
=ab sin 6 
Also axb=(ab sin 0) п 


Comparing the two we note that 
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= of the parallelogram OABC i.e., the magnitude of 

ыле кш of ivo vectors is the area of the parallelogram 

whose adjacent sides are represented by these vectors. i 
Corollary. It is easy to see that the area of the triangle OAC is 
axb 

: EXAMPLE 22. Find the area of the parallelogram whose adjacent 

sides are determined by the vectors a=i+2j+3k 


h=3i—2j+k. 
Solution. Required area = ах 
С МОДА 
Now axb= 2802537 viro] (1—9)--k (—2—6) 
‚3 —2 1 
> ахь = 4/64--644-64 =8,/ 3 is the required area. 
EXERCISES 


1. Find the scalar product of the vectors 
a=i+j+k, b-i—j—k 
Also find the cosine of the angle between them. 
2. If mis any scalar, show that 
(та). ъ=т(а . b) =a. (mb) 
3. Find the angle between the vectors 
a=(1, 2,3), b=(1,1, 2) 


4. Show that the middle point of the hypotenuse of a right triangle is equi. 
distant from its vertices. 


5. Prove the coscine formula in a triangle ABC 


ct=a2+b*—2ab cos С 
where letters have their usual meaning. 


6. If a—(1, 2, 3), b- (1, 1, 2). Find a xb, 
7. Determine a unit vector perpendicular to each of the vectors 
a-2i—3j-k, b=3i+j—2k, 


8. If a—(2,—3, 1), b—(3. 1, 2), find sin 0, where 9 is the angle between 
2 and b. 


9. Show that the vectors a=i+4j+3k and b=4i+2j—4k are perpendicular. 
10, Show that the vectors a=i+4j+3k and b=gi+2j+ Ëk are parallel. 
11. Does ax b—a x c imply b=c? Justify your answer. 


12. Find the unit vectors perpendicular to each of the vectors (2,—1, 1) and 
(3, 4,— 1). Find also the sine of the angle between these: 


13. Find the area of the triangle whose adjacent sides are determined by the 
vectors 8--31--41, b— — 514-7]. 


14. Show that a x (b--c)--b x (с-+а)-сх (a4-b) —0. 


15. Prove that the vector area of the triangle whose vertices are the points 
a, b, c, is (bx c--exa-F-axb). 
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16. Show that (a—b) x(a+b)=2a xb. 
17. Prove that 
(1) (a+b) xce=axe+bxe 
(it) (a—b) xe=axc—bxe 
(ti) ax (b—c)=a xb—a xc. 


ANSWERS 
L -1;-4 Pug. 
3. cos A/ 84. 
6. (1, 1,71) 7. 51+7)++11К 
V195 
8. 4191 
14 
12. —3i+5j+11k 155 13. 44 
4155: 156 


30.30. Scalar Triple Product 
Suppose a, b, c are three vectors. Then b xc is again a vector and 
thus we can talk of a. (bx c), which would, of course, be a scalar. 
This is called scalar triple product (of three vectors). 
Let а= (41, а,, аз) 
Ь= (01, bz, ba) 
c=(C1, C2, сз) 
Then b Хс== (Бьсз— Расо, bc, —cghy, Вс. —с1) 
—(di, ds, 43), =@ (say) 
Thus 
&.(bxc)—8.d—ad; + а. 4. + a4ds 
=а:(6,сз—6зс.) + a; (bg, — са) Наз(В1сэ—Ььс1) 


a а; аз | 
ж, д ie а ч 
CE Pino; NT eg | 


so this is the value of the scalar triple product а. (bx c) 
Suppose we had started with b . (сха), it is easy to see that the 
resulting determinant would have been 


:Q) 
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which is same as (1) [See properties of determinants] and so 
а. (bXc)=b. (сха) 
Similarly Ъ. (сха)=с. (axb) 
> a. (bXc)=c. (axb)=(axb) .c [commulativity] 
- 


dot and cross can be interchanged in a scalar triple product and we 
write the scalar triple product as [a, b, c] or [abc] where it is to our 
choice as to where we put cross and dot. 
Norte. It can be verified that 
[abc] — [bac], 
and [abc] = [bca] = [cab]. 
EXAMPLE 23. Prove the distributive law 
ах (b--c)—axb-axc 
using scalar triple product. 
Solution. Let d—ax (b--c) ax b—a*x«c 
we show that d —0 
Let e bv any vector, then 
e. d—e . [ax (b--c)]]—e . (axb)—e. (a xb) 
—(exa2).(b--c)-(exa).b—(exa8).€ 
Interchanging dot and cross in the scalar triple products 
—(ex 2) . [(b--c) —b— c] distributivity of scalar product 
=(еха). 0=0 
=> е. 9=0 for all vectors e 


Gy 4=0 as we can take e to be a non-zero 
vector, not perpendicular to d 
Hence the result foliows. / 


30.31. Vector Triple Product 


A product of the type a X (b X c) is called a Vector Triple Product. 
We show 


“ах(Вхс) =(а. c)b—(a. b)c 
Let 8--(41, d». 3) 
b—(b;, b., Рз) 
с= (су, со, c3) 
Then bx«c—fP»ca— bcs, Ёзсу— bic. bre, boci) 
—(ds, dz, dg) = (say) 
Then 
ax(bxc) —axd 
= (asd,— 43d», agd— asd, а10:— айу) 
=(a.d3—agd,) i+(agdi—aids) 14-(0:42-4:4:К 
»Z(a;d, — agd;)i 
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—Z[as(be, — b,c1) — as(bsci—b;c3)]t 
= За, сз — авс азс аз: Са -a1510; — abiei]l 
[adding and subtracting 01161) 
=Z[bi(a1ey 1-2;03--a3€3) — ci(a1bx 3- a,b. +agbs)]i 
= [61 (acı +42¢2+a3¢3)—¢1(a1bi + a; b; + азёз) 
ЗЯ-ЇВ (a1e3 Нас -Разсз) — eo( aibi а. В. a353)]] 
+[b3(a1.¢1+ асо 1-233) — c5 (2153 + a;b; + аз) 
(21€; азс, d- 2303) (55i - bj 4- К) 
— (a3by +а,Ь, -- agba) (cil 4- co] Е сзК) 
—(a.c)b—(a.b)c 
which proves our assertion. 


Note. There is neither a cross nor a dot between (а.с) and b in (а. c)b. 
Reason why ! 


EXAMPLE 24. Prove that 
8 X (bx c) +Ьх (cx8)--c X (ax b) -0 
(C.A., May, 1976) 

Solution. We know that 

ах(Ьх с) =(а. c)b—(a. b)c 

bx(cxa)=(b.a)c—(b. c)a 

сх (ax b) =(с. Б)а—(с.а)ь 
Addition gives the result. 


30.32. Vector Product of Four Vectors 
For the four vectors a, b, c, d, we can talk of the vector (axb) 


X(exd) 
Let e=(a xb) 
Then 
(axb)x(cxd)=ex (cxd) 


=(e , d)c—(e . c)d 
—(axb.d)c—(axb.c)d 
= [abd]c — [abc]d 256100) 
Now suppose схё=г 
Again (axb)x(exd)-(axb)xr 
-—rX(axb) 
=—[(г. b)a—(r . a)b] 
—(r.8)b—(r.b)a 
—(eda)b— [cdb]a s (2) 
Equating (1) and (2), we get 
[bcd]a — [acd]b + [abd]c—[abe}d—0 
which is called a Jinear relaticn in four vectors. 
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EXAMPLE 25. Prove that 
{axbbxe сх 2a]=[abc}* 
Solution. We have the left hand side 
=(a xb). (bx e) x (exa) 
=(axb). {{bea)e—[bec]a} (as above), 
But [bec] =b . (с хе) =0 as cx c0 for any vector € | 
Thus LHS =(axb) . [beale 
=(axb.c) [bea] 
=(abc]{abc] 
—[abc]? — RHS. 
EXAMPLE 26. Show that 
{a+b, b+c, с 2] —2[abc] 
Solution, LHS=(a +b) - ((b--c) х (с--8)) 
=(a+b) . [bx c+bxatexatexc] 


But схе=0 
=a. (bxc)+(bXa) - a+(cxa). a+b. (bxc)+b. (bxa)+b.(c xa) 
=a.(bxc)+b.cxa {all others being zero] e.g.» 
= [ас] -- [bca] (6 Ха). a=b. (аха)=0 
= [abc] -- [abc] [as axa=0] 
==2[а, b, c] 
=ВН$. 

EXAMPLE 27. Show that uc a.d 


(axb). (exa)=| 
b. b. dj 
Solution. (axb).(cxd)—8. {bx (c Xd)} 
—a.((b.d)c—(b. c)dj 
=(b.d)(a.¢)-(b. с)(8 . d) 


-а.с a.d 


b.c b.d 


EXERCISES 


1. Show that ax(bxc)—(a xb) xe if and only if (а, b)c—,b. 698, 
2. Show that 
(axb). (cxd)--(bxc). (a xd)--(exa) . (bxd)—0. 
3. Show that 
a x (bx (ex d))—[acd]b— (a . b, (cx d). 
4. Show that 
[a xb, cxd, exf]-[a, b ,di(c, € 41-18, В, са, e, fi 
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=1а, b, elif, c, d]—[a, b, f)[e, c, d] 
= 1с, d, alib, e, П—[с, d, Ба, e, f] 
5. Show that 
(a+b).[‘b-+e) х(с+а)] =2[a, b, c]. 
6. Prove that’ 
(axb)x(axc) .d=a.d [а, b, c] 
7. Prove that ар aq аг 
ia, b, c)[p, 9, г] = bP bq Ы 
cp eq eri 


IHint; Use the linear relation between the four vectors а, b, c, px q] 


CHAPTER 31 


Application to Economics 


31.1. Supply and Demand Curves 

Let p be the price and x be the quantity demanded. The curve 
x=f (р) is called a Demand curve. It usually slopes downwards as 
demand decreases when prices are increased. 

Once again let p be the price and x the quantity supplied. The 
curve x=g(p) is called a supply curve. y 
It is often noted that when supply is 
increased, the profiteers increase prices, 
so a supply curve slopes upwards 
frequently. 

Let us plot the two curves as a graph 
paper. 

If the two curves intersect, we say 
that an economic equilibrium is attain- 
ed (at the point of intersection). 


{t is also possible that the two curves | x 


may not intersect i.e. economic equili- 
brium need not always be obtained. Fig. 31.1, 

Revenue Curve. If x— f (p) is demand 

curve and if it is possible to express p as a function of x say p—8(x) 
then function g is called inverse of f. In the problems we deal in 
this book each demand function f always possess inverse. So we 
can write 


5 х= jf (p) as well as p=g(x). 

The product R of x and p is calizd the total revenue. 

Thus R—xp where x is demand and р is price. We can write 
R=p f (p)=x g(x). 

The total revenue function is defined as R=x g(x) and if we 
measure x along x-axis and R along y-axis, we can plot the curve 
y-xg (x). 

This curve is called total revenue curve. 
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31.2. Elasticities 


The average price elasticity of demand is the Proportionate res- 
ponse of quantity demanded to the change in price. Let др be small 
change іп price P and àx be a small change in the quantity 
demanded. 

8х 
Average price elasticity of ranger sre) be Р. = 
Р 


The point elasticity of demand, by definition, is the limiting value 
of average price elasticity, 


So the point elasticity of demand =! = 


REMARK. In this book by elasticity we always mean point 
elasticity, 


of either the price variable or the quantity variable whenever the 
function is given. Also in case of non-linear functions, 
give better estimates than average elasticities. 


There are three types of elasticities which ате of particular 
interest in Economics, 


The price elasticity of demand is the elasticity just discussed. Аз 


is shown above, it is equal to + d and is denoted by ea 


As demand curve slopes downward should be negative, so we 


LEPA 
put ea x dp 

(The addition of minus sign to make e, Positive is due to 4 
Marshall, 1920). 

The crucial value of e; is 1. When ег>1, demand is elastic and 
when e; «1, the demand is inelastic. 


The income elasticity of demand is the elasticity of quantity 
demanded in response to change in income. It is denoted bv e, and 
is given by 3 ES where x is the quantity demanded and у i$ income 


per head in the relevant Broup of people. 


If еу2>1, then an increase in income leads to a more than pro- 
Portionate increase to the quantity of goods demanded. For 
example, if income increases by 1:5 per cent and other things remain 
constant, two per cent more televisions may be bought. If 0c ey« 1 
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then an increase in income leads to a less than proportionate 
increase in the quantity of goods purchased. For instance of income 
goes up by 1 per cent, the number of cars purchased may increase 
by `5 per cent. : 

In case ёу« 0, the increase in income will lead to decrease in the 
quantity purchased and a decrease in income will lead to an in- . 
crease in quantity purchased. For instance if potatoes are the 
cheapest food avallable and if income decreases then less money 
will be spent on rneat and milk butas stomachs are to filled some- 
how, more potatoes will be bought. 

This motivates tbe definition of following types of goods. 

Туре Г. Goods is called Luxury when ey 1. 

Type 11. Goods is called Necessity when 0<ey<cl. 

Type 111. Goods is called Inferior if ey 0. 

The elasticity of supply is the elasticity of quantity supplied in 
response to change in price. 


It is denoted by es and given by LS where xis quantity sup: 


plied and p is price. 

Constant Elasticity Curves. A constant elasticity curve is defined 
by xp"=c where n and c are constants, p is price and xis quantity 
demanded, For such curves ёл is constant, 50 the reason for 
nomenclature. 

“Мона Wire) 
x dp 


But xp"=c = log x+n log р=0 


^p tp 
CLA pollet: 
dp p 
sei 29% ua, a constant. 
x dp 


REMARK. Elasticities can also be expressed in terms of logarithms, 


For example, let demand curve be x= f (p) then i (log x) 


alax d 1 p dx 
impale Ро 
1 dx 
ши шад 
1 


р 
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d (log x) 


Т d(iog р) 
31.3. Relation between Average and Marginal Costs 


Let us first obtain. the slope 
of average cost curve. It 115 


: агт 
given булт z] 


MC Curve 


AC Curve 


1 
—(MC—AC| 
zi ) 


Fig. 31.2. 


[T — Total cost, 2--quantity demanded. Thus Average Cost (AC) a 
i and Marginal Cost (MO) T 


If cost curve is u-shaped and if AC bas а curve sloping down- 
ward then (2 )<o. 
441 4 
So MC<AC. : 
Thus when AC decreases, MC<AC. On the lowest point of AC 


curve, the tangent will be horizontal, so 5A 7) =o, i.e., МС АС. 
Hence for a u-shaped curve, at lowest point МС= АС. 


If AC curve is rising then MC>AC, since in this situation 
(+) 
Bed. 0. 
4412 Р 
Marginal revenue. Tota! revenue is given by R=pg where p is 
the price and g is quantity demanded, Then Average Revenue is 
4, 


R i ЭХ МӨР уун 4 
d Marginal Revenue MR 44 pta da 
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31 4. Relationship between Average and Marginal Revenues 
Theorem: Rate of fall of MR curve is twice the rate of fall of 
the average revenue (AR) curve. 


Proof. Since R=pq, 


ак _ dp 
En =pt+q dq 

Let us assume that B is a point 
of AR curve with coordinates 
(9, Р). 

If BC is perpendicular from В on 
ОХ. OC=qand BC=p. Further 4 
is the point on y-axis from where we 
are measuring falls (This point is 


common to both the curves) Fig. 31.3. 
dp __ АЕ А : 
Now ати ВВ (slope of the АВ, Е being the foot of per- 


pendicular from B on y-axis) 
Also a is y-coordinate of a point on MR curve with abcissa q, 


зо e =co, (D is the point of intersection of MR curve with BC) 


DER dp 
Thus CD— dm Р--4 "da 


AE 
=вс+ос( -28) 
i AE 
-oE BE( — 8 4 


=OE—AE 
Also CD=BC—BD=OE—EF where 
F is the foot of perpendicular trom Dn y-axis 
Thus OE—AE=OE—EF 
>  AE-EF 
іе. AF=AE+EF=2AE 
So the rate of fall of MR curve is twice that of AR curve. 


APPLICATION TO ECONOMICS 801 


EXAMPLE 1. Find the elasticity of demand h 
Ho city of d for the function 


Solution. Viso дый recs p ЖЫЙ 
x x 


Р 1 
2 
Bas 
2x* x 
100—x—x* 

2х3--х 

100—x—x*. 

x(2x 4-1) 

EXAMPLE 2. Find the minimum average cost if the cost func- 

tion is given by Т=364—104:+24°. Also obtain MC at 4-41. 


Solution AC= T= 36-104--201 


For maximum ог minimum 20) -0 


44 

> —10+4g=0 or g=$ 
IT 5 
further 48 (£)- 4-0, so q— Y 


gives minimum AC. 
Hence minimum AC=36—10.($) +2(2$) 
=23'5 
Again, MC= dg 736-280 +64 
Hence, MC at q=$ is 36- 20(3)-4-6(24) 
5. 


EXAMPLE 3. A firm has the revenue function R—100q—q? and 
the cost function Т=93—514*. Find maximum profit. 


Solution. Profit М=А—Т=1004—92—93- 82.48 
71000 - 542—4* 


For maximum or minimum profit, ds co 


> 100--554--34"--0 
- q=20 or —$ 
But fa = 55—6q<0 when 4=20. 


Hence g=20 gives maximum profit. 
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The maximum value of profit is, therefore, equal to 
100.20 + 55 (400) — 8000 
= 5000. 
EXAMPLE 4. Show that if T —aq*--k (а>0, 5>0. k 20) then 


K 
MC —abq^ ! and marginal average cost—a(b —1)9" 2 — т 


9 29 4 EX 8-1 
Solution. MC = aT аһа 
Average cost = = ад” t+ 59 
erag $ - 


So marginal ;:verage cost 
агт k 
Е = ава —^ 
a q ) a(b—1)q F 
EXAMPLE 5. Find Average Cost and Marginal Cost, if 
T =1000+- 1004 — 1042 +-q’. 


00 7 

Solution AC= 7 = a +100 - 10g +4. 
dT j 

MC= TO 100 —20q +-3q?. 


EXAMPLE 6. Show that dh is -ае”", then Marginal Cost is equal 
to Average cost MT д--5: 


=> --- = тол —— 5 by — bu 
Solution. АС= 2 and MC da fine )=abe 


So AC=MC 


> HE = abe"? 
q 
> $ е% = abe" 
4 
== | —qb as e*40 
qb. 


Е AMPLE 7. Let x be the labour and y, the product that labour 
v produces. Let y~4x3--3x*, If the labour is increased by small 
amour! how much change will there be in the product у. 


Solution. у=4хЗ%—.3л? 
dY aae 6x 
Ney 
Du å 2 В 

i; ay 12Х®—6х (approximately) 


ar Ay == (12x? 6x) Ax 


APPLICATION TO ECONOMICS 803 


Hence if 8x is small change in labour, the change in y is (12x3— 
6x) 8x. 


EXAMPLE 8. The relation between a countr)"s import M and 
income y is given by M —10--1y*. What is the margina! propensity 
to import? 

Solution. Marginal propensity to import 
-IM _ а ej eds 
га: ay 1048 ра) 

EXAMPLE 9. А long run is that period of time over which all 
resources сап be varied. A firm's total costs С are related to total 


out put x over a five years period by the function C —ax*—bx* +сх, 
where a, b, с are positive constants 


(i) Is five years ‘a long run’ for this firm? 

(ii) What is the average cost Junction? 

(iii) At what output is average cost a minimum? 

(iv) What is the marginal cost function? 

(v) At what output does average cost equal marginal cost? 
Solution. (i) Yes since there are no fixed costs. 


(ii) Average cost function =£ =ax*—bx+-c. 


(iii) с will be minimum ог maximum if Ad (5) =0 Le.. if 


dx 
2ax—b=0 
Ё хе: 01 
2а 3 
f d (C 
Since ds (=) = 2a»0, 
b 
so x= =— 


2a gives minimum average cost. 


(iv) Marginal Cost function = cu 3ax*—2bx+e 


0) АС-МС 
- ax*—bx--c—3oxt —2bx +c 
> zx 

^ b 
=> either x=0 or x= 521 


EXAMPLE 10. The demand function for a particular commodity 
is у=15е 23 for 0x «8, where y is the price per unit and x is the 
number of units demanded. Determine the price and the quantity for 
which the revenue is maximum. (C.A., May, 1976) 


Solution. Total Revenue = Total amount returned when all the 
units are sold 


=X). 
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Let R=xy, we are to calculate maximum R. 
R=xy=15xe-*!8 


For maximum or minimum, 28 -0 


'е-з1з — *^ „е "m 
e if з 36 e] 0 
- x=3 ase 350 


Further at x=3 oR iden pen, 8591 


=! m2 ei 
zl5e- *( $5) 


implies that x—3 gives maximum revenue. 


Now at x=3 price per unit =у= B 


" 45 
> total рисе=ху= ei 


Hence number of units demanded is 3 and total price is cc 
in order that total revenue is maximum. 

EXAMPLE 11. (i) If the supply function for a good is x=S(p) 
=р— 10 and the demand function is x=D(p)=20— 5. * what are the 
equilibrium price and quantity? 


(ii) If a monopolist takes over this market what are his total and 
average revenues expressed as functions of quantity sold? 


(iti) The monopolist takes over all the plants in the industry so 
that his marginal cost function is the same as the old supply relation 
when this relation is expressed as a function of x. How much will 
he produce for maximum profit and what price will he charge? 

(iv) The monopolist introduces more efficient plants so that his 


marginal cost function changes to ж-ц+® » How much will he, 
now, produce and what price will he charge? 


Solution. (1) Equilibrium will be obtained, when p—10=20 -5 


or ? 230 > p-20. 


— Ó—— 
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So x=p—10=10. 
Hence quantity for equilibrium is 10 and price is 20. 
(il) Let R be the total revenue 


R 4 
Then гү Price p, where x is the quantity sold. 


But x—20—2 —29 Ё 
сузы 


> 2х2=40х—К = R=40x—2x*. 
Also average revenue= R —40—х. 
(iif) Old supply relation is x=p—10 
where p is given by x=20-$ ie, p=40—2x 


| So marginal cost function is p—10=40—2x--10. 
2x 


| ie., $C 30-2 3S 
Total revenue R=40x—2x?. 

| The total profit N=R—C. 

| It will be maximum or minimum, if 


| ам 
y н -0 
Le aR: ас 
ү 4х ах 
> 40—4х=30—2х 
> 2x=10 
> x-5. 
pigg Prts cai час 
dx? ам ах 
= —4—(—2) 
= —2 
So x=5 gives maximum profit. 


Then р=40—2х=30. 
Hence for maximum profit, the monopolist should produce 5 units 


and price per unit is 30. 


dC x 
(iv) Now das Eit 
In this case for maximum or minimum profit 


dR dC H 
GRAF > 40-4х=11+% 
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17х 


2 “ene 
16 
- х= |у =6`83. 
ФМ dR ас 17 
Also ax det da 74 == E 295 <0. 


So, х=6"83 gives maximum value of profit 
Also ` p—40—2x—40—13:66—26:34. 
EXAMPLE 12. The budget equation or price line is given by 


M pit pq», where 41 апа q, are quantities of goods and py, p, are 
given prices. Further M is the given income. 


а 
Proove that --3--0, 
dq» 


Solution. M —piqi--p.q. 
Differentiating we get 


44: 

О=р— Л 

n dg, P: 

= LEES — 2t — constant 
442 n 
4341 
443 0. 


EXAMPLE 13. 4 cheap gramophone sells for Rs pand it is known 
that the demand, x hundred machines per year is given by xa 6. 
Determine at what price and output the total revenue is greatest. 

Solution. Let the total revenue in a year be R hundred rupees 

R=xp 100 


90p ] 
- — —6, 
100 pis p 


3 Юү 4К 
For Maximum or minimum revenue ape 
(P+5)—P_¢_o 

рсе 
450=6(p+5)* 

75=(p+5)? 
р--5----543 

р--5-5ү3 
Since р can’t be negative р--5(43-1) 


$ 


жа 
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T dd DES which is/— ve for-p=5(4/3—1) 


Hence p=5(/3—1) gives maximum value of R. 
90 
Зузу $5 67 6V3—6—6(V/3—1) hundred. 


Hence for maximum revenue, price of a gramophone must be 
Rs 5(4/3—1) hundred i.e. Rs 366, and output per annum should 
be 439 nearly. 


Then the output— 


a 
EXAMPLE 14. Examine the demana curve Db where a and b 
AT 
are positive constants. Show that the demand increases from zero to 
indefinitely large amounts as the price falls. What type of curve is 
the total revenue curve. Show that the revenue increases continuously 
to a limiting value. 


Solution. p= > x+b=5 хаар 


а. 
x+b р 

As р decreases гт increase and 233 —b i.e. x increases. Also as 
р->0, x>. 


(Recall that p remains positive always) 


Total revenue curve is given by Кхр YT 


if R is measured along y-axis 


i EN: 
Хєх У x+b 
> xy+by=ax. 

This is a rectangular hyperbola with centre at the point (—5, a). 


Fig. 31.4. 


The shape of the curve for x 2:0 is shown in figure 31.4. It is clear 
from the figure that as х-»со, у->а. (In figure, read y=a for у=). 


Analytically we can write y= 1m 


So as x00, bjx>0 = ya. 
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ab 


dy ? А 3 
dx (5158 120. so the curve is monotonically in- 


Also 


creasing. 
EXAMPLE 15. 4 firm produces as output of x units of a certain 
product at a total valuable cost given by z—ax*—bx*--cx. (a. b, с 
20). Show thatthe average cost curve is а parabola. Find the output 
Jor least cost and the corresponding value of average cost 
oy 
=3ax*—2bx+¢ 
or 1/3a=x* —2b/3a х--с/3 


¥/3a—¢/3 + P= (x—b/3a)? 


Solution. Average cost= 


ге, (x- b/a e 5. (y—¢-+/3a) 


1 
=з (-(e—b/3a)} 
Hence the average cost curve isa parabole with vectors (b/3a. 


c—b]3u) and latus rectum a 


Now “2 =0 = 6ax—2b=0 > x=—b/3a 


а?у 
Further ae 6a>0 


Hence x=b/3a gives least average cost. 
2 
The least average cost=3a( 3 ) —2b(b/3a)+e 
boob 
Jaw 34:16 
px 2. Зас В: 
58 3a ^ За 


EXAMPLE 16. // AR and MR denote the average and marginal 
revenue at any output, show that tke elasticity of demand т, is equa! 


to RERUM. 
AR—MR' 
Solution. Total Revenue R— px 
where р is price and x 15 demand. 


Verify this for the linear demand law р=а— Рх. 


ER =R dp 
AR= хо» whereas MR dx P dy 
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N PAW 498: 
ow 7 cep . 
5 р 1 
Again AR—MR dp =/dp 
BOE 5 (2) 
we PAE 
23 ‚. (2 
(1) and (2) prove the first assertion 
For р = а—Ьх 
К = px=ax—bx? 
So AR = Хас and MR aOR es abe 
x dx 
Е = oP dx (а-55)1 
urther " х dp m dp 
ax 
uice 1 
—b 
_ a—bx | a—bx 
bx | (a—bx)—(a—2bx 
НИ 
AR—MR 


EXAMPLE 17. 1/ Rs х is the present order of Rs y available x 
years hence, interest being reckoned continuously at 100r per cent, 
Show that z« уе", 


Solution. This is a problem of compound interest when the 
interest is reckoned continuously first we consider the case when 
interest is reckoned yearly. 


By compound interest formula 
The amount 4 after x years is given by 


100r\* a 
4! + Ч) = zíl +r) 


in case interest is reckoned n times a year the amount B after x 


years is given by 
r ng 
4! + i) 


Hence у= „н [2 (1 Ж J^] 
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nie jer 
=z | tim (1+ +) 1 


n J 
= zer 
> z(= yet, 
EXAMPLE 18. /f the demand laws Гог two goods are given by 
Хү ppt etn! qnd xQ— put | ед эн? where x, is the 


quantity and р, is the price for good i (i1, 2) and ay, а. ац. ays, 
Az, A: аге constants, show that the direct price elasticities of 
demand are independent of the prices while the cross price elasticities 
are determined in sign by the constants ay, and ал. 

Solution. By direct elasticities of demand we mean the quantities 
pix, 
Tr Эр» 


we mean the quantities лу, give by — 


л, given by — (r=1, 2) and by cross elasticities of demand 


Уйу Нар г, 5551, 2 but 


Xr др: 
rs Actually speaking the cross elasticities are the partial elasti- 
cities of demand for one good with respect to the price of other. 
а 
Ne LOL Gu CULA IW Pu 
oW M1 хі др n WM gul?piat 


(ayy) py 917? евна 


==, independent of p; und pz. 


= . OX _ р: 2921 байжа 
and “аг уйа др. ДИЙ, p. "UP Фр? еә 
= —4@,», independent of pı and р.. 
рә OX) _ —n 
Furiher 112 = — Xide p euer 
Pi?! (aya) ert 
==—р,а\, 
da pLOX. c зору : 
and n cot ap pat? eiue 
р.“ (ач) e% лая 
= — ріал 


Hence signs of т, and лу are determined by the constants ayo and 
and агт since py and p, are always positive. 


EXAMPLE 19. 7f the marginal revenue of output is p,,=a—bx, 
find the total revenue function by integration and deduce the 
demand function. 


x 
Solution. Total revenue R is given by | pod; 
0 
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+ 

Thus R=|(a—bx)dx 
Ü 
аз 


bx? 


4^: 


Demand function is given by p=R/x 

К bx 

i.e. ре. 

EXAMPLE 20. Find the total cost function if it is known that 
the cost of zero output is с and that marginal cost of output. x 
is X, —ax +b. 


Solution. Marginal cost is given*by = 
So di = Nar ЕВ 
«х 
50 z= | (ах--5)4х4-К 
where К is constant of multiplication 
i.e. z= а К 
Whenx=0, z-c. So Kec. 


Hence total cost function is given by 


2 
я = Es +hxte. 


EXAMPLE 21. / is known that the elasticity of а demaad law 
х==(9р) is of the form bp—a where a and b are given constants. 
Show that the demand law is x-p'e^*(»*?. c being an arbitrary 
constant. 


-p dx 
Solution. qe for demand = ed 
-—bp—a 
аа 
хар Pp 
1 dx а ) 7 
> 22052 фрь- || — b jdp+k 
| x ар“? ї p i 


where К is an arbitrary constant | 
log x=—bp+a log p--K 
log x—log p» —bp--K 
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or log (x/p*)=—bp+K 

- e 9-9 =х pa 

= x = p^e-vi-klo) 

Putting с = —k/b, we get 
x= Pre vto, 


EXAMPLE 22. If т is the total cost of an output x, it is known 
thai the marginal cost ат always equal average cost = Show that 


isa fixed multiple of x i.e. that average cost is constant. 


Solution. кл 
LEA 
S code und | 
яах х 
І ат 1 
> [zz dx =| arte 
where c is a constant of integration 
Thus log r=log x4-c 
> log == 
g x6 
mh apt 
- e k, say 
Hence z=ka, i.e., a fixed multiple of x. 


EXERCISES 


1. Let Т be the total cost, q total output and total cost function 
Т=(3+24')з. Determine marginal cost. 
2. Find ea from the demand function g=7—2p when p=2. 


3. Find ег for supply function 9=2p2+5 when p=1. 
Show that if T=aq?+k (а>0, 5>0, &>0) then MC=AC implies that 


S i JER 


5. The demand function for a commodity is given by p=12 е 914 where p is 
the price per unit and д is the number of units demanded. 

Determine the price and the quantity for which the revenue is mazi- 
mum. 

6. A wheat farmer's total cost Їз Rs (2000--х--:03 x3) when x is the quan- 
tity produced in metric tonnes per annum. The price of wheat is Rs 31 
per metric tonne. How much should he produce and sell to maximise 
his profit? How much profit will he make? 


> 
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7. 


© 


10. 


18. 


A monopolist faces the demand function х--500--5 р. 
(i) What is the relation between total revenue and quantity sold, 
i = 2 

(ii) pace as a function of x, R=R(x) find R (11) — (10) and 
siii) What is the relation between marginal revenue and quantity sold. 
(iv) What is the marginal revenue at the point when х=10. 

[Hint (i) Total revenue- x pl. 

A firm has the revenue function R=200 4—`014% and the cost function 
Т = 504 +20000. Obtain maximum profit. 

Find the maximum average cost for Т=2е24- 27%” 

Determine the tax that government should impose for maximum tax reve- 
nue of the demand and supply functions are given as under: 

Before Taxation : Demand р--25-243, supply p=5+q 

After Taxation : Demand р--25--243, supply р--5--44-1 where t is tax. 
(Hint. For equilibrium 25—242=5+9+1 

> t=20—2g3—q. 

Total tax revenue=ig, now maximize]. 


: A firm has the demand function р=12—34 and the cost function T-qr 


24 Find AC, AR, MC, MR and profit for the firm at the point of equili- 
brium. What is the condition for profit maximization? 
[Hint, Profit=pq—T). 


« A firm has the revenue function R=14q—g2and cost function Т-а(4"-2). 


Find AC, AR, MC, MR and profit for the firm at the point of equili- 
brium. What is the condition for maximum profit? 


. The relation between the flow of aggregate saving(s) in a year and the 


flow of aggregate income (у) in a year is given by s=20+$ y. What is the 


average propensity to save bes expressed as a function of income? 


; " 4. 
What is the marginal propensity to save i.e., 97? 


‚ Ifa monopolist has a total cost T=ax?+6x+c and И the demand law is 


А 2 5 
p=3—xx*, show that output for maximum revenue is РИТИ ы 


(Hint, Веуепие= рх T]. 


3 А 
. A sugar refinery has total cost equal to Rs X. +5х+40 when х quintals 


10 


ofsugar are produced per week. The fixed market price is Rs p per 
quintal. What is the lower price to cover total costs? 


2 
[Hint, Total revenue=px= EO +5x+40. Minimise p] 


. Find the elasticity of demand, n, in terms of x for each of the demand 


laws p= 4/g—px, p=(a—bx)® and p=a—bx*. Show that т decreases as x 
increases and find when 7 equals unity in each case. 
dy 


A 
- Elasticity of a function y of x is defined to be — =: 


y dx 
Evaluate the elasticities of xe3 xe~*, x%e~0(#+¢) 


If є is the elasticity of f(x), then the elasticities of xf(x) and ta are (+1) 


and («— 1) respectively. Check with f(x)maxe. 
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x+b) 
19. Taking the total cost as sax Eu 


tants (b>c), show that the total cost increases and average cost decreases 
as output increases. Of what type is the average cost curve. 


where a, 6 and care positive cons- 


20. Ix ax* НЭ +d is the total cost function, where a, b, c and d are posi- 
5 хе 


tive (bc), express average and marginal cost as function of x. Show that 
z( =) increases with x, being negative for small x and positive for 
XX x 
large x. Show, also that d increases from zero to large values. 
21. И тт= VE is the marginal cost function aad if the cost of zero out 
ax 
put is zero, find total cost as a function of x. 
T PASS кўрар! h a 
22, If the marginal revenue fumction is рт Бу —c, show that pepe 


is the demand law. 
23. If yis the number of imeomes of Rs х, it is find that у decreases as x 


d 
increases according to the law ram —m 7 where m isa given cons- 


tant, Integrate and show that the dependence of y en x is y = EM , 


24, The price of copper initially 36 Rs per kilo, is р (t) rupees per kilo after 


t weeks. The demand is х=120—2р+54Р and the supply x=3p—30+ 


50 а. thousand kilo per week. Show that, for demand always equal to 


supply, the price of copper’ must vary over time according to the law 
p—30-- 6e7t/9, 

If the demand law is x—ae'*», express demand elasticity m and total, 
average and marginal revenue as functions of x. At what out put is total 
revenue, a maximum. 


25. 


ANSWERS 
1. 2494169. 2. 4/3. з 35. 
5. 4—4. Revenue= 6. 500 metric tonnes, Rs $50: 
7. (0) Re10 х — 22 (ii) 95.8, 96.2 
dR 2x "5 

(ш) jy =100— 5% (iv) 96 
8. 10487500 9. 2y2 
10. Rs 33.53 
1. AC=¢+2; AR=12—3q 

МС=24+2, МС=126—4 


Мах. profits 25 at «=>. 
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12, 


13. 


15. 
16. 


17. 
19. 


20. 
21. 


25. 


AC-4'—2, ' АК-14-4 
МС--34-2, МЕ = 14-24 
Max. profit=20 at q—2. 

Average Propensity to уе О! - 


Si 


! 
«|= - 


Marginal propensity to save 


Rs 20 per quintal. 


2(a—bx) || (a—bx) 
bx ch 26х " 


1+x, i—x, a—bx 
Rectangular hyperbola. 
xtb) d х+Ь\  alc—b)x® 
АС = w(t Tus MC=2ax( 152) 66:58 
пахв 4475 ) 
w=log $, = jog 2, 1 од 2, 
EX 5 x 5 х 


25 [log (a/x)—1], ant. 
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Annuity, 316 
Archimedean Property, 100 
Area of a Triangie, 447 
Argument, 15 
Arithmetical Progression, 151 
Arithmetic Mean, 153 
Associative Law, 12 
Asympiotes to Hyperbola, 534 
Auxiliary Series, 272 
Average Cost, 799 
Axis, 497 

—x-, 442 

—y-, 442 


Banker’s Discount, 323 
Base, 189 
Binary Composition, 56 
Binomial, 
—Coefficient, 252 
—Expression, 244 
—Theorem (any index), 257 
—Theorem (for positive integer), 
244 


Biquadratic Equation, 214 
Bisector of Angles, 474 
Boolean Algebra, 56 
Bounded Sequence, 268 


Cancellation Laws, 66, 69 
Cardan's Method, 22 
Cartesian Co-ordinate System, 442 
Cartesian Product of Two Sets, 53 
Cauchy's Root Test, 277 
Centesimal System, 330 
Chain Rule, 563 
Characteristic of a Logarithm, 297 
Chord of Contact, 494, 510 
Circle, 479 
Circular System, 330 
Circum-Radius of a Triangle, 416 
Codomain, 55 
Co-factors, 757 
Combinations, 234 
Common Logarithm, 296 
Commutative, Law, 12 
Comparison Test, 270 
Complement, 39 
Complementary Combinations, 235 
Complex Conjugate, 104 
Complex Numbers, 103 
Components of a Vector, 771 
Compound Interest, 310 
Conclusion, 15 
Conic Section, 497 
Conjugate Axis, 532 
Conjunction, 2 
Connectives, 1 
Consistent Linear Equations, 732 
Constant Elasticity Curve, 798 
Constant Quantity, 545 
Continuous Function, 551 
Contradiction, 10 
Contrapositive Law, 13 
Convergence, 

—of a Sequence, 266 

—of Infinite Series, 269 
Convergent Series, 269 
Co-ordinates, 442 
Coplanar Points, 777 
Cosecant, 340 
Cosine, 340 

--Formu a, 404 
Cotangent, 340 
Cramer's Rule, 758 
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Cross Multiplication Method, 144 
Cross Price Elasticities, 810 


D’ Alembert Ratio Test, 277 
ductive Reasoning, 14 
grec of a Polynomial, 119 

Degrees, 330 

Demand Curve, 796 

DeMorgan’s Laws, 5 

Dense Property, 100 

Derivative, 553 

Determinants, 745 
—Multiplication of, 755 
—Order of, 745 

Differential Coefficient, 553 

Differentiation 
—By First Principles, 573 
—Logarithmic, 569 
—Parametric, 568 
—Partial, 586 
—Successive, 577 

Direct Price Elasticities, 810 

Directrix, 497 

Disconjunction, 2 

Discounted Value of the Bill, 324 

Discounts, 327 

Discriminant, 121 

Distance Formula, 443 

Distributive Laws, 42 

Divergent 
—Sequence, 267 
— Series, 269 

Diverge to 
—-> 26 
— +> 268 

Division Ring, 86 

Domain, 55 

Double Negation, Law of, 13 


Eccentricity, 497 
Echelon Form, 726 
Economic Equilibrium, 796 
Elasticity, 797 

—of Supply, 798 


[Š Ellipse, 519 


Empty Set, 31 
Exponential Series, 308 
Euler's Theorem, 592 
Evaluation of, 
—a cubic root, 206 
—square root, 205 


Factor, 96 

Factorial, 226 

Ferrari's Method, 222 

Field, 86 

Focus, 497 

Free Vector, 763 

Function, 55 
—continuous, 551 

Fundamental Theorem 
of Arithmatic, 96 
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General Term in the 
Expansion of (х+у)", 246 
Geometrical Progression, T 


Geometric Interpretation of 2 596 
Geometric Mean, 167 

Grace Period, 324 

Grades, 330 

Graphical Representation, 112 
Greatest Term (Numerically), 250 
Groups, 63 


Harmonica! Progression, 177 
Harmonic Mean, 177 
Heron’s Formula, 416 
Homogeneous 

—Equations, 137 

—Function, 591 
Hyperbole, 531 

— Rectangular, 535 
Hyperbolic Function, 551 
Hypotheses, 15 


Idempotent Law, 13 
Identity Law, 12 
Image, 55 
Imaginary Part, 103 
Income Elasticity of 
Demand, 797 
Inconsistent Linear Equations, 735 
Index, 189 
Inferior, 798 
Infinite Series, 269 
Infinity, 354 
Inradius ot a Triangle, 418 
Integers, 94 
Integral, 630 
— Definite, 635, 689 
—Indefinite, 632 
Integral Domain, 85 
Integration, 630 
—By parts, 649 
—By substitution, 637 
—Constant of, 631 
—Methods of, 637 
—of Rational Functions, 657 
—Properties of, 632 
Intercept, 454 
Intersection of, 
—Sets, 39 
—Two curves, 602 
— Two lines, 467 
Inverse of Matrix, 739 
Inverse Trigonometric Functions, 567 


Joint Denial, 17 


Latus Rectum, 500, 521, 532 
Laws of Indices, 189 
Leibnitz, 

—Test, 282 
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—Theorem, 582 
Length of Perpendicular, 472 
Limits, 545 


—of Trigonometrical Ratios, 343 


Linear, 
—Equation, 110 
—Expression, 110 
—lInequality, 111 
Locus, 450 
Logarithm, 287 
—Common, 296 
— Natural (or Naperian), 307 
Logarithmic Differentiation, 569 
Logarithmic Series, 308 
Logarithmic Test, 277 
Logic. 1 
Lower Limit, 635 
Luxury, 298 


Maclaurin's Expansion, 621 
Major Axis, 520 
Mantissa of a Logarithm, 297 
Mapping. 55 
Marginal, 
— Cost, 799 
—Revenue, 799 
Matrices, 
— Addition of, 702 
—Eguality of, 702 
—Multiplication of, 712 
Matrix, 699 
— Column, 700 
—Diagonal, 701 
—Elementary, 729 
—Identity, 701 
—Lower Triangular, 701 
—Null (or Zero), 700 
—Row, :00 
—Scalar, 701 
—Square, 700 
—Transpose of, 719 
-—Upper Triangle, 701 
Maximum, 
-—Point, 606 
— Value, 605 
Measurement of Angles, 330 
Middle Term in the Expansion 
of (х+ у)" 250 
Minimum, 
— Point, 606 
— Value, 606 
Miaor Axis, 520 
Minors, 757 
Minutes, 330 
Modulus, 104 
Monotomically 
— decreasing, 268 
—increasing, 268 
Monotonic Sequence, 268 
Multiple, 96 


Napier's Formula, 405 


Natural (or Naperian) Logarithm, 307 


Natural Numbers, 90 
Necessity, 798 
Negation, 2 
Negative of a Vector, 763 
Normal, 597 
—to a circle 487 
—1o an ellipse, 527 
—1to a parabola, 506 
Null Set, 31 


One-one map, 56 

Onto map, 56 

Ordered Field, 10? 
Ordered Pair, 110 

Order Properties, 99 
Ordinate, 442 

Oscillatory Sequence, 268 


Parabola, 497 

Parametric Differentiation, 568 

Partial Differentiation, 586 

Peano's Postulates, 90 

Permutations, 225 

Perpetuity, #14 

Point (or Price) Elasticity of 
Demand, 717 

Positive Term Series, 269 

Power Set, 35 

Pre-image, 55 

Present Value, 316 

Prime Number, 96 

Principal, 310 


Principle of Mathematical Induction 
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Projection Formula, 406 
Pure Equations, 119 


Quadrant, 330 
—First, 330 
—Second, 330 
—Third, 330 
—Fourth, 330 
Quadratic Equations, 119 
—Affected, 119 
—Discriminant of, 121 
—Pure, 119 
—Roots of, 119 
Quartic Equitions, 214 


Raabe's, Test, 277 
Radians, 331 
Radicand, 200 
Rationalization, 201 
Rational Numb:rs, 97 
Real Numbers. 101 
Real Part, 103 
Reduction Formuias ot 
Integration, 672 
Relation, 55 
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Rings, 80 
—Commutative, 80 
—With unity, 81 

Right Angle, 329 


alar Product, 779 
Scalar Triple Product, 791 
Secant, 340 
Seconds, 330 
Section Formula, 444, 774 
Sequence, 266 
Series, 269 
Sets, 30 

—Equality of, 31 
Sexagesimal System, 330 
Sign of Trigonometrical Ratios, 340 
Simplification, Laws of, 14 
Simple Interest, 310 
Simultaneous Equations, 136 
Sine, 34 

—Formula, 403 
Solution Set, 111 
Statement, 1 

— Compound, 1 

— Equivalent, 5 

—Simple, 1 
Stationary Point, 609 
Stinking Fund, 30 
Suaight Line, 453 

— Intercept Form, 455 

»-Perpendicular Form, 460 

—Slope of, 454 
Subnormal, 599 
Subset, 31 
Subtangent, 599 
Successive Differentiation, 577 
Sum of 
f S of first n natural numbers, 

—First n natural numbers, 179 

рө of first п natural numbers, 


Superset, 31 
Supply Curve, 796 
Surds, 200 
- Compound, 200 
—Quadratic, mixed, 204 
Similar, 200 
Switches 
--С10564, 22 
— Тю series, 22 
— Open, 22 
—Pārallel, 22 
switching 
—cireuit, 21 
—net work, 21 
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Symmetrical Equations, 138 
Symmetric Expressions of Roots, 129 


Tangent, 340, 483, 597 
—length of, 490 
—to a circle, 484, 485 
—to an ellipse, 523 
—to a parabola, 505 
Tautology, 10 
Taylor's Expansion, 624 
Total Revenue, 796 
Transformation, of Product into Sums 
and Differences, 390 
Transformation of Sum or Difference 
into Products, 393 
Transitive law, 11, 13 
Transverse axis, 532 
Trichotomy Law, 100 
Trigonometrical Ratios, 340 
—of Allied Angles, 359 
—of Multiple and 
angles, 372 
-of Sums and Difference of the 
angles, 369 
True Discount, 323 
Truth 
— Table, 2 
—Value, 2 
Two sides of a Line, 473 
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Union of sets, 36 
Universal set, 39 
Upper limit, 635 


Value of 
—cos 18°, 374 
—sin 18°, 374 
Variable Quantity, 545 
Variation of Trigonometrical Ratios, 
422 
Vector, 762 
— Free, 763 
—Localised, 763 
—Modulus of, 763 
—Unit, 763 
—Zero, 763 
Vector Product, 784 
Vestois 
— Addition of, 764 
— Angle between, 764, 772, 781 
—Multiplication by a Scalar, 766 
Vector Tripie Product, 792 
Vein Diagrams, 43 
Vertex, 497 


Zero-Divisors, 85 
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